



^ GH c 0 




■n< ) 


y 


< 


. 4 S.C0LLE Ge 

^ Library 


Class No. P'5'10 

Book No. T£^P V."]I 

Bias' 


Acc. No. 




PRACTICAL 

MATHEMATICS 



UNIVERSITY OF LONDON 
EXAMINATION PAPERS 


I he Examination Papers of the University 
of London are now published by the Univer¬ 
sity direct, and are obtainable from the 
Publications Branch, University of London, 
Senate House, London, W.C.l. 

A complete list of papers and their cost, 
along with a detailed list of numerous 
collected sets of papers, will be sent post 
free upon application. 



PRACTICAL 

MATHEMATIC 


A TEXTBOOK COVERING THE SYLLABUS OF THF ROr 
EXAMINATIONS IN THIS SUBJECT AND MJITAIMF 
FOR ADVANCED CLASSES IN TECHNICAL COLLEGES 


BY 

LOUIS TOFT, M.Sc. 

Late Head of the Mathematical Department 
Royal Technical College. Salford 

AND 

A. D. D. McKAY, M.A. 

Head of the Mathematical Department 
Dundee Technical College 


VOLUME II 



LONDON 

SIR ISAAC PITMAN & SONS, LTD 



First edition 1931 
Reprinted 1935 
Reprinted 1939 
Reprinted 1940 
Second edition 1942 


Reprinted 1943 
Revised reprint 1944 
Reprinted 1946 
Third edition 1952 







SIR ISAAC FI I MAN A SONS. Lid. 

PI I MAN IIOCST. P ARM* SIMM. MNGSWAY. lONDON. W.C.2 
IMI PUMAS PMSS. MAUI 

PUMAS HOi’SI. UTIL* (Oil INS SIMII. MIIIKIIIM 
.7 l-u All IS Ml II DISOS. PMMOISI SIMII. NWANMnUO 
AltOClAllO COMPAMU 

FI I MAN PUBLISHING CORPORA I ION 

2 WIST 45lll SIMM. MW SUM. 

SIR ISAAC PITMAN A SONS (CANADA). Liu. 

I INCORPORA I ISO llll (OMMIMI.I II X I Moo* COMPANY) 
PUMAS HOC St. MI-58} (MIRIII SIMM. TORONTO 



MADE IN GREAT 


BRITAIN AT Tin PITS4AN PRLSS. 

E2-CT.6II) 


BATH 


PREFACE TO THIRD EDITION 

We have accepted the advice of many teachers and have divided 

he n Ma "‘ ema ' ics inI ° ‘wo volumes so as to meet 
he needs of students preparing for an Engineering degree of the 
University ol London. The present volume deals mainly with the 

n orHe n ! a " er Part 11 of ,he *y«abus in this subject. 

In order to cover this syllabus adequately we have added a considcr- 

able amount of new matter-in particular. Chapters treating of 
the Complex Variable. Vector and Scalar Products, and Partial 
Differential Equations—and have extended the treatment of Ordinary 
Differential Equations. Applied Mathematics, etc. We have also 
included a chapter on Nomograms. This volume should also prove 
suitable for classes doing work in Mathematics of degree standard 
in Technical Colleges. 

The abbreviation (U.L.) following an example indicates that it is 
Uikcn from an examination paper of the University of London 
The author and publishers thank the Senate of the University and 

the University of London Press for permission to reprint these 
examples. r 

Thanks arc also due to Mr. R. A. Downs, B.Sc., A.M.LMech.E 
lor preparing the illustrations taken from the original volume and 
to Mr. F. X. Merrick, B.Sc. for help with the same. 

L. T. 

A. D. D. McK. 





CHAP. 


CONTENTS 


Preface to Third Edition . . ' 

• • • V 

I. DETERMINANTS—FINITE DIFFERENCES ... | 

II. DOUBLE AND TRIPLE INTEGRALS AND THEIR APPLICATIONS 39 

HI. PERIODIC FUNCTIONS—FOURIER'S StklES—HARMONIC 

ANALYSIS. . 

IV. THE COMPLEX VARIABLE—CONFORMAL TRANSFORMATION . 99 

V. VECTORS—SCALAR AND VECTOR PRODUCTS . . 1 47 


VI. ORDINARY DIFFERENTIAL EQUATIONS I . . .179 

VII. ORDINARY DIFFERENTIAL EQUATIONS II . . . . 240 

VIII. PARTIAL DIFFERENTIAL EQUATIONS .... 289 

IX. APPLIED MATHEMATICS—LINE, SURFACE AND VOLUME 

INTEGRALS.. 

X. ANALYTICAL SOLID GEOMETRY. 395 

XI. SPHERICAL TRIGONOMETRY.441 

XII. NOMOGRAMS ....... 454 

ANSWERS TO EXAMPLES.510 

Index .. 






CHAPTER I 

DETERMINANTS—FINITE DIFFERENCES 

I. Meaning of Determinants. If iliree quantities ,v. are so 
related that 

a.,.\ 1 b x v + CgZ 0 
and «a-v + b 3 v -f c 3 z — 0 

then, solving for .v and y in terms of z in the usual way, we obtain 

Vs - V* fA - <y » 2 a 2 b 3 - a 3 b 3 ' (II) 

If, further, a third relation a,x + b,y + c,z = 0 is also satisfied 
by v, r, r, we deduce by substitution from (I.l) 

W* - Vs) + Va - <y»,) r c,(a 3 b 3 - a 3 b 2 ) = 0 (1.2) 

We can, however, express this result in a more compact form as 
follows. The expression b. t c 3 - b 3 c t is written as 

\b 3 c s 

As 




and by analogy c 2 a 3 - c 3 o 2 is written as 


I A- \ 


and a 2 b 2 — <7 3 6 2 as 


c, | 


* 2*2 


a 3 b i 


so that the relation (1.2) now becomes 





b 2 c 2 

b 3 C 3 


+ b i 


c 2 a 2 

C *°3 


+ c i 


a 2 b 2 

°3 b 3 


= 0 


and usually this is written 


ai b x c x 
°2 b 2 C 2 
03 b 3 C 2 
1 


= 0 


• (1.3) 


■> 


PRACTICAL MATHEMATICS 


The expression 

j b i c i 

b i «* i 

consisting of two rows and two columns, is called a determinant of 
the second order , each of the two terms in its expansion b 2 c z — b 3 c 2 
being the product of two quantities; similarly the expression 

"i *1 
“2 h 2 Cj 
a :i b j C 3 

consisting of three rows and three columns, is called a determinant 
of the third order, each term in its expansion being the product of 
three quantities. The quantities a lt a 2 , b l% />,, etc., arc called the 
elements of the determinant. It will be noted that each term in the 
expansion of the determinant contains one and only one element 
from each row, and one and only one element from each column. A 
determinant of the //th order consists of n rows and n columns, and 
its expansion contains |/i terms since the suffixes 1, 2, 3, ... // can 
be assigned to the n letters a, b t c. . . . in |/i possible ways. 

IXAMPLI: I 

M4 - ir 4 :; "4 ; 5 :; 

n 4 -15x4-11 x 7-60 - 77 - -I7 

}p— 4<I \\n 5 a 

Ip - «/ X/> f ,, “ top “ 4< /> < 8 /» * - top — tf) (I l/> — 5</) 

24r - 29/^ - V- 22/»* + 21/v, - 5</* 

- 2/>* - X/x/ - V 

fcXAMPLfc 2 

Solve the equation 9 ' v 5 3 = 13 3 X 
Expanding both sides of the equation, we obtain 

2* a + 6.r-45 - 15*- 52 
lx 2 - 9x -f 7 = 0 
(2* — 7) (* — 1) - 0 

* = 3-5 or I 
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2. Expansion of Determinants of the Third Order. From the last 
article we have 

<h 

A = a* b„ <\» 

•• •* 

<*3 ^3 <3 

= Ws ~ Vs) + “ <VL») 4- c,(^ 3 - aj>,) (1.4) 

and by a slight rearrangement of terms on the right-hand side we 
find that 

A = ~ Vs) V^S^S “ ^ 2 ) + W*3 — ^ 3 ^ 2 ) (1.5) 

and A = M> 2 c 3 “ Vs) ~ Wa ~ Vi) 4- <%(Vi ~ Vi> (1.6) 

Let /<! denote the determinant obtained by ignoring the row and 
the column in which a y lies, i.e. 

. Vs 

1 v 3 

/4 2 will then mean bl C * ; will mean ° 2 <2 

^3 C 3 c 3 

and so on. A lt A 2 , etc., are called the minors of <?„ <7,, etc., in the 
original determinant. We thus obtain from (1.5) 

A = a l A l - b l B l 4- c y C x . . (1.7) 

and from (1.6) A = a x A v - a 2 A 2 4- Ms • • (1.8) 

EXAMPLE 1 

3 4 5 
Expand 534 

4 5 3 

The determinant = 3 | j ~ ^43 + 5 j ^ ^ J 

= 3(9- 20)- 4(15- 16) + 5(25- 12) 

—- 36 

Otherwise, the determinant = 3 |5 3 ] — ^(5 fj ~*" 4 '34 

= 3(9- 20)- 5(12- 25) + 4(16- 15) 

= 36 
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This method of expansion by minors is of great importance in 
the case of determinants of order higher than the third, but deter¬ 
minants of the third order may often be conveniently expanded by a 
method known as the Rule of Sarrus, which we shall now explain. 

Write down the three columns of the determinant 


A 


a, b , c, 
a 2 b 2 Co 

a z k-d c 3 


and repeat the first two columns. 

\ 


a x \/>, V/ a/ />, 

b t 

/ / / \ K 




The products of the elements on the lines running to the right 
from top to bottom give the positive terms in the expansion, and 
the products of the elements on the lines running to the right from 
bottom to top give the negative terms. Thus 

A = a,h 2 c 3 + h,c 2 a 3 + c,a^ 3 - a 3 b 2 c, - h 3 c 2 a, - c 3 a 2 b, (1.9) 


EXAMPLE 2 



2 5 7 


a h g 

Expand (1) 

- 3 8 6 

9-211 

and (2) 

h b / 
K f ' 


n , \ \ The determinant - 2.8.11 + 5.6.9 + 7(-3)(-2) 

* Z 5 -9.8.7-(- 2)6.2- 11 (- 3)5 


(2> 


- .VA/. 

x,\, 

/ / / \ \ \ 

VxV / 

h 'b h b 

'/VCV 

V \ 


' K /’ /\ 


- 176 + 270 + 42- 504 V 24 

+ 165 

- 173 

The determinant * abc -f hfg + ghf— gbg 

— ffa— chh 

= abc + 2 fch — a/ 1 — bg 1 - c/i 7 


(This expansion occurs in two-dimensional co-ordinate geometry; it is the 
discriminant of the general equation of the second decree, namely, ax' + 2 hxv 
+ by* + 2gx 4 2/y + c = 0 .) 7 ' 
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EXAMPLE 3 

x— 1 -6 2 

Solve the equation — 6 a — 2 — 4 =0 

2 -4 a — 6 

llsing the method of expansion by minors, we have 

U - 1) (.v* - 8 a- 4- 12 - 16) + 6(- 6a -f 36 + 8) + 2(24 - 2 a- 4; = 0 

which reduces to a 3 — 9.x* — 36.v + 324 = 0 

By the Remainder Theorem we find that x = 6 is a root; hence we can write 
the equation as 

* 2 (.v - 6) - 3 a(a - 6) - 54(x — 6) = 0 
(a - 6) (a 3 - 3a - 54) = 0 
or (a — 6 ) (a + 6 ) (a — 9) = 0 

a = 6 , — 6 , or 9 

3. Properties of Determinants. We shall establish certain pro¬ 
perties of a determinant of the third order, but the reader should 
note that these are capable of application to a determinant of any 
order. 

(i) The Value of a Determinant Remains Unaltered when 
the Rows are Changed to Columns and the Columns to Rows. 
In Art. 2 we showed that the expansion of the determinant 

a i c x 
a 2 b 2 c 2 
c 3 

can be expressed as a,(6 2 c 3 ~ M) — <* 2 (byC 3 — Vi) + tf 3 (V 2 ~ Vi)- 
Now this is also the expansion of the determinant 

ay a 2 a 3 
by b 2 b 3 
Cl c 2 c 3 

It follows that the two determinants are equivalent. 

(ii) If Two Rows (or Two Columns) of a Determinant are 
Interchanged, the Sign of the Determinant is Altered. 

Mi ci 

For b 2 a 2 c 2 = b x (a 2 c 3 — a 3 cj — 3 — b 3 c 2 ) + Cy(b& 3 -• V 2 ) 

63 °3 C 3 
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= - a \(Va - V 2 ) + f>i(a 2 c 3 - a :i c 2 )- c x (aj> z - a 3 b 2 ) 

l“l( h 2 C 3 — b 3 C 2> ~ - "aC>) + C l( a 2 b 3— a A>)) 

"l *1 <1 

<1, b , c 2 

a 3 b 3 <*3 

(iii) 11 Two Rows (or Two Columns) 01 a Determinant are 
Identical, the Di hrminant Vanishes. 

a \ a x c x 

Let A = a 2 a, c 2 

a 3 "a Ci 

By interchanging the first two columns, we alter the sign of the 
determinant [by (li)); but we have still the same determinant after 
the interchange. Hence, A = — A; whence A = 0. 

(iv) Ii mi: Elements of any Row (or any Column) of a Deter- 
MINANI IU EACH MUL11 PLIED BY THE SAME FACTOR, THE DETERMINANT 
is Multiplied by that Factor. 


"1 b i 

Let A — \a 2 b 2 c 2 

( h b : ( 3 

r a 1 r b 1 /**i 

Then a 2 b 2 c 2 = pa x A x -ph x B x + pc x C x 

I «3 b 3 <3 

“/KMi-Mi + ^1^,) 

= /»A 

.4,, /?„ C, being the minors of a„ />,, r, in A. 

(v) If each Element of any Row (or Column)of a Determinant 
Consists or the Algebraic Sum of r Terms, the Determinant is 
Equivalent to the Sum of r other Determinants in each of 
which the Elements Consist of Single Terms. 


For 


a i + U - m x b x c x 
a 2 - / 2 — nu b 2 c 2 
"3 i /j~ iw, 63 c 3 
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■= + 7 i - '"M - (<* 2 + 4- nu)A s 1- (</ 3 |- /., - 

“ (<V*i - u a .-l a -f <i # .-l s ) -f - LA., + 

(///,.!, m,A., | ///.,.!.,) 


<h b i 


; i b 1 ‘1 

”'l b l ‘1 

(i 2 /*•« C., 

+ 

/ 2 b., (*2 

— //!-> />., C.» 

* •* •* 

(I z b .\ c z 1 


4 b z c z { 

*.l Cl | 


.*l 2 , /l 3 being the minors of 
a l% a.,, * n the determinant 

(vi) If the Elements of any Row (or Column) are Increased 
or Diminished by Equimultiples of the Corresponding Elements 
OF ANY OTHER ROW (OR COLUMN), THE VALUE OF THE DETERMINANT 
is Unaltered. For, using the results (iv) and (v), we find 


a x + u.b v -f v.q Cj 


a, b, c, 

Cl 

Ci b, Ci 

*2 + M.^2 + V.C 2 /> 2 c 2 

= . 

a, A, c 2 

+ lib. b. c. + v 
b 3 b 3 c 3 ; 

C 2 b 3 c. 

i *3 + W-^3 + **3 b Z 


°3 *3 C, 

C 3 b 3 c 3 


a \ b l Cj 

b 2 c 2 
a z b z c* 


since the other two determinants vanish [by (iii)J. 

The result established in (vi) is often of great assistance in the 
simplification of determinants. 


"i b i <*! 
<7 o b 2 

a Z b 3 <3 


EXAMPLE 1 


Evaluate A = 


3 5 8 3 
2-3-5-10 

4 16 7 
5—4—2 - 4 


(subtracting sum of first two columns 
from third column, and subtract¬ 
ing first column from fourth 
column] 

3 5 0 0 

2-3-4-12 

4 113 
5-4-3 - 9 


3 5 8-3-5 3-3 

2-3 - 5- 2- (- 3) - 10- 2 

4 1 6-4-1 7-4 

5-4 - 2- 5-(-4) -4-5 
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3 

5 

0 

0 | 

3 2 - 

3 - 

4 - 

4 [taking out common factor of elements of fourth 

3 4 

1 

1 

1 ! column] 

. 5 - 

4 - 

3 - 

3 | 


- 0 (since two columns are identical) 


EXAMPLE 2 

Solve the equation 


/> 4* x y -r x r -ix 

q + x r + x p + x 

r • x p 4- .r q 4- x 


r 0 


We have, by adding the sum of the second and third columns to the first 
column. 

p f y T r •• lx a + x r + x 

p + q -i- r + lx r-fx p + x 

! p + q + r + 3.* p + x q + x 


l/» + (/ I r + *x) 


(p + q -f r -| }x) 


I q + X r \ x 

I r + x p + x 

I p + x q + x 


- 0 


I y • x r > .. 

0 r—y p - r I " 0 I ,ak ' n S h r * 1 row from second 


0 p~ q q - r 
(/> + ?tr • 3.r) ((r - q) <y - r) -</> - y) (/; r)J 


and third in turnj 
0 


. p • y r, 

• • x ™ 3 provided that (p — q) (r — p) yt (y - r)* 


4. Solution of a System of Linear Equations by means of Deter¬ 
minants. We shall first obtain a solution in the ease of three equations 

<*1* + V + C l z + k =0. . . (1.10) 

a2 x f- btf + V + / =0 . . (1.11) 

*3* + b 3 y -f c 3 z -f m = 0 . . (1.12) 

Multiplying equation (1.10) by A lt equation (1.11) by — A 2 , 
equation (1.12) by A 3 , where A lt A 2t A 3 are the minors of a x> <7,, a 3 in 
the determinant 

a, 6, c, 
a, b 2 c 2 
a 3 b 3 c 3 


DETERMINANTS—I INI! |j Oil I I 111 \t I S 
and adding the results, we obtain 

(dp-l, — a.A., a 3 A 3 )x ; (/>,.!, - b.A., | />.,.l :1 )r 

H - c.,.1., i- < v f 3 )_- 

+ (A.-l, - I.I., l-Hi. f.,) o . (1.1.1) 


NOW <7,.*, - + O 3 . I 3 


", />, «•, ' 
a, b., c ., 1 
"3 I'a <3 I 


b\A^ b 2 A 2 -f- b 3 A 3 


■T "1 <1 

1 *2 b 2 c. | = 0 (by Art. 3 (iii)); 
I b t b 3 c 3 | 


c,/f, — c 2 A 2 + c 3 A 3 


c, 6, c, 
c. b 2 c 2 
<3 l >3 ‘3 


0 (by Art. 3 (iii)), 


kAy — IA 2 + mA 3 = 

k b, c, 

1 b 2 c 2 

_ , 

by Cy k 

b 2 c 2 l 


m b 3 c 3 


b z c 3 tn 


(since two interchanges of columns leave the determinant unaltered 
in value). 

It follows then from (1.13) that 



6,c, k 
b 2 c 3 I 
b 3 c 3 m 
a x b x c x 
a 2 b 2 c 2 
a z *> 3 c 3 


-x 1 


61 C, k 


a, 6 , c, 

b 3 c 2 l 


a 2 b 2 c 2 

b 3 c 3 m 


a 3 b 3 c 3 


or 
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By similar methods we find 



y 


1 


and — 

— z 


1 


c l 

k a , 

"i 

*« 


k 

a, b, 

a i 

*i 

C l 

C 2 

/ a 2 

a. 

b> 

— 

<*2 

1 

a, b. 

"2 

b. 

<-2 

<3 

m a 3 

"3 

*3 

<*3 

m a 3 b 3 

*3 

b 3 

<3 


The solution of the system can. therefore, be written 

~ x = = ~1 = J_ 

A, A 2 A 3 A n 


(1.14) 


where A 0 is the determinant formed by the coefficients when we 
omit the column of absolute terms. A, the determinant formed by 
the coefficients when we omit the column of terms involving x % and 
so on. the columns following one another in cyclic order. 


EXAMPLE 1 

Solve by means of determinants the equations 

lx - 12 y 4 5r 4 18-0 
3* 4 Sy - 2.- - 40-0 
10*- ly As- II - 0 


— x V — 2 I 
The solution is -r— ■ f- — - — — -r- 
A, a. A, a„ 


where A 0 - 


A, - 


A,- 


7-12 5 

3 8-2 

10-7 4 


- 12 5 18 

8-2-40 

-7 4-11 

5 18 7 | 

- 2 - 40 3 

4- II 10 


18 7-12 

- 40 3 8 

-II 10-7 


- 7(32- 14) 4 12(12 I- 20) + 5(~ 21 -- 80) 

- 7 x 18 4 12 x 32- 5 x 101 - 5 

- - 12(22 4 160)- 5(— 88 - 280) 4 18(32- 14) 
= - 12 x 182 4 5 x 368 4 18 x 18 « - 20 

- 5(- 400 4 33)- 18(— 20- 12) a. 7(22 4 160) 
» - 5 x 367 4 18 x 32 4 7 x 182 = 15 

" 18(—21- 80)- 7(280 4 88 )- !2(-400 4 33) 
™ - 18 x 101 - 7 x 368 a |2 x 367 « 10 


.V 


I 


DETERMINANTS 


Hcncc. 


- 20 


«*nd. therefore. 


v | 

15 10 5 

= 4. v =• 3. r 


I INI IE Dll I I IU Nt I S 


■> 


r T 10 S ^ lul,0n ol a s ) slcm of four or more linear equations can be 
enected by a method similar to the one employed above. There is a 
point to be noted in the matter of signs. In order to preserve cyclic 
order we changed the determinant “ 


A- b x c t 
/ b 2 c 2 

*>3 <*3 

into its equivalent 

I b x c x A 
\b 2 c 2 / 

! b 3 c, w 

the process requiring two interchanges of columns, and accordingly 
leaving the determinant unaltered. If, however, this determinant 
had been of even order we should have required an odd number of 
interchanges of columns to bring A, /, . . . from the first column to 
the last, and in consequence the determinant would have been 
altered in sign, and no negative sign would have appeared in front 
of x in the final solution. Similar arguments can be applied to the 
cases of the other unknowns. It follows that the solution of a system 
of n linear equations in x , y, r, u, v, w . . . is 

(-1)"* y (-1 )'z u 1 

Ai A 2 A 3 “ A 4 “-A 0 

where A 0 is the determinant formed by the coefficients with the 
column of absolute terms omitted, Aj the determinant formed by 
the coefficients with the column of x — coefficients omitted, and so 
on, the columns following one another in cyclic order. 

The solution of the system of four linear equations 


a ix + brf + c x z + d x u + k = 0 . . ( 1 . 16 ) 

a 2 x + b 2 y -f c 2 z% d 2 u -f / =0 . . (1.17) 

+ b 3 y + c 3 z -f d z u -f m = 0 . . (1.18) 

a 4 x + b^y + c A z + d 4 u + n = 0 . . (1.19) 
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is, therefore. 

EXAMPLE 2 

Solve ihc equations 


X V 

= ^ 

= 

II 

5 l<f 

. (1.20) 

Sx - 3 y -f 

lz + 

In 

= - 15 

. (1) 

3.v + 8 y - 

6r — 

9 u 

= 31 

. (2) 

81 — / + 

z — 

10// 

= 1 . 

. (3) 

* + 3>- + I 

Sz + 

12 u 

= 5 . 

. (4) 


The value of x is gi\cn by «- 


5 - 3 7 2! 

3 8-6-9 

where - 8 — , , _ , 0 

I 3 5 12 


0-18-18-58 
0-1-21-45 
0 - 25 - 39 - 106 
1 3 5 12 


18 18 58 
I 21 45 
25 39 106 


(taking 1st row - 5 times 4th row, 2nd row 
— 3 times 4th row. 3rd row — 8 times 4th 
row) 


- 2 


9 0 29 
I 20 45 
25 14 106 


(taking out common factor of 1 st row and then 
subtracting 1 st column from 2 nd column) 


A, 


« 2(9(2 120- 630) -f 29(14 - 500)) 
- 2(— 684) - - I 368 


- 3 7 2 15 

8-6-9-31 
-I I - 10 - I 
3 5 12-5 


(taking 1 st row - 3 times 3rd row, 2nd row 
+ 8 times 3rd row, 4th row + 3 times 3rd 
row) 

4 32 18 

2-89-39 
8-18-8 


04 32 18 

0 2 - 89 - 39 
- I I - 10 - 1 
0 8 - 18 - 8 
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- 8 


- - S 


1 16 9 1 

1 - 89 » 

2 - 9 - 4 I 

I 10 9 

0 - 105 - 48 
0 - 4! - 22 


flaking cut common factor of 1 st row. and of 
3rd row. and then of 1st column] 


flaking 2nd row 1st row. and 3rd row 
— twice 1st row] 


~ 8x3 4| 22 ~ “ 24(770 - 656) = - 24 x 114 « — 2 716 

* r - A» - - 2 73* _ . , 

X — I 368 

We can obtain y, r. /#, in like manner, but it is easier to substitute the value 
of .v now obtained in three of the given equations, and thereby reduce the system 
to three linear equations. 

Substituting in equations (I). (3), and (4). we obtain— 

- 3y + 7 : + 2/# + 25 = 0 
- y + 2- 10/# + 15 - 0 
3y + 5 : + 12/#- 3-0 
The solution of these equations is— 


-y 


z 


—/# 


1 

7 2 25 

1-10 15 

5 12-3 


2 25 - 3 
- 10 15-1 
12-3 3 


25 - 3 7 
15- 1 1 
- 3 3 5 


- 3 7 2 

- 1 1-10 

3 5 12 


and on expansion of the determinants this becomes 


— y z _ — /# _ 1 

656 “ 984 - 328 - - 328 
whence y 2, z - - 3, <# - 1 


5. Elimination. In Art. 1 we deduced the condition that the three 
equations 

a x x + b^y +* CjZ = 0 
a 2 x + btf + c 2 z = 0 
o 3 x -f- b 3 y + c 3 z = 0 

should be satisfied by the same values of x, y , z (assumed not all 
zero). The relation we obtained, viz. 

K ' 

a 2 b 2 c 2 

°3 ^3 C 3 


= 0 
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h. called the eliminani of the given equations, and the process of 
finding it is called eliminating x, y, r between the equations. From the 
point of view of co-ordinate geometry this climinant expresses the 
condition that the three planes, represented by the three given 
equations, should have a common line of intersection. 

A system of n linear equations in n unknowns will, in general, 
give unique values for the unknowns; if, however, the number of 
equations is greater than the number of unknowns, then values 
for the unknowns which will simultaneously satisfy all the equations 
cannot, in general, be found. In the case where such values can be 
found, only n of the equations arc independent, and the system is 
said to be consistent. 

Thus, if values of x t y, rcan be found to satisfy simultaneously the 
lour equations 

a x x + b x y -f c,: -F k = 0 . . (1.21) 

a+x -F b^y -F c 2 z -F / — 0 . . (1.22) 


+ h 3) + <*3- + tn = 0 . . (1.23) 

a A x + h x y -F c 4 r + //=() . (1.24) 


the system is consistent. We have now to obtain the condition that 
this should be so—in other words, we require the eliminani of the 
four equations. 

Multiply equation (1.21) by A'. (1.22) by — A, (1.23) by A/, and 
(1.24) by — N (where K, L . A/, N arc the minors of k, /, m, n in the 
determinant) 

a x b x c, k 
± b t c 2 I 
«3 c 3 m 
a x b x c 4 n 

and add the results. 

x{a x K - a 2 L + a z M - a 4 N) -F y(b x K - b 2 L -F b z M - b A N) 

-F z(c x K — c 2 L -F c z M — c a N) + kK-!L -F mM - nN = 0 

The coefTicicnts of x % y t and z in this equation vanish by reason 
of the property proved in Art. 3 (iii); hence 

kK - !L -F mM — nN = 0 


DETERMINANTS'—I INI I E DIFFERENCES 
The eliminant is therefore 
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<Ji A, <*| A 
a * /> 2 <* 2 / 

/»;, <3 /;/ 

<*» /», c* 4 // 


- 0 


(1.25) 


EXAMPLE i 

h ' Und c ,rom ,hc t N ualions pil>—c)=a; ,/( k c-a) = b; 

We write the equations— 

a — pb + pc = 0 
</<i + A — qc = 0 

r<7 — rb — c = 0 


The eliminant is then 


\-p p 

<1 i-q 

r — r — \ 


= 0 


i.e. 


1 - p p 

I l - 7 

— I — r — 1 


=* 0 (adding sum of 2nd and 3rd columns to 1st column) 


— 0 (subtracting 1st row from 2nd row. and adding 
1st row to 3rd row) 


’ *• 1 0 I + P - (p + 7) 

0 -('•+/>) (p - |) 

(p +!)(/.-I»-(r+ />)(/> + 7) = 0 

when “ />7 + qr + rp + 1 = 0 

EXAMPLE 2 

Eliminate x, y, z, A from the equations 

a x + hy + gz ^ h x + by + fz _ gx + fy + cz = _ x 
I m n 

and lx + my + nz - 0 

We write the equations 

ax + hy + gz + /A = 0 
hx + by + fz + ml = 0 
gx+fy + cz + nX-Q 
lx + my + nz + 0 = 0 


The required eliminant is therefore 


a h g l 
h b f m 

g f c « 

/ m n 0 


= 0 
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6. Product of Two Determinants. Consider the determinant 

+ Mi "1*2 + M2 
! a, 7 . x 4 - Mi "2*2 + M2 

By the property established in Art. 3 (v), this determinant 

*1*1 "l*2 + M2 Ml "l*2 + Mt 

tf 2 x, o 2 x» -f- bji 2 b.Jf , <i»x 2 4- 


^t/^2 

o I b i h v I 


"1*1 </,x_. 

’ 1 « 2 *I " 2*2 

4- - 

"1*1 M2 
«!*i bji. 

, bifli "1*2 

1 b >Pi "2*2 

X, X, 

~ a, x] 

a. b. 

• M2 - i, 

"2 "2 


- 0 +«* 



*■+ 0 

! "2 


“ ! a.b, : • { *' Pl XJI,) 

. j "1*1 + Ml + Ml 
fl| a i + Mi "2*2 + M2 


"1 ^1 
a 2 h.. 


*1 /*i 

x,/? 2 


(1.26) 


Thus the product of the two determinants of the second order 

| a 'Nand -f 

" 2 "2 5C* /f 2 

is a determinant of the second order, viz. 


I "|*1 + Ml "l*2 + M 2 
« 2 a, 4- Mi "2*2 + M 2 

the method of formation of the elements of this latter determinant 
being evident. 


EXAMPLE I 

o x h x 1 1 _ a, b x 1 a, b x 
°2 a 3 A» a x 1 a x h 3 

_ o, 3 -f fc, 3 0 , 0 , + 

0 ; 0 , + b : b x o 3 3 + fc. 3 

= (a , 3 + ft, 3 ) (Oj 3 + V) “ <*»«» + W* - <a,*, - ) 3 
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Consider next the determinant 

<*i a i -i Mi -I- i\Yi <i x x. 2 -I Ms -I- C*,)'- ti t a 3 -i /»,/»., -1 

A = <i 2 a l + /y>\ -}- c 2 y, a.x* -{ /y>\. c.,y., <i 2 a 3 -| /y>\, -|- c\,y 3 

"a a i + Mi i t* 3 } i "3*2 H Ms + <:i )*2 "3X3 1 - M3 + <*3)3 ! 

(Z.,) (Z.A (L $ ) (.W,) (3/®) (,l/ 3 ) (/V,) (.V.,) (A'.,) 

Using the property of Art. 3 (v) we can expand this determinant 
as the sum of 27 determinants. If the columns be denoted by L l% 
L i% L it M l% A/®, A/ 3 , Af„ A'®, A 3 as shown, it is not difficult to see that 
the determinants sueh as (Z.®, 3/ 2 , A\). where the suffixes of two of 
the letters L % M y N are equal, all vanish. The determinants which 
do not vanish can be obtained by giving to the three letters Z., M , N 
the suffixes 1, 2, 3 arranged in all possible ways. These determinants 
are, therefore, six in number 

/. A = (L l M t N 3 ) + -f (L->A/ a A , 1 ) + (LM X N 3 ) 

+ mst 1 A'®) + (Z. 3 A/® N x ) 

:= May* • Aj - a,)'®#, . A, -f- . A, - /J,a®)' 3 . A, 

+ )’M • -Al - riA^ • *A| 

*i <*i 

where A, - ; a 2 b 2 c 2 

I b * ** i 

= \ («Ay* — «Ay* - «*Ay* + Mari + Mr/2 - «*Ayi) 

= a L I Ay* I Ay* 4 a Ayill 
MHa* ~ ^ IA y* +a3 A y* IJ 


A x x A®, where A 


Thus 


example 2 

Express as a determinant 


*i A /i 
A 2 = <x, 0 2 y 2 

“3 & y 3 

A, x A 2 = A 


0 z y * 
z 0 x 
V x 0 


0 z y 0 z y 0 + z* + y* 0 + 0 + xy 0 + *.r + 0 

z 0 x x z Ox = 04*0 + xy z* + 0 + x* zy + 0+0 

y x 0 y x 0 0 + zx + 0 yz + 0 + 0 y* + ** + 0 
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1- XV 

zx 





xx r x' 

VZ 





: » yz 

V* + v 2 


EXAMPLE 3 



2 3 1 

i 3 - ; 

1 | 

Evaluate as a determinant 

X 

n 

| 

n 

r~. 

2 i 

1 




4—4 3 

1 2 ' 

; 


2 

+ V 

2 4 + 3+3 

2 + 6+2 


1 he product 

* 

4 

6 

12 

4 6 E 2 6 

6 8 4 + 9 

3 1-4-4 

4 8+6 




V 10 

6 



a a 


13 2 

3 




— 

14 13 

6 





35 14 

13 2 
40 9 

0 

, (taking 1 st row + twice 
row twice 2nd row) 

2nd row 


1 

35 14 
40 9 

3(315 J 560) 

3 x 875 

= 2 625 


7. Interpolation by Ihc Method of Finite Differences. Suppose 
we have a given scries of values of y f ( x) for the series of values 
of x given by «. a It, a : 2h, a i 3 h, . . . a + nh % where n is 
any whole number and a and // arc constants. The following table 
defines the quantities known as finite differences— 


Values 
of X 

Values 
of y 

First 
Differ- 
cnees [ 

Second 

Differ- 

cnees 

Third 

Differ¬ 

ences 

Fourth 

Differ¬ 

ences 

Fifth 

Differ¬ 

ences 

Etc. 

a 

>o _ 









'-Vo 






a | h 










V. 






a 1 2 h 

>2 


A*/. 







Art 


A>y, 


"A^ 


a 1 3/i 

->'« 


± x y* 


A 4 yi 


''etc. 

a 4 f. 


v 3 


A** 


AVi 


a 4li 

y • 




A«y* 





V. 


A V. 


A 5 y* 


a I- >/ 1 

y> 


*y< 





a 1 6/i 

y* 

Vs 

A Vs 


av 4 

AS 

etc. 

etc. 

etc. 

V. 


A*/. 

A 4 * 

AVs 



DETERMINANTS—FINITE DIFFERENCES |«> 

Each number in a dilTcrencc column represenis the difference 
between the two numbers adjacent to it in the next column on the 

A>n 

A"Jn = A'ntl — A'n 
A'r„ = A'-' , „ +1 - A'-' r„ 
where r and n are integers. 

The quantities in the difference columns are known as finite 
differences, and are referred to as first, second, third, etc., differences. 
It is possible to express any of the values of y in terms of any other 
of the values of v and the differences. Thus 

Ta = >’ 2 + AVa =)\ + Ay, -f Ar, •-= v, + Ar, + Ar, + A 2 ;*, 
= y, + 2Av 1 + A=j, 

We shall express y n in terms of r„ and differences involving y 0% 
writing any expression such as 

A . n(n — 1) . n . n — 1 . n — 2 , , 

y + nAy + v - j 2 A *y +-^- A *y + . . . + A"r 


lett. Thus 


and 

or, in general 


in the convenient symbolical form (1 + A ) n y. 

From the method of formation of the differences, we have 


>’l a >'o+ Av’o = (> + -%o 


yi = yi + A/i 

= y 0 + A/o + A/o + A*>-o 

= y 0 + 2 A y 0 + A 2 * = (1 + A fy, 

y* = y 2 + A y 2 , or since A y 2 = Ay, + A 2 _y, 

y 3 = y 0 + 2A_y 0 + A 2 _y 0 + Aj'o + A*_y 0 + A 2 >- 0 + A 2 _y 0 

= y„ + 3A y 0 + 3A 2 _y 0 + A »y 0 = (1 + A ) 2 y 0 

The reader will see that.the coefficients of the terms involving y 0 
in these relations being 1,1; 1, 2, 1; 1, 3, 3, 1 respectively are those 
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of the terms of the expanded forms of x 4- a> (■* + «) 2 , (* -f a) 3 , 
respectively, and by analogy with the binomial theorem, that 


n . n — 1 # n . n — 1 . n — 2 

}’ n = + ntyo * - \y - afy* - 13 - 

(•A%=(l+Ar ; 0 !- 

Writing Ay for y, and A Ml y 0 for A'y 0 , we have also 


A 3 ,o + • • • 
(1.27) 


n . n — 1 /i. n — 1 . n — 2 

Ay„ Ay 0 i /iA-y„ • -p— A 3 r 0 -f- ^ A 4 r 0 b... 


EXAMPLE I 

Find an expression for ihc (/i + l)th term of the sequence of numbers 
5, 9. 19. 38. 74, 140, 254. 439, and continue the sequence to include another 
term. 

Tabulating as below, we find the differences up to A s y. 


Values of y 

Ar 

A*y 

A*y 

A«y 

A 6 y 

>•-5- 






*-9 

*1 

10 

6^ 

"^3- J 



19 


9 


^5 . 


19 

17 

8 

5 

^0 

y* “ 38 

36 

30 

13 

5 

0 

y, - 74 

66 

48 

18 

5 

0 

y 5 ~ 140 

114 

71 

23 



y« - 254 

185 





y, - 439 







We can carry on the sequence to any required stage by continuing the noughts 
downwards in the A s y column, and making corresponding additions to the other 
columns. Thus, to find the value of y,. we add another nought in the A % y column, 
and another 5 to the A 4 y column. The number we must add in the A 3 y column is 
then 23 + 5, i.c. 28; the number in the A*y column 28 + 71, i.c. 99; the number 
in the Ay column 99 + 185, i.c. 284; and the number in the v column 284 + 439, 
i.c. 723. Hence, the next term in the sequence is 723. . 

We shall here find the general term, using (1.27), and find from this the value 

°f 




DETE RM IN AN IS—* INITE D11 I- LRL Nc ES 
V- = (I + A)-r 0 


= Vo + wAv 0 + 


n. n — I n . n — 

—jV~ • i V» + 




:i 


= 5 r An + 3/i. /i — 1 M/i./i- I/i-2 + - 5 -/i/i- I /# — 2/i — 3 


the other terms vanishing because all differences alter A*r are zero. This reduces 
to 

.Vn = ~ (5/I 4 - 18/r* + 91/r + 18/1 r 120) 


By giving to n the values 8, 9, 10, etc., in turn, the values of y t , y*. y, 0 . etc., 
can be calculated. It is often easier to calculate y n from y m = (I f- ±) n y„. 

Thus y 8 = (1 + A) Vo 


- * + ** + ¥ A ’* + nr A • + ¥r- 5 A * 

-5 + 8x4 + i^.6 + . 3 + 8 ■ 7 ; 6 • 5 .5 

K 12 |4 

= 5 + 32 + 168 + 168 + 350 

= 723 as before. 


If the terms in the left-hand column are calculated from a poly¬ 
nomial in x of degree n for integral values of a: increasing by equal 
amounts, the numbers in the (n -f l)th difference column arc all 
zero. If the function is not a polynomial, the differences in any 
column will not all be zero and the values found by applying (1.27) 
will not be exact. In such a case difference columns are calculated 
until all the differences in one column are nearly zero, or until irregu¬ 
larities appear amongst them. These irregularities are sometimes 
caused by inaccuracies in the values of the x’s or y's, and conse¬ 
quently these and subsequent differences should be ignored. 

The above example is an example on extrapolation , as the value 
found extends the range of the given values. The next is an example 
on interpolation. 

The reader is warned against extending a range of experimental 
results by extrapolation. In general, empirical formulae should only 
be applied inside the range of values of the dependent variable 
covered by the experiments from which the results were obtained. 


example 2 

The left-hand column in the following table gives values of e* for x = 1-7, 
1*8, 1-9, 2 0, 2-1, 2-2, 2-3. Find the value of* 1 ” 
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Values of y 

y Q - • 5-4739 
V, « 6 0496 
* 6 6X59 
J'j = 7-3891 
> , - 8-1662 
9 0250 
y< ~ 9-9742 


A>- A 2 y S 3 y A*y 


0 5757^ 

' 0 0606 

0 6363 0 0063. 

0 0669 

0 7032 0 0070 

00739 

0 7771 

0 0817 


tfy I tfy 


08588 

09492 


00904 


00078 

00087 


00007. 


0 0008 


0 0009 


0 0001 


0 0001 


0 


Since when x =* 1-85, y n = >-,. 4 . we have 

y,.u — (I + A)' & jo 

-» • .-5A,. + 

the other terms being so small as to be negligible. 

y,. t - 5 4739 + 1-5 x 0-5757 -f 0-375 x 0 0606 - 0 0625 x 0-0063 
-f negligible terms 

- 6-3598 

From tables or by calculation e l,ti - 6-3598. 

A shorter method would have been to look upon y x as our first value, and 
proceed thus 

- (I + A)•»/, 

/, + 0-5A>’, - °~ S * + 05 - * -‘ - 5 AV, + terms which 

If If arc negligible 

6-0496 -fix 0-6363 1 x 0-0669 f - x 0 0070 f . . . 

2 8 16 


6-3598 as before. 


EXAMPLE 3 

If the difference symbols A. A* be defined by the equations 

4/X*)«/U+ /»)-/(*) 

Ay f*> ~ A/ (x + h ) - A/(x) 
show that (I f 2A -f A«)/U) = /(* + 2/i) 




DETERMINANTS—UNITE DIFFERENCES 2} 

Quote the corresponding formula lory (a f ///,) and using this as an inicr- 
polalion formula, calculate cosh 1088 to six figures from the following table. 

nrA Wc S ivc ; h0 tobte below with the difference columns added, but shalUkst 
ma table Sim* fomu,,:l - Arran S in S values of / (a). / (a- F /i). and/( a- I 2/i) 

/(*) 

A/(a> 

y (.v + /i) a 2 / (a > 

Ay (A- 4 h) 

fix + 2/1) 

WC see that /(a + 2/i) « /(a + /i) + A /(a + /,) 

= !/(a) + A/(a» + {A/(a) + A s y (a)} 

= /(-') + 2A/(a) + A 2 /(a) 

= (I + 2A + A 2 ) /(a) = (I -f A) 2 / (at) 
also /(a + /,/,) = (l + A)"/ (a) 

* y = cosh a Av I A*v I A 3 v I A* v I A* v 


1-54308 
1-66852 
I-81066 

1- 97091 

2- 15090 
2-35241 


0-12544 

0-14214 

0-16025 

0-17999 


0-20151 


0-01670 
0-01811 
0-01974 
0 02152 


0 - 00141 ^ 

0-00022 

000163 . 

0-00015 

0-C0I78 


^ 0-00007 


/(a + «/;) = (! + A)"/(a) and taking the value of a as a = 1, // 0-1, and 

x ± nh =* 1-088, we have 1 + nh = 1-088 or nh » 0-088, or n = 0-88. 

/(1-088) = (1 + A)°-*y(l) «(1 + A) 0 -«V 0 where y 0 - 1-54308 
cosh 1-088 = ( 1 + 0-88 A + »g£jj*r ’> A* + L® A . 

+ 0 - 88 (- 0 - 12 ) (- 1 - 12 ) (— 2 - 12 ) 

- f 0-88(- 012) (- 1-I2H- 212) (- 3-12) A& \ 


+ 0-88Ay 0 — 0-0528A*v 0 + 00197l2Ay o - 0 010447Ay o 
+ 0 006519Ay 0 
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1-54308 f 0-88 x 0-12544- 0 0528 x 0 01670 + 0-019712 

x 0 00141 - 0-010447 x 0 00022 - 0-006519 x 0 00007 

* 

-= 1-65261 


EXAMPLE 4 

The following values of (he pressure /Mb/ft* and the temperature T degrees 
Fahrenheit of steam at maximum density are given. Find the pressure when the 
temperature is 147 F. 


T 

P 

±P 

A*P 

A'P 

A *P 

131 

327 0 —| 

87-3 -—i 




140 

414-3 

106-3 

' 19 0-- 

^ 3-2^_ 


149 

5206 

128-5 

22-2 

3-5 

0-3 

158 

649 1 

154 2 

25-7 

4-4 

0-9 

167 

803 3 

184-3 

30 1 

4 0 

- 0 4 

176 

987-6 

218 4 

34-1 



185 

1 206 0 

' _ _ — » — 






The numbers in the last column fluctuate in such a manner as to indicate that 
they arc largely a fleeted by errors of observation in measuring the values of 
/* and 7*. On this account we ignore dilfcrcnccs beyond the third. 

Proceeding as before, we write P =■ / {T + nil) where T =■ 131 and /i * the 
common difference in the T column ^ 9. Then, when 131 -F nh *= 147, 


/» - 147 9 —- - so that /> Ml -F A)* P 0 where P 0 - 327, SP Q - 87-3, &*P 0 
= 19 0, etc. 

i^xZ L 6 fZW-?\ 

,> ,>.< jfAlfc-, *?*!>.+ ylty >! *P. 


327 0 F ¥ x 87*3 F - x 19 0- LL?— 

9 81 729 x 3 


x 3-2 


« 327 0 + 155-2 + 13-136- 0-164 = 495-172 

or. correct to four significant figures. P = 495-2 Ib/fl*. 

As a rough check on this value, we calculate the value of P by proportion. 



DETERMINANTS I INI 11- Dll I I Rl NCI-S 


25 


r -- 414*3 i 


147 140 

14*) 140 


\ (520*o - 414-3). Tins gi\cs /’ 4*17*0. a value 

.//* 


which is obviously loo large, since is increasing and the graph between 

P (vertical) and 7'(horizontal) is therefore concave upwards. We have no simple 
means ol measuring the error in a value calculated by means of the interpolation 
formula. 


It is sometimes convenient to let r 0 -= / (a) represent the middle 
of the series of values of r. This is done in the following table, the 
differences being found exactly as before, the symbol 6 being used 
to denote differences in the upper half of the table and A those in 
the lower half. The suffixes are negative in the upper half and positive 
in the lower half, the two halves being treated exactly as if they were 
two distinct tables each similar to those above. 




Differences in the Values in the Preceding Column 

Values 

Values 








of X 

ofy 

1 st 

2nd 

3rd 

4th 

5th 

6th 


• 

• 

• 

y-k 

6 y-* 







*-4 

y -« 

s y -3 



<**y-1 




*-3 

y-% 

ty-r 


4 */-. 





x -t 

y-t 

*y- 1 

-A**'' 






d y -1 






*-i 

y- 1 

- 







*0 

*>< 















x i 

yi 

Ayi 

-A 





x 2 

y 2 

A*y, 

A *y. 

"AV._ 



a* 

A 4 y» 

X 3 

^3 

A 2 y* 

A *y. 






X i 


A*y. 








Ay4 







*5 

y* 








• 

• 

• 



1 






a—(T.6xx) 
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I he relation y n — (I -f A)"r 0 holds as before for the lower half. 
F or the upper half, since r„ = + dy 0 , then y_ x = v 0 - Sy 0 = 

(I — d)y 0 , and generally 

y-n = (i -Wyo • • . (i.28) 

Interpolation may be carried out with this scheme exactly as in 
Examples I and 2 abo\e, interpolation in the lower half being carried 
out exactly as in those examples. Interpolation in the upper half is 
carried out with the use of negative indices and the terms;- 0 , 6y 0 , d 2 y 0 , 
etc. 1 his method ol tabulation has no advantage over the previous 
method for interpolation, but it is particularly useful when finding 

the value of—, when x = x 0 (Art. 8). 


8. \ alue of by Finite Differences. Let us now expand v_,, 
clc .etc., in terms of y Q . Assume y 0 = /(*). Then 

->’> = /(* + /<) =/(.v) 4- I/ (X) + |p ] ’"(.v) 


h 4 /i s /»« 

+ $/“'(*) + (J/ IM W + | 6 / ,C, (.v) -I- . . . 


y -1 =/(* - ><) =/oo - h/\x) + |'/"w - r\x) 

/i 4 /i & /ic 

+ j4/ m W-f5/ <6, W + |/^W+ . . . 

->’* = /<* + 2/,) = /(*) + 2lif‘{x) + ~/"W + 8 AV-"(,) 

16/#* .. 32/i 5 64/i s 

'• |4 /"’<*> ^ (- |6 /""<*> i ■ • • 

,._ 2 =/(x - 2/„ - /(x) - 2lif(x) + ~/"(x) - J-\ X ) 


DETE R M IN ANTS -FI NITE DIFFER F NCI S 

01,2 ■>7/.:i 

.‘a =/(v -I- 3/i) /(.V) + 3/1/ (A) j /"(.V) I -™ /'"(.v 

SI/; 1 243/;’ 729/1° 

. | 4 / 14 ’(.v) I- - j^ — / M, (.v) | | 6 -./ ,u, (-v) 

.'-a = J ( V - 3 / 1 ) =, ) (A) 3 hf%x) 4 |S / "(A) - /"-(A) 


27 


8l/i 4 , > 243/i s 729/1° 

+ ./ ,4, (v) — 1 5 y « s »(v) 4 — ./""(A) 


K 


Neglecting terms beyond those of the sixth degree in h, we have 

.Vi - }-i = 2 (//'to 4- fa /"'to 4- fj/ is, (x)) . (1.29) 

( 8/; 3 3 V/ 5 \ 

WM +f'\x) + j 5 /< 6 , (a)J . • (i. 


30) 


/ 27/i 3 243/f 5 \ 

V 3 -J -3 = 2 (3/;/'(at) + |3 /"'(*) + “ |5 7 (5, W) (1.31) 

Multiplying through by unity in (1.29), by a in (1.30), and by b in 
(1.31), and adding the results, 

0’i - y-\) + fl 0’2 - y-z) + ^0*3 - y-*) 

= 2 hf\x) (\+2a + 2b) + ^~ /"'(*) (1 4- 8a 4- 27 b) 

+ ^/«»(x) (I 4- 32a 4- 2436) (1.32) 

If, now, we choose a and b so that 1 4- 8a -f 21b = 0 and 
1 + 32a + 2436 = 0, we shall obtain an expression for f\x ) in 
terms of the ordinates y_ z y_ 2 • • • )’z JV Solving the equations 
for a and b we obtain a = — j,, b = *V Substituting in (1.32) 


1 


O-i -y- J - 5 0-2 - y-i) + 45 (y 3 - y- 3 ) = j h f to 

/'to = ^ {Oi - y-i) - \ 0-2 - /--s) + *5 0’s - 7 -a)} (i 33 ) 


1 
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This formula enables us to find the value of /'(.v), or ^ from 

tabulated values of/(.x) without using the method of differences as 
below. 

EXAMPLE 1 

The following numbers give the angle 0 (radians) turned through by a shaft, 
the interval of time between two successive positions being 002 second: 0 052. 
0105, 0168, 0-242. 0-327. 0-408. 0-489. Find the angular velocity at the instant 
when 0 = 0 242. 

Let the values of 0 be 0_ s . 0 o , 0 X . 0.. 0 3 . h - 0-02. The angular velocity 

JO 

,s Jr I i0) ‘ 1 ,hc '"dependent variable. NVc have then by (1.33) 

/ W = 0^8 ! (0 ‘ 327 " 0I68 > - l < 0 ' 408 “ 0 I05 > + 4^ <0-489 - 0052) I 
Angular velocity = 4-054 radians per second. 


In order to obtain an interpolation formula in terms of 
differences, we have 


>1 = Xo + Ay„ 
y-i = Xo - fyo 


> i - V -1 = A»'o + A Xo 


Xo = .I’o + 2 A) 0 + AVo) Vj - )■-! = 2(A^ 0 + 6y 0 ) 

X- ,-Xo~ 26y, -I 6*y 0 I + (A =/„ - A^ 0 ) 


):< = Xo + 3A) 0 + 3A 2 / 0 + A 3 _)’ 0 
X-3 = Xo - 3d)a + 3d-) 0 - d*y 0 


• • Xo ~ .l'-a = 3(Aj 0 (- 6y a ) 

H 3(Av-.-dVo) 

+ (A% d> }0 ) 


Substituting these values in (1.33), we have 
/'W = 47, ( A ->« + d Xo ~ \ (Aj. + dy 0 ) - i (A *y t - 6*y 0 ) 

+ h (A -»« + *»•> + ,5 (Av„- dy 0 ) |- 1 (A 3 r 0 + 6*y 0 ) | 
which reduces to 


/'w = \ (- * - + ** - 


A-lo-yj’a A 3 *, + d 3 >' 0 
10 + 60 


(1.34) 
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2 *> 


EXAMPLE 2 

Work out Example l above by the difference method. 


t 

0 

First 

n 

Second 

Third 



Differences 

DilTercnces 

Differences 

0 

0052 

0053 



002 

0-105 

0 063 

0 010 

_- O-COI 

004 

0-16S 

__- 0 074 - 

_0 011 "" 


006 

0-242 

0-08 



008 

0-327 

0 081 

"“=■ 0-004 

^-0-004 

0-10 

0-408 

0-081 

0 


012 

0-489 




Using 0-34), 





= - 

1 / 0-085 + 0-074 - 0 004 

— 0*011 ( 0 004 I 0-001 \ 


10 


60 


■= 4-054 as before. 

9. To Find ~~ by Finite Differences. The method adopted here 

is substantially that of the last section. We may assume that y 0 is 

zero, for if it is not zero we can make it zero (by deducting the 

. dy . d 2 y 

quantity y 0 from every y) without altering the values of ^and ~ 

or any of the tabulated differences. Taking terms as far as that 
involving h G f (6, (x), we have 

f(x + h) = hf'(x) + *f-(x) + pj-/'"(x) 

h* ~/i s h° 

+ jj/ M, M + Jj /“'<*) + j6/ (,, W 

fix-h) = - hf'(x) + £f"(x) - j jf"(x) 

h* ~h* h* 

+ j?jj/ (,, W + j6/"’W 
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/(A' + h) +/(*- h) = 2 (jj/"(x) + £-/«'<*) + £/<•»(*> ) 

(1.35) 

Similarly, 

/(.v f 2h) + /(.v 2/i) 

/ 4/r 16/i 1 64/i' ; \ 

w *' i 4 1 i 6 (l,36) 


and/ (a* + 3/i) + f(x-Vi) 



729//° 

16 / W, W 


) 


(1.37) 


Bui / (a: + h) + /(x — /i) = /, + )•_, = A/, — dy 0 (see Art. 8) 

(1.38) 


/(* + 2A) + /(* ~ 2/0 = +>■-, = 2 (A* - d>- 0 ) 

+ (AVo + fyo) • (139) 

and/(.t + 3//) + /(a: - 3/0 = y t + )■_, = 3 (A)-, - d,„) 

+ 3 (A^o+ «*>',)+ (AV«-»Vo) ■ • d -30) 

Equating the right-hand sides of (1.35) and (1.38), (1.36) and 

(1.39), (1.37) and (1.40) in order, we have 

2 (|2^" W + |4 /" ,(v ) + ^V ,G, (v)) = (A,o- d.'o) . (1.41) 

2 (|/"W + 'jfr'M + 6 ^'V m, w) 

= 2(A)- 0 - dv 0 ) + (A 3 ,-, + •)=)•„) . . (|,42) 

2 (f >« + s £/"w + f-V-w) 

= 3(A)-, - 6y a ) + 3(A 2 )’ 0 + <> 3 ,„) + (A 3 )-, - d 3 t-„) 

(1.43) 


DETERMINANTS—FINITE Dll-EERENCES 3| 

Multiply (1.41) by unity, (1.42) by </. and (1.43) bv /» and add. 
choosing a and b so that the terms involving / ‘"(v) and / 4,i> ( v) 
disappear. We have 

(1 + 4a -|- 4ft) = (A !•„ - «Vo' 0 t- -» I- 3ft) 

f (A-i 0 (a i- 3ft) ! ft(A :, r„ ft%> 

where 1 + I6a + Sift 0 and I | 64a (- 734ft 0. i.e. a 

1 10 
and ft = |35 

Substituting these in the above expression, we have 

- fo + f 5 ) " <4»- w (• - fo + s) 

+ (AS + (-+ rs) + TB (A3, '» - 

or/"(.r) -= ~ ^ (Av>„ - ftl'o) - 55 (A*/o + ^o) 

and finally 

/"(*) = p [g (4* - 6y 0 ) - ^ (A*,. + **> 

+ ^ (A 3 j>, - ftVo)J • <1 44) 

EXAMPLE 

In a certain machine a slider moves along a fixed straight rod. Its distance 
x ft along the rod is given below for various values of the time r seconds. Find 
(1) the velocity of the slider, and (2) its acceleration, when / = 03. 

/ = time in seconds . .0 <H 02 0-3 I 04 05 I 0-6 
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These values and the differences arc tabulated below— 


/ 

X 

First 

Second 

Third 

(sec) 

(ft) 

Differences 

Differences 

Differences 

0 

3 013 

0 149 



0 1 

3-162 


- 0 024 


0 2 

3-287 

0 125 

_— 0 048 - 

0-024 


_ _ 0 077 --" 



03 

3-364 

^ 0 03l^_, 



0 4 

3 395 


0 045. 




- 0 014 


~~~ 4- 0 002 

0 5 

3-381 

- 0 057 

- 0 043 


06 

3-324 





»y (1.34), 


Jx 


(° 


031 0 077 

2 


0 045 4- 0 048 0 002 - 0 024 \ 

+ 60 ) 


Jr 01 V 2 10 

- I0<0 054 - 0 0003 - O 0004) 

- 0 533 

or the velocity is 0-533 ft/scc. 

J 2 x 1/37 7 

By (1.44), ^ ( 35(0 031 - 0 077)- - (- 0-045 - 0-048) 


-4 (0 002 4- 0 024)) 


=■ KXH- 0 05673 4- 0 01085 4 0 00029) 
- - 4-56 ft/scc* 
which is the acceleration. 


EXAMPLES I 


Evaluate the following determinants— 


(I) 


I 2 3 

6 5 4 

7 8 9 


5 7 4 

6 25 II 

7 52 21 


( 2 ) 

3-4-3 

(3)1 

a • h a b 


2 7-31 


a c 4- a c 


5-9 2 


b c b 4- c 


(5) 

14 

- 9 

25 

( 6 ) 

11 

71 

27 


15 

16 - 

II 


-6 

9 

10 


13 

10 

6 


1 

16 

17 


( 4 ) 
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(7) 

3 

5 

7 

(8) 10 

10 21 

18 : 

(9) i 

2 _ 

5 

7 

- 5 i 


11 

9 

13 

4 

5 8 

6 ' 

8 

3 

1 1 

4 

27 


15 

17 

19 


1 3 

7 


3 

9 

2 





1 3 

4 10 

5 


5 

2 

3 

13 


a- a 

be 

a 3 ir 1 

b 2 b 

ca 

= b 3 /*- 1 

c 2 c 

ob 

r* c s 1 


Solve (he following equations— 

(11) 3 4-.v 4 + x x 

2 + x x 4 + x = 
* 2 + .v 3 + * 

(12) * 2 3 

6 x + 4 4 ** 0 

7 8 x+S 


(13) 2.v* - 3 - 16 
a- 5 5 

11 20-15 


(14) Show that x » 2 is a root of the equation 

3* — 1 4.v 6 

2(1 - x) 1 3* =0 

11 5* 4 - 3x 

and find the other roots. 

(15) Express the determinant pa x 4- qa 2 *2 

P b i + <l b t b z b 3 

pc t + qc 2 c 2 c 9 

as the sum of two determinants of the third order, and prove that it is equal to 

a 3 

b l b 2 b 3 

Ci c 2 c 9 

Solve the equation 4x -f 5 4x + 7 4x + 9 

4x + 9 4x + 5 4x + 7 = 0 

4x + 7 4x + 9 4x + 5 


(16) Show that a x + A a 2 [ _ a, a 2 
b x + B b 2 I ^> 2 ! 


/I 

5 b 2 


(U.L.) 


Find the coefficient of the first power of X in the expansion of the determinant 

I 1 + X m sk 

m m 2 + i(l — s)k 2 + X i(l + s)mk 


sk i(l + s)mk 


k* + i(l - s)m 2 


(U.L.) 
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1 a A c 
= 2 ben 
cab 

and find the value of 31 91 47 

14 29 30 
21 36 37 


< I 7) Prove that a f- b A -f-r c + a 

1 b -{- c c -- a a -f b 

c * a (/-f /) A 4 r 


(U.L.) 


(IS) Explain the method of solution of simultaneous linear equations by 
means of determinants. I ind the equation of the circle which passes through the 
points (— 3, 5), (I, — 5), ( 3.1). (U.L.) 


(19) Solve by determinants the equations— 

7* + 5/ - 132 -f 4=0 
9* + 2/ -f 1 I* - 37 = 0 
3* — v + z — 2 = 0 


(20) Solve by the aid of determinants, or otherwise— 

53* - 37/ -f 29: = 32 
22* + 31/ - 99* » 23 
98* - 44y - 37* - 0 

(U.L.) 


(21) In a determinant, prove that the same multiple of the constituents of any 
row (or column) may be added to the constituents of any other row (or column) 
without altering the value of the determinant. 

c 2 r,— c,r, = r,r, * c 3 r 3 = v; c,r, + c 4 r 4 = v; c, — r 3 — = 0; c 4 

r t — e % « 0. arc five equations determining c„ c 2 . . . . in terms of the 
other quantities. Write down the value of c 4 as the quotient of two determinants, 
and, hence, show that if r t r t = r 3 r 3 , then c s = 0. (U.L.) 

(22) In determining an electrical resistance, the following equations occur— 

G S + fy- Q‘i « c* 

- Gg -f (P- G)r - (Q -f- G)S = 0 
(P + Q)b + Qtf -f (Q 4 G)s - E 

hind. as the ratio of two determinants, the value of G independent of P and Q, 
and determine the relation between />. </. r. and s if G be independent of E. 

(U.L.) 

(23) By means of a determinant, eliminate *, /, *. and iv from the equations 

/* 4- <*/ + 2 + h) = 0 
// + biz + w + *) * 0 
iz + dw + x + /) = 0 
iw + </(* + /+*) = 0 

and show that the coefficient of t : in the result is 

— [ah 4 ac 4- ad f- be -f bd -f cd) 


(U.L.) 
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(24) Find all the values of t for which the equations 

U IXv I (3/ , l)r j It: - o 

(' - M.v }- (4/ 2)r 4- (i | 3)r 0 

2-v -F (3/ |- \)y + 3(/ — Mr — 0 

are compatible, and find the ratios of a- : y : : when t has the smallest of these 
values. What happens when t has the greatest of these values? (U.L.) 

(25) Prove by determinants or otherwise that the equations 

5.v F 3 r ! 2r — 12 
2.x p Ay -p 5r = 2 
39a: + 43 v -P A5: = c 


are incompatible unless c = 74; 
by .v = 2 + r, y = 2 - 3/. r - 


and that in that case the equations are satisfied 
— 2 P 2f, where / is any arbitrary quantity. 

(U.L.) 


(26) Obtain as a determinant the result of eliminating * from the equations 

o.x 3 + b.x- + cx + d = 0 
flV -P b'x + c' = 0 
Solve the equations x + 2 y + z — 4 

3a: - Ay — Az = 10 
5 a: + 3 y + Iz - 9 

(U.L.) 

(27) Prove that a, ft y, ft 1 a, + <5, ft + y, I «, - <5, ft - y, j 

Pi Yt <5 2 ; «* + A Pt + V» ' otj - <5 2 Pi - y 2 I 

<>2 y 2 Pz «2 
<*i y» A a. 

(28) Express as a single determinant 

1 4-3 * 342 

-3-2 lx 254 

13 5 - I 6 I 

and find its value. 

(29) Prove that 1 a a 2 

1 b b 2 = (b — c) (c — a) (a — b) 

1 c c* 

If a, b, c, have all different values and 


a a * a 3 — l 

b b* b 3 - 1 = 

c c* c 3 — 1 


prove that abc = 1 . 


0 


(U.L.) 
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(30) Show that x 2 

- V 2 

X 

y i 

V 

* /.* 

x i 

>\ i 



X. 

y* i 

V 

r y 9 * 

X* 

1 


is the equation to the circle through the points (*,. (* 2 . )\), (*3. > 3 ). 

(31) Find the value of /. for which the equations 

(2 - /.)x + 2y + 3 = 0 
2* I- (4 - /.)>• f 7 0 

2x + 5; + 6-A*-0 

are consistent, and lind the values of x and y corresponding to each of these 
values of (U.L.) 

(32) If y -/(*) and y„ denotes fix + nh). prove that, if powers of /i above 
li* be neglected, 

txli ^ - /-* + iW* - >->] 

The elevations above a datum line of seven points of a road, 100 yd apart, 
are 135, 149, 157, 183. 201. 205. 193 ft. Find the gradient of the road at the 
middle point. (U.L.) 


(33) The following values of x and y arc given. Using the method of Example 
2, Art. 7, find the value of y when x - 0 7 and also when x - 0-25. 


X 

0 1 

0-2 

0 3 

04 

05 

0 6 

y 

2-6841 

3 0413 

3-3753 

3-6835 

3-9636 

4-2136 


(34) From the following table of natural logarithms determine log, 0 0725742.. 


X 

log.* 

0 071 

3-354925 

0072 

3-368911 

0073 

3-382704 

0074 

3-396301 

0075 

3-409733 


(35) The table gives the displacements x in. of a valve from its mean position 

for various crank angles. If / is the time in seconds, find the values of ~r in./scc 
J d i x. . . dt 

and ^-7 in./scc 3 when the crank angle 0 is 59’. 
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Values of fl degrees . .j 50' j 53 5<» 59 <0 <,5 <*S 

•| 2-72 2-78 2 84 2-88 2-92 2-95 2-98 


Values of .v inches 


The crank rotates at a uniform speed of 200 r.p.m. 

[f/m/. Since Oh in degrees-- = ~ \ angular velocity in radians per second. 
Ah °di = dO ' di and «¥ is found from ^- 34) 1 


(36) Tabulate values of sin 0 where 0 = 22'\ 23°. 24 J , 25*. 26°, 27', and 2 X 

in turn. Find from these, values of - ° and ^ sin <1 when 0 - 25 , and 

compare these with the values obtained by putting 0 = 25^ in the differential 
coefficients, remembering that 0 is in degrees and not radians. 


(37) Given the following values of .v and y, find y when * = 3-5. 


A* 

0 

1 

2 

3 

4 

5 

! 

y 

5-67921 ( 

5-91107 

6-17940 

6-48431 | 

6-82610 

7-20505 

| 7-62143 


(38) Taking the numbers from the last example, find the values of and 
d~y * dx 

J~i w hcn a: = 3. 


(39) The table gives the distance in nautical miles of the visible horizon for 
the given heights in feet above the earth’s surface. 


h = height (feet) 

100 

150 

200 

250 

300 

350 

400 

d *= distance (miles) . 

10-63 

13-03 

15 04 

16 81 

18-42 

_1 

19-90 

21-27 


Find by the method indicated in the table in Example 2, Art. 7, the values of 
a when h = 218 ft and when h = 265 ft. Also find the rate at which the horizon 
is receding from a man in a balloon 250 ft high which is ascending at the rate of 
o nautical miles an hour. 

(40) The areas of regular figures of 3, 5, 7, 9, 11 sides, each side of which is 
1 in. long, are given in order by 0-4330, 1-7205, 3-6339, 6-1818, 9-3656 in. 2 
Calling these y 0 , y lt y 2t y 3t y 4t find an expression for y n in terms of y 0 and the 
differences. Putting n = 1-5, calculate the area of a regular hexagon of 1 in. side. 
Compare this value with the value found by mensuration. Is the use of the 
method of finite differences justifiable in this case? 

(41) Find an expression for the general term of the sequence of numbers 
1, 3, 8, 21, 54, 126, 263, 498, and continue the sequence to include another term. 
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(42) Using the method of Example 2. Art. 7. calculate log,„ sin 30 J 24' to five 
decimal places from the following table— 


X . 

30 31° 32 

1 33 s | 

34° 

35° 

y = log,,, sin x 

1-69897 T-7II84 1-72421 

1-73611 

T-74756 

T-75859 

(43) The following 

(/•‘v 

and also of ~ when 
dx~ 

values of x and y are given 

x 3 6-5— 

dy 

Find the best value of - 7 - 

dx 

x 50 

5 5 60 6-5 

70 • 

7-5 

8-0 

y 3-2188 I 

3 4096 3 5836 , 3-7436 

3-8918 

4-0298 

4-1588 


(44) A rod is rotating in a plane. The following table gives the angle 0 (radians) 
through which the rod has turned for various values of the time / seconds. Find 
(i) the angular velocity of the rod. and (ii) its angular acceleration, when 
/ > 0 6 sec. 


t 

0 

02 

04 

0-6 

0 8 

10 

1-2 

0 

0 

0 122 

0493 

| M23 

2-022 

3-200 

4-666 


(45) From the following table of values of c* estimate to 5 decimal places the 
value of c r when x « 1-92635. State, giving reasons, an upper limit to the error 
that may occur in your result, supposing your working to be as accurate as 
possible. 


X 

c* 

1-90 

6-68589 

1*91 

6-75309 

1-92 

6-82096 

1 93 

6 88951 

1 94 

695875 


(U.L.) 


(46) From the following table of sec l x determine the value of scc ~ 1 2 0136742 


X 

sec 

2-00 

1-0471975 

2-01 

1-0500675 

2 02 

1-0529045 

2-03 

1-0557090 

204 

1-0584816 

205 

1-0612229 


(U.L.) 



CHAPI1R II 


DOUBLE AND TRIPLE INTEGRALS AND THEIR 

APPLICATIONS 

. |V» l* 7 « 

10. Notation. The symbol | /(a*. r)«/.v </r is called a double 

integral and indicates that/(.v, r) is to be integrated with respect to v 
between the limits x x and .v 2 , and that the resulting expression is to 
be integrated with respect to r between the limits r, and r.». Similarly. 

I I /(.v, r, z)dx dv dz denotes that f (a\ r, z) is to be integrated 

.v. Jj, 

with respect to .v between the limits x x and .v 2 , that the resulting 
function is to be integrated with respect to r between the limits »•, 
an d}’)» and that, finally, the result just obtained is to be integrated 
with respect to r between the limits z l and z.,. 


EXAMPLE 1 
Integrate 


Integrate J1J0 J-i (jr * + f + ***** d >’ dz 

Let l be the value of the integral, then 

m l 

+ y* + z')dxdydz 

We first integrate with respect to x , assuming y and z to be constants. Then 
1 = jj [i* 5 + + z')x ]_ i dydz 

= {f + 2(y' + z'))dydz 

Now, integrating with respect to y and assuming z to be a constant, we have 

‘ = /; [ iy+2<i7>+z * y) \« dz " /, Z{ * +2<i+ z2,idz 
- + 2z*)dz = [J 2 + 
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The reader should notice that the order of integration is denoted by 


! = 


j: 


J 'Vt 

f (x. y, z)dx 

Jr . 


dy 


dz 


. (11.1) 


the operations of integration being carried out in the rectangles shown in turn, 
starting in the innermost rectangle and working outwards to the outermost 
rectangle. Some writers alter the order of the symbols dx, dy, dz in (II.I), so that 

the first of the signs I is associated with the first of the differentials, thus, 

■I* fVt (** ' 

/ (.V. V. z)dz dy dx being used to indicate what wc mean by (11.1). We 
Jy i 

shall use the notation of (II.I). It is also important to notice that when inte¬ 
grating with respect to x in (II.I), y and z arc treated as constants, and that when 
fnicgrating with respect to y, z is treated as a constant. 

EXAMPLE 2 

Evaluate / - I I - I />* sin U dp dO d4>. where r ■■ constant. 

Jo Jo Jo 

Integrating with‘respect to we have 


" 

• ft f . P “ f f — 

/-I 2 J^sinO d0d+~\\ r**in0d0d+ 

JO Jo l J p - o jo jo 

j J o [- COSO]" i ,I* - |J fl r’rf* - |r*[ 4 ] - =- 


•I - II 


In Ex. I and 2. wc have dealt only with cases in which the limits arc constants. 
The following examples illustrate the method of procedure when some of the 
limits arc variables. 


EXAMPLE 3 
Evaluate / 


r r ,• 'V- x* 

r dy dx in which r is constant. 


/ 


“JoWlo 


- 


dx 


I r* - x*dx — r I 

Jo J< 


vV - x 2 dx 



EXAMPLE 4 
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consl.mi. 


Evaluate / — I j .v s i**/r«/.v in which a iso 

Jo Jo 

•*i r •«»/•' .i 1 - x* ..i 

/ - I ; V ? r Ux - ' .v=(<r - v : ),/v 

• 0 L J y - o Jo 

, .v*i* . 


11. Volumes of Solids as Double Integrals. Lei A (Fig. I) be a 
portion of the surface r =/(.\\ r) and let A' be its orthogonal 
projection on the .vr-plane. We have to find an expression giving 
the volume of the solid included by A and A' and the surrounding 
cylindrical surface. Let a plane parallel to the rr-planc and at 



distance x from it cut the solid in the section PQNM ; then, in 
general, the area PQNM will be a function of x, say <f>(x) t and the 

volume of the solid is \ <t>(x)dx , x t and x 2 being the extreme limits 

tor * over the area A'. 

Again, area PQNM = z dy , y x and y 2 being the extreme limits 

Jtft 
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for y over ihe section PQNM and in general functions of .r. Hence, 
if V is the volume of the solid. 


i.c. 

or 


f x * C ¥a 

V = z dy dx 

* x. »'u. 

C '• 

v = I /(*, y)dy dx 


(H.2) 

(II.3) 




Fig. 2 


We can obtain the same result from a different point of view. 
Let the area A' be divided up into elementary rectangular areas 
Ax Ay, and on each of these as base let a prism be constructed with 
its length parallel to the r-axis; then the volume of this prism 
between the surfaces A and A' is z Ax Ay and the total volume is 


^ Z u the limilin S va,ue °f which is f f - * * dx. 

If we are using polar co-ordinates in the xy-plane, wc may divide 
the area A' into elements such as TUVW { Fig. 2) by means of radial 
lines through O and circles with their centres at O. Then, if The the 


x £'‘ 

X - X, v - v, 

as above 
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point (r 0) and r the point (/* ? Ar. (i j Ar». /T rA0 and 
uv = Ar, so that area 71111 rAW Ar. 

Hence, tor the volume of the solid above we replace </r dx by 
r<iO dr t and then we have 

Volume of solid = f f zrJU Jr (11.4) 

r being assumed given as a function of r and 0. 


EXAMPLE 1 

A triangular prism is formed by the planes whose equations are ay = />.v. 
v — 0, and x = a. Obtain the volume of this prism between the plane r *« 0 
and the surface r « c + xy. 


(U.L.) 


•a •- 


bi 


The required volume = I | a z dv dx, for with a assumed constant y varies 

r ^ bx • 0 

from 0 to — 


Volume - fj ^ ( C -i xy)dy dx ~ jj [cv I Hp]" Jx 

-ris-s-i* 

\ a 2 ‘ 2a 1 4 /o 


abc . a 2 b* ab 

“ T T " 1 14c + 


example 2 

Show that the equation (** + y* + z 2 | c*- a 2 ) 2 = 4c*(a* + y 2 ) represents 
an anchor ring. Sketch the surface, showing how it lies with respect to the axes 
of co-ordinates. Prove that the co-ordinates of any point on the surface may be 
expressed in the form a = (c + a cos 0 ) cos <f >, y = (c + a cos 0) sin 0 . z = 
a sin 0, and evaluate the surface area by calculating J J o(c + a cos 0)</0 

(U.L.) 

Put z = 0 in the given equation; then 


(a 2 + y 2 + c 2 - a 2 ) 2 = 4 c 2 (a 2 + y 2 ) 
C * 2 + y 2 ) 2 - 2(c* + a 2 ) (a 2 + y 2 ) + (c 2 - a 2 ) 2 = 0 
[a 2 + y 2 -(c + o) 2 l [a 2 + y 2 — (c — a)*l = 0 
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Hcncc, the xy-planc cuts the given surface in two concentric circles of radii 
c r a and c a, the origin being their common centre. 

Again, the plane y = nix cuts the given surface along two sections where 

((I -f m-)x- + : : + c s - a-) z = 4c-(l -f nr).x- 

(I + nr)x 2 + i 2cV] + nr . x 

or [ ' F -h nr . x ± c\ 7 -r z 7 = a 7 

which represents the orthogonal projections on the rx-planc of two circles of 
radius a in the plane y — nix. 



Fig. 3 


The given surface is then that of an anchor ring generated by the rotation 

about the z-axis of a circle of radius a. the centre of the circle being in the 

xy-planc and at a distance c from the origin, and the plane of the circle con¬ 
taining the z-axis. Fig. 3 indicates how the surface lies with respect to the 
co-ordinate axes. 

Let P be any point (x, y, z) on the surface, and let G be the centre of the 
generating circle through P. Join OG t PG. and draw PM J_ OG. Let XOG 
be 4> and PGM be 0. Then PG = a, OG = c. OM =* c + a cos 0; hcncc. 

z = a sin 0 

y = OM sin 4> = (c -f a cos 0) sin •{• 
x *= OM cos 4> = (c + a cos 0 ) cos 4> 
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Now, with 6 constant, 0 varies from s to 1 tt aiul then <5 varies from — * 
tO rr. 

Surface area | | .it*- >i cos f/)./ v 5 ,/ti 



Fig. 4 


12. Area Enclosed by a Plane Closed Curve Expressed as a Double 
Integral. Let P(x, v) be any point in the area (Fig. 4) and let Q be 
the point ( x -f Ax, y + Aj>). Draw vertical lines through P and y 
intersecting the curve in F, H and B, D as shown, and inject mg 
OX in the points M and N. Complete the rectangles EGDB and 
PRQS. Then we have, since the area of PRQS = A y Ax and Ax is 
small 

EGDB = Lt. T A^Ax 

AlA—*0 v - Vx 

= (L,. . • («•« 

Ay—0 V - V. 


area of 
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Again, if A is the area of the figure. 

* • r t 

A = Lt. 1 (area of strip EGDB) 

Ax-O x-x, 1 7 


x - x, u = Vt 

Li. S {U. r Ai>} A.v 

Ax—O x - x, a-/ -o v - u, 



(II.6) 


and. as shown in Volume I. this becomes 

A = f'f’dvd.x 

.'x, 


(II.7) 


sunDOscd i . l o r ^ e H SOn j n | Wilh rcspccl to Fi S- 5 * in which the area is 
* upposed to be divided up into horizontal strips, we can show that 


JT**. 


(II 8) 


a.Sg ” c s v" ,?£, "ir 1 ™ 0 " >» ^ 

sr‘ ^ 

or A i. in Fig. 4 and those in Fig. 5. 
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EXAMPLE 1 

Find the area enclosed bv the mrih.u. ...« » . . 

• ' (4 * x) and lhose ol v «h«i -v = 0 to v * 4. Hence, we have 

•4 = required area 

I 'JW - x) 

tiv i/x 


“ r r 

/« Jo 


Jo 


•v(4 


vUv - |lv*- -y]' = 105 units 



If | WC . a ? sumc thc arca to divided into horizontal strips like PQRS in Fig. 6 ( b) 
the limiting values of .* are found from y « *(4 - x) by solving for .v; thus 


— 4x + y = 0 


or 


■ l_ ± . Vl6-4, 


whence the limits for x are NS = 2 — V4 — y and NR = 2 + V 4 — y 
Then the limits for y are y = 0 and y = OL , which is easily seen to be 4. 
.4 ,2 + Vw 

"“.U — ** 


Thus 


12 + ^4“ 


f 4 f l2+ V4 "V 

= Jo H 2 - * 

= 2 / 0 ' /4 ^-y d y 


I0§ units, as before. 
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EXAMPLE 2 


Prove that J J f(x, y)dy ,/x taken over a closed area is equal to a single 
integral taken over the perimeter. 

Taking the area given in Fig. 4, the value of the integral is 


r' « fv* 

. 1 . Jy J ix% y)Jy JX 

Suppose we have a function <Mx. y ) such that ~ <Kx, y) 

<sy 

C r * C Vt ... C 1 ' r iv - »/, 

L ,1J' x -y»>“ x =\, 

{ >',) \JX 

- £ 'tix.yji/x - f%U.y,)</* 

*■ I M*,yjdx f* f 'Wx.yWx 



A (*. >’). «hcn 


J Mx.yjdx over arc ADA' 

+ J 4(x,y t )Jx over arc KDL 
f 4 >(x, y)dx over the perimeter of the curve. 


13. \olumc of a Solid as a Triple Integral. Wc saw in Art. II 
that the volume V of the solid shown in Fig. I is given by 

J *X, 1*1/. 

zdydx . . . (II.9) 

T» .'V. 

But | 2 dy represents the area PQNM which, by the methods of 

J 'Vt 1 *'. 

I dz dy. The limit r, is zero in Fig. I 

where the *>-planc is a surface of the solid. In the general case, 
however, r, is not zero. Substituting the double integral for the 
single integral in (II.9), wc have 


m*. 

dz dy dx . 

■ 


( 1110 ) 


It is usually more convenient to find volumes by double integrals 
as in Art. 11 than by using the relation just proved. 


EXAMPLE 

plane 2 ,hc 4 VOlumc of ,hc P ara boIoid of revolution .v’ + y* « 4z cut off by the 
Wc shall work this as an example in triple integration. 
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By (II. 10) the volume is 


4'> 


-4 .x H»- ,= .4 

~ . I x -I «/- <iv 

J-4 J- ' |.i - + 


i/.X 


I he limits are found thus— 

(I) Assuming .v and y fixed, r is found for the two surfaces of the solid. At 
the top surface « 4. and at the lower surface - £±2f 
U) Next, assuming .v fixed, the least and greatest values of .■ arc found by 
•afshown" 5 ;' = 4 ^ V= + - V5 ~ HcnCC - ± ' *=* -id the limits are 
(3) The limiting values for_* arc clearly found by putting 2 = 4 and i'«0 
Hence, the limits are ± M« - ± 4. Integrating with respect to 2 . we have 

4 . — ' 111 — /■* ' 4 ' • 

r 4 u x *y rv**' 7 ^ 

ifU-— , </a 

- C ( 8 * 16 =*- £ x _ <i«- 'ly.ifi-V) Ilx 

2 6 * 

- i f 4 (16-*•)?«/* 

= 32rr 

This result is most easily found by the method of Art. II. 

14. Centroids and Moments of Inertia. The following examples 
show how double integrals occur in problems involving the finding 
of centroids and moments of inertia. 

example 1 

A plate in the form of a quadrant of the ellipse ~ ^ ~ l is of small but 

varying th ickncss , the thickness at any point being proportional to the product 
ot the distances of that point from the axes; show that the co-ordinates of the 

Rn RA 


centroid are and ^ 


(U.L.) 


1 ^ 1 -/ 

Consider the elementary area Ax Ay at a point P(x, y) in the quadrant; 
the density at this point is kxy, where k is a constant, so that the mass of the 
corresponding clement of volume is kxy Ax Ay and its moments about the 
x- and y-axes are kxy* Ax Ay and kx 2 y Ax Ay respectively. 

Hence, if (x, p) be the co-ordinates of the centroid. 
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Cl"*** 

r c u ‘ 19 

i l xydydx 


where 


r* rv* 

Jo .In Xydydx 


b 

a V * * 


(a 2 * 3 - r'V/.r 


Now n>^ niC" ']- 

6* r" 

“ST’], ,a ’ x 

b* rtrx : x*y d*b : 

2" ; l 2' 4 j„ 8 

fr^-f[F?£ vra ]* 

h* c a 

— \° Zx ' iir *? h: 

2a* l 3 5 Jo “ 15 

n>**- nrff”]* 

A 3 <•*' 

x,a ‘ xl>l ‘ ,x 

A* r (a* - A^ **A* 

3a* [ 5 J» “ ?a* 5 15 

_ a*A* / flV Ha 
15/ 8 15 

and P - *5?/«*?,** 

15 / X 15 

EXAMPLE 2 

The generators of a solid uniform cylinder arc parallel to the axis of z. Its 
base is symmetrical about the axes of x and y. Show that the co-ordinates of 
the centre of gravity of the portion cut off from it by the plane z = px 4 - qy -f h 
are given by x == pk 2 2 /h, y =» qk^/h, f — HpX + qy + A), where k x and k 2 arc 
the radii of gyration of its base about the axes of x and y. 




A 5 <r 
?o* ’ 5 



IX>UBLI ANI) TRII‘1 |- INTHtiRAI S M 

cut into two equal pomons 'ln' V nl m - ln °k r ‘ 1 ' 1 '"' " :,nd " lu, -c •‘-•ogili is 4„ ,s 

is placed withits *.,Yc ona iion i 1 : 5 T' a, * lc ^ — It 
horizontal straight line pinllel to ih* \ L "hu.li is gradually tilted about a 

sgsipippsif 

i.e. 


Similarly, 


sH'r = J J y 2 dxdy 
Ak..~ = f f \*dx dy 


as b°« id "s r ; ism para,lel to OZ and 'he area A.v A, 

are A - r ’ V** A)-, and ' hC "* and P,anCS 

Henee> X.Ah - S fzxdxdy 

y . Ah = J J zy dx dy 
f . Ah *= \ | Jr 3 dx dy 

Now J Izxdxdy ■= f J ( px + gy + /l)x dx dy 

-PS litdxdy + qi fxydxdy I h f f x dx dy 
- P • + 7(0) + /t(0) 

f °V(sL'Ct.: n r dUC ' ° f ' ne " ia ° f ar ' a A ab ° Ul a pair of P rinei P al axes 
5 5 xdxdy — Ax distance of c.g. of base from OV -= A x 0 ~ 0 
’ Similarly, we prove 

J { z ydxdy = q. Ak t 2 

Hencc > X. Ah = pAk* x = pk t *//i 

y . Ah = qAk* y = qk*//, 

Again, \ J J z* dx dy = $ f f ( px + qy + h)*dx dy 

= IIP 2 5 S* 2 dxdy + q* J Sy*dxdy + h* f f dx dy 
+ 2 P<J S S xydxdy + 2ph f f x dx dy + 2qh f f y dx dy) 

= hip 2 . Ak 2 2 + q 2 . Akf + h*. A] 

(the last three integrals vanishing) 


t. Ah = i A [p* . j + g* . ^ + *»] 
* *= * 1/^+ 7.P + 
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Let Fig. 7 represent the lower portion of the cylinder in the second part of 
the question, the minor axis of the elliptical section being assumed parallel 
to OX. Then, h = 2a, and if z px • qy + h be the equation of the dividing 
plane, 3a = />(0) -f «y(a) + 2 a. i.e. </ = I. since point ( 0 . a, 3 a) lies on the plane; 
also p = 0. since the plane is parallel to OX. Therefore the equation of the 
dividing plane is z = y -f 2 a. 

I he radii of gyration of the base about OX and O Y arc each Hence, 
if x. y, z be the co-ordinates of the centre of gravity of the lower portion. 



Fig. 7 Fig. 8 


1 -»[° + 1 +A 


from first part. 


Under the conditions stated, the two parts will be on the point of separating 
when the line joining the point P(0. a, 3a) to the centre of gravity G of the lower 
portion is vertical. 

Therefore, angle through which plane must be tilted is a where 


GPM = tan-* = tan"* 


a 

"“8 


3 a — 


x 14 

tan- Tx 


24° 18' 


15. Centres of Pressure. Let A (Fig. 8) be a plane area immersed 
in a homogeneous liquid. Taking rectangular axes OX t O Y in its 
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oorr^n le \; :< , bC d | Vid r J 11in, ° an illlimu -- number of elementary 
portions, of area A.v Ar; the pressure on one of these = /> Av Ar 

nf thf/ > IS l lC prC u Ur ° a * the P° inl in area A. The moment 
ot this pressure about 0.V 

= />r A.v Al¬ 
and the moment about O Y 


— />v A.v Ar 

The resultant pressure on A 

= L S/> A.v A r — J I' /t dx dy 

and the sums of the moments of the pressures on all the elementary 



areas about OX and O Y are J J py dx dy and J J px dx dy respec¬ 
tively. Hence, if (£, rj) be the co-ordinates of the centre of pressure, 

£ • SS pdxdy = J fpxdxdy . . (II. 11) 

and V - j ' S P dx dy = $ $ py dx dy . . (11.12) 

and these equations give £, rj, the integrals embracing the whole of 
the area A. 


example 1 

Find the value of J J {a - xfdx dy taken over half the circle x 2 + jf = a 2 
. horizontal boiler has a flat bottom, and its ends are plane and semicircular, 
if it is just full of water, show that the depth of the centre of pressure of either 
end is 0-7 x total depth, very nearly. (U.L.) 

To find the value of the double integral over the given area (Fig. 9), we 
imagine the area divided up into an infinite number of elements like Ax Ay, 
the product (a — x) 2 Ax Ay calculated for each element and the results added 
together. For any assigned value of y, x varies from 0 to Vd 1 — y 2 and y then 
varies from — a to -f a. Hence, the integral is 
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fa f v a 1 - y» 

x) 2 dx dy = J * J " ( a 2 - 2ax -f a 2 )</x dy 

Cm r 1 - 7/* 

" J-. I**'""* + ***]• * 

= f„ x <** — y* - o(a 2 - >'*) + \(a 2 - fj*)dv 

JT 

= I “ {a 3 cos 0 — a 3 cos 2 0 J- Jti 3 cos 3 0} a cos 0 r/9 
- i* (wilh ihc substitution y = a sin U) 

W 

•= 2a' 1 | ~ (cos 2 0 - cos 3 0 + $ cos 1 0)<tf 

-Ul-I —Ml;] 

-"(Ml 


06302a* 


Let the semicircle in Fig. 9 represent an end of the boiler. The centre of 
pressure will lie on OX from symmetry. Then, if £ be the height of the centre 
of pressure above OY, 


t ffp dxd y - // 


px dx dy 


where p - pressure at point (x, y) = n(a - x). w being the weight of unit 
volume of water. Also for any assigned value of y, x varies from 0 to Va* — y 2 
and y then varies from — a to + a. 





H (rt - x)x dx dy 



f v' 

| n w(a — x )dx dy 






[[—— i-er 


fj 

1 (0*-^>)>] 

\dy 

JiJ 

a{a>-y*)'- !(«»*-;■*)] 

dy 


Hence, 
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Let v --= <i sin 0 . so that ./»• - u cos 0 jo and (/ ^ * uhcn 

i *2 r<^ i 

J „ l T cos "~ \ cos 3 u J *' cos 0 iM 
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</. »/. 


J „ [ a ~ cos ^ “ T cos 2 « ] <; cos 0 jn 


2<i* | " (A cos 3 0 - J cos 1 0),/u 

IT 

2*r* | ” (cos 2 0 — A cos 3 (/)<//) 


- </ 


12 13 1 

2 , 3 ,| T4" 

I TT 12 

,2 2 - 2 ' 3 ’ 1 



• / 16- 3» \ 

-"liSn I6/“°‘ 3<, « ncarl >'- 

Depth of centre of pressure — 0-7 a, nearly. 


EXAMPLE 2 

A rectangular lamina ABCD (Fig. 10) in a vertical plane is exposed to fluid 
pressure over the whole of one face, and its centroid O is at a depth h below the 
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free surface of ihe fluid. A is the lowest corner, AD and AD are of lengths 2a 
and 2/>. and AD makes an angle x with the horizontal. Rectangular axes OX, 
O Y. with origin at O. are taken parallel to BA, DA. Express the co-ordinates of 
the centre of pressure by means of double integrals. 

Evaluate the integrals, and prove that the co-ordinates of the centre of pressure 
arc J (a 2 /h) sin x and \(b 2 /h) cos x. (U.L.) 

Consider an element of area A.v A y at the point P(x,y). 

The depth of P below O = projection of OP on vertical 

= x sin x 4- y cos x 

Pressure on area A.v Ay = •»■(/* 4- x sin x 4- y cos x) A* Ay 

where »v - wt/unit vol of the fluid. The moments of this pressure about OY 
and OX arc 


will 4- x sin x 4- y cos x)x A.v A y and h•(/» r x sin x f- y cos a)yA.v A^' 
respectively. 

The resultant pressure on the lamina 4 ah wh , so that if (c, tj) be the co¬ 

ordinates of the centre of pressure. 




and 

Now 


c . 4 ah wh I w{h i- x sin a + y cos a).* dy dx 

J— il J— h 

» 1 • 4 ah wh - J J f w(h 4- x sin x + y cos a )y dy dx 
| ^ (hx 4- x 3 sin cc 4- xy cos x)dy dx 


ihx I- .v* sin x)y f- J ^ J dx 


J- * I ’ 2 

2 h | {hx 4- x 2 sin x)t/x 


xy 7 cos ai h 


Also 


Hence, 

and 


r hx 3 x 3 sin x v* 


“lT + 


rx {(/| f X sin x)y 4- y 7 cos x } dy dx 

/:. 11 - '^rj* 


« J 5 b 3 cos a dx = l b* cos a J x J — * ab 3 cos or 


£ = tPb sin x/Aabh = J (a 2 //;) sin x 
n “ A ab 7 cos a/4 abh = \ ib 7 /h) cos a 
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EXAMPLE OF TRIPLE INTEGRATION 

We work the following example as an illustration of the use of triple imccrals 

* ,s «« out of «l* cylinder .v- + = „» by the plane J O aX 

the s^L h . p ane = cons,an( ) for which ; is positive; the density of 

FimUhe f°' nl 'VT aS ,he hei S h( of ,hc point above the plane I 0. 

f, lh J- “-co-ordinate of the centre of mass of the solid. 

hvoi, SOhd n C , divid 5 d U P into elcm cntary rectangular elements A.r Ay Az 
by planes parallel to the planes of reference. The mass of an element is 

2? ^ a ? d ,ts moment about thc P ,anc * = 0 is kz'Ax Ay Az, k being 

then C ° nSCant ‘ Hcnce * ,f the ^-co-ordinate of the mass-centre of thc solid be z 

. = S S J kz~dz d y dx 
2 S ) S kz dz dy dx 

With a: and y regarded as constant, z varies from 0 to nix; then with * regarded 

as constant, y varies from to + V**-**, and finally * varies 

from 0 to a. J 


Now 


.a r >'a' - X* f mx 

Jo J- v a — J 0 **** 

-I 


v'Si —• 




2^ f 2 sin 3 0 cos* 0 dO 
3 Jo 

(where x = a sin 0) 


2 m*a* 


n n 

[ j* sin 3 0 dO — sin 6 0 */oj 


2nr*a* r2 


[I ‘-M *] 


4m 3 o 6 

45 


3—(T.6u) 
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f l £"* ,h d > jx 

1: 




- //r j ^Va*-**,/* 

ff 

"•V sin* 0 cos* 0 </(/ (where x = u sin 0) 

» n 

" «•*«• [ | ‘ sin* 0 dO — £•’ sin 4 0 </flj 

-" ,v [rI-4 J'i] 


I Icncc 


2 — 


m*a*n 
16 

4^0* /iti*a* n 


45 


/ m*a*n Mum 

16 45^ 


r 6 i _£i 

Tiie Probability Integral. The integral J --^=e 2a ' dx is of 

importance in the theory of probability. It is not integrable in • 
exact form but, as we saw in Volume I, it can be integrated in the 
form of an infinite series and approximately evaluated. In the 
particular case a = — co, b = -f* oo, however, it can be evaluated 
exactly. 

Lct 

Changing the independent variable to y does not alter the value of 
the integral, hence 

X * 1 _ *1 

—— e j Y 

* UV 277 


(II.14) 



DOUBLE AND TRIPLE INTEGRALS 
and multiplying corresponding sides. 


or 


I- = 

I 2 = 



r* f<o 

dx x e~ 

J— oo 

oo __ I* + j / 1 

e 20. dx dy 

00 



(11.15) 


The area of integration in (11.15) just covers the whole xr-plane. 
Changing to polar co-ordinates (r, 0), with the same origin and the 
axis of * as initial line, the element of area A.v Ar becomes r AO Al¬ 
and x 2 -f- y 2 = r 2 . Since the changed integral must just cover the 
whole plane, the limits of integration are 0 to 2n for 0 and 0 to oo 
for r. Thus (11.15) becomes 



and 



1 


a result we assumed in Volume I. 


16. Changing the Order of Integration. In (II.7) and (II.8) we have 
two equivalent expressions for the area of a plane figure; each is a 
double integral, the order of integration in one being the opposite 
of that in the other. If we repeat the procedure of Art. 12 to find 
the sum of the products of each element of area Ax Ay and /(x, y ), 
where the latter is any function of x and y, or of cither alone, we 
obtain J* j*/(x, y) dx dy and J J/(x, y) dy dx, each with appropriate 
limits for x and y, as equivalent expressions for the sum. The limits 
of x and y in each case depend upon the shape of the boundary of 
the area. Thus we see that with the necessary changes in the limits of 
integration the order of integration in a double integral may be 
changed. As the integral with changed order may be easier to 
evaluate than the original integral, it is convenient to be able to 
change the order. In Art. 15, Example 1, we found that the given 
double integral taken over the semicircle in Fig. 9 was equal to 
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(a - x ) 2 dx dy 


Assuming the area to be divided into horizontal strips, we see that 
the limits of integration are 0 to a for v and — Va 2 —x 2 to 
-f- \ n~ — .V“ f° r >’• The .value of the integral over the given area is 
therefore given also by 



(a — x) 2 dy dx 



Fig. II. Changing Order of Integration 

When the area of integration is not given, its boundary may be 
determined from the given limits of integration, as in the following 
example. 

EXAMPLE 

Show in a diagram the region over which the repeated integral 

-- |/ 

dy^ cos 2 y 1 ~ k x sin* x dx 

extends. Change the order of integration and evaluate the integral. 

The limits for x arc 0 toy which indicates that the horizontal strips into which 
the area is supposed to be divided extend from the axis of y to the line y = x. 
The limits for y are 0 to n/2, and the area of integration is that of the triangle 
bounded by the straight lines * = 0. y = and y = n/2, i.c. OAC, Fig. II. 
Now to change the order we assume the area to be divided into vertical strips 
as shown. The limits for y arc now * to n/2. and those for * are 0 to n/2. The 
changed integral is 

1 = fo J* cos 2 y 1 - k * sin 1 x dy dx 
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J 0 ~ V1 “ ** sin 2 .v [ | f " cos 2 y */»•] dx 
— I %/ i — k* sin 2 .V sin 2.v dx 

-if (•"* 

i x 5 [(' - ** sinS * )! ]o = 5T= ( (l - **>* - 1 } 


, 0 v . ~ 2 sin 2 a:)* d( sin 2 x\ since ^ (sin 2 a) = sin 2.v 
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EXAMPLES II 

Integrate the following, in which a, b , and R arc constants— 

•a r b 


0) f 0 f 0 (* + y)dxdy 
O) (* o (* o (at* + y*)dx dy 

( 2 w aR 

So 1 *** 


<2) fo fo* ydxdy 

t 2n aR 

Jo rdrd0 


»0 
•2 r 3 


<6) C, L 3 if-**yydxdy 


(7) Verify the truth of the relation J* [ f(x t y)dxdy = fV(*. y)dy dx 

in which a, b, c, and d arc constants, by testing it for each of the integrals in 
Ex. (1) to (6) above. 

Integrate the following— 


— rr 

jo j„cos(x + y)dxdy 


( 8 ) 


2 

n n 


(9) /, jyt + rtdxdy 


00) [ 2 J 0 2 (a cos 20 + * sin 20 )d 0 d* 
(II) j_ a £ Jj (x + ^ + z)dx dy dz 


Integrate the following and verify that when the limits of integration are not 
all constants, the relation of Ex. 7 is not true. 
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a ' '* ~ ,l r* /-«(I -f cos *#) 

(A- y-)dy dx (15) | | x dx dO 


(16) 


!*•* r- 

Evaluate | ^ | ( v -f y f z)dx tty dz 


(17) Evaluate 

( 18 ) Evaluate 

(19) Evaluate 


ft*jO - y^ <>>•>= 

ff.O + f + *W*<tydz 

(”, l n | 1( (** + y- + z 3 )dx dy dz where r is constant. 


(i ^ \ r* - y- - Z 2 . a - \ 7 r* — z 3 

(20) Using double integrals, find (i) the area, (ii) the moment of inertia about 

OX of the area enclosed by the lines a = 0. y - 0. * + £ = I. Find also the 
position of the centroid of the area. a " 

(21) Find, using double integrals, (i) the area, (ii) the moment of inertia about 

OX. of that portion of the area of the ellipse — + — I which lies above OX. 

Find the position of its centroid. * b 

(22) Find the area enclosed by the cardioid r = «(l + cos 0) and find also 

the polar co-ordinates of its centroid. - . 

(23) Evaluate f f x 3 dx dy over the area of the ellipse ^ -F jjjj — I. From 

this result, without further integration, evaluate / / r 3 dx dy taken over the area, 
sshere r i a* t v 3 . What do these two integrals represent? 

(24) Evaluate / J .t dx dy. f f x 3 dx dy. and J f xy dx dy over the area of the 
rectangle bounded by OX and O Y and the lines x =- a. y « b. 

(25) Evaluate the integrals in the last example over the area of that half of 
the circle x 3 •} y 3 a 3 which lies above OX. 

(26) Evaluate J J x 3 dx dy over the area bounded by the parabola y* — 4a 
and the line x 4. Find the position of the centroid of this area. 

(27) The density at any point (a, y) of a lamina is ^ (x F y) where a and a 

are constants. The lamina is bounded by the lines x — 0. y — 0. x — a, y — b. 
f ind the position of the centre of gravity. If the total mass is M. find the moment 
of inertia of the mass (i) about OX. (ii) about O. 

(28) If w lb is the load per foot run on a horizontal cantilever, the bending 

moment at a distance x from the free end is £ £ h* dx t/x. Find the bending 

moment in the cases (i) h- »•.- and (ii) h- = ic 0 - where u 0 and « arc constants. 

(29) I he normal stress, p lb/in.*, at a distance y in. above the neutral axis of 
a beam section is given by p = -y where Eand R are constants. Show that the 
resultant normal force on the section is — J J y dx dy taken over the area, a 
being measured parallel to the neutral axis, and y perpendicular to it. Hence, 
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since the resultant normal force on the cross-section is zero in a horizontal beam 
with vertical loads, show that the neutral axis passes through the centroid of 
the section. 

(30) With the notation of the last example, show that the effect of the normal 
stress is to produce a couple of moment | | J js t / x , akcn ovcr lhc arca 

(31) The clastic energy stored up in a piece of elastic material under uniform 

stress q lb/in. 8 is ^-V where N is a constant and V the volume in cubic inches. 

Show that if a piece of material is under stress </ which varies from point to point. 

the energy stored U P is T/v J J J 0 * tix ‘O ' ti: * taken over the volume, .v, y, and z 

being rectangular co-ordinates. Find the clastic energy in a cylindrical piece of 
material, radius R in., length L in., in which the stress q varies as the distance 
from the axis, being zero at the axis and q 0 at the outer surface. 

(32) With the notation of Ex. 31, but using cylindrical co-ordinates />, 0, z, 
where x = p cos 0, y = p sin 0, z = z, show that the energy is 

In J JJ*V* ‘bdO 

taken over the volume, and that the energy in the cylinder is 

L rl< Qt\L C~ n C n 

2N I .(, l’ P dpd °- 2 NR'- .(, /„ dp d0 

Find its value. 

(33) Using polar co-ordinates and double integrals, find the position of the 
centroid of a sector of a circle of radius r and central angle 2a. 

(34) Find the second moment of the sector of Ex. 33 about the centre of the 
circular arc. 

(35) Integrate J J r cos 0 dr dO over the area of the circle r «= c cos 0. 

(36) Evaluate J J (x 2 + y 2 )x dx dy over a quadrant of the circle x 2 + y 2 — a 2 . 

(37) Find the value of j J ( x 2 + y 2 )x dx dy for a quadrant of the ellipse 

2* 2 + y 2 =l. (U.L.) 

(38) Find the values of the integrals J J xy dx dy and J J x 2 y 2 dx dy taken over 

the area of the ellipse ^ ^ = i. (U.L.) 

(39) Find the value of J J xy dx dy taken over the positive quadrant of the 

circle * 2 + y 2 - a 2 . (U.L.) 

(40) Work out the integrals x{x 2 + y 2 )dx dy ; £ e~*'V + i'>x dx dt. 

(Note. In the former integral the limits 0 to x 2 appear to refer to the integration 
with respect to y.) 

(41) Find the centroid of a semicircular area using polar co-ordinates, (i) with 
the pole at one end of the diameter, (ii) with the pole at the centre of the 
diameter. Show that the results are consistent. 

(42) Find the centroid of the area enclosed by the parabola y 2 = kx, the 
axis of x, and the latus-rectum of the parabola. 

(43) Find the centroid of the area enclosed between the graphs of y 2 = ax 
and ay = x 2 . 



64 


PRACTICAL MATHEMATICS 


(44) Find the position of the centroid of the area under y = sin x from 
X = 0 tO X = rr. 

(45) The density of the material of a right circular cylinder of radius r varies 
as the distance from the axis and as the distance from one end. Find the radius 
of gyration about the axis. 

(46) Evaluate | " | '' ' r\ a- - r* dr dO and | | sin (aO + b<f>)dO d<f> 

(47) Explain the use of double integrals in finding centres of pressures of 
areas under fluid thrust. 

A closed rectangular tank is filled with water, the ends arc vertical and of 
area 4 ft by 6 ft each, the 4 ft edge makes 30' with the upward vertical. Find 
the total fluid thrust on one end and the centre of pressure. 

(Note. Assume the pressure at the highest point to be zero.) (U.L.) 

n tt 

(48) Evaluate | ” cos* 0 sin 0 dO and J cos* 0 dO 
x* v* 

= I gives the contour of the base of a right cylinder; the height is c. 
The cylinder is bevelled down so that the height z of anv point (a:, y) of the 
base in the first quadrant is given by z = i ( I — ^) ( I — Express the 
volume left in this quadrant as a'double integral and show that its value is 

t(—t) < ul > 

(49) Define the double integral / J (x.y)dxdy taken over a closed area S 
in the ary-plane, and show that it is equivalent to a repeated single integral. 

The circular cylinder x 2 > y* — d* is cut by the plane z — 0 and by an obliouc 
plane so that its greatest height is p and its least height q. Find by double 
integration the position of the centroid of the volume of the cylinder contained 
between these planes. (U.L.) 

(50) The polar co-ordinates of any point in a sphere of radius r with its 
centre at the origin arc p, 0, <£. Express its volume as a double integral and 
evaluate the integral. 

(51) Find by using polar co-ordinates the volume and the centroid of the 
volume of a hemisphere. 

(52) A rectangular block of wood floats in water, the water-line section being 
a square of side 10 in. If the block is immersed to a depth of 5 in., find the 
height of the mctacentrc above the base. 

(53) A cylinder whose right section is an ellipse of semi-axes a and b (a > b) 
floats in water with its axis just in the surface; find the mctaccntric height for 
small angular displacements about the axis when the longer axis of the right 
section is horizontal. 

(54) Find the mctaccntric height in each of the following eases: (a) a right 
cone, height h, radius r. floating with its axis vertical and vertex downward; 
(/>) a sphere of radius r; (c) a paraboloid of revolution formed by rotating about 
OAT the parabola y* «= kx from x = 0 to x = //, floating so that its axis is 
vertical and vertex downward. 

(55) Show that if x. y arc the co-ordinates of the centre of gravity of a plane 
area, then x J J dy dx = J J x dy dx taken over the area. Write down the corres¬ 
ponding relation involving y. Use these relations to find the position of the c.g. 


DOUBLE AND TRIPLE INTEGRALS 


65 


of the area bounded by the ellipse -} • j = 1 and the positive parts of the axes 
of .v and y. a ~ 

(56) Calculate the value of J J r 3 dr dO for the area included between the two 
circles r — 2 sin 0 and r — 4 sin 0. Show that this represents the polar moment 
of inertia of the area about the origin. 

(57) Show that if p represents the density of the material at any point 
(.v, y, r) of a solid, the moment of inertia of the solid about the axis OX is 
J J J p(j 3 + z*)dx dy dz taken over the solid, and that if p is constant, the average 
value of the square of the distance of a particle from OX is the above integral 
divided by the mass. Find the root mean square of the distance (i.c. the radius 
of gyration) in the case of the sphere x 2 + y~ + z- — a-. 

(58) A rectangle 6 ft long and 4 ft high rests with its plane vertical and its 
upper 6 ft edge in the surface of a fluid at rest. Find the centre of pressure on 
the area of the rectangle. 

(59) Find the centre of pressure on the area of a circle, radius r ft, lying in a 
plane inclined at an angle a to the vertical and whose centroid is at a depth h ft 
below the surface of the water. 

(60) A cylinder floats with its axis just in the surface of the water. The radius 
is r ft and the length / ft, and the density a is uniform. Find the position of the 
metaccntre (i) for small angular displacements of the axis in a vertical plane, and 
(ii) for small angular displacements about the axis. 

(61) Show that in evaluating J J r 2 sin 0 dr dO over that half of the circle 
r = 2a cos 0 which lies above OX we must take the limits of integration as 

(i) 0 to 2a cos 0 for r and 0 to 5 for 0, if we integrate first with respect to r and 

then with respect to 0, and (ii) 0 to cos" 1 -^ for 0 and 0 to 2a for r if we reverse 

the order of integration. Show that the value of the integral is — 

(62) Show that the product of inertia P of the area of the ellipse ^5 + = I 

rb /*a^ 

in the first quadrant is given byj^ b% xy dx dy, or, if the order of 

V 1 

a * xy dy dx. Show that the value of P 

0 

is - g ~ 

(63) Using polar co-ordinates, find the value of J f r 2 dr dO taken over the 
area of a quadrant of a circle of radius a, the centre of the circle being the pole 
and one of the bounding radii the initial line. 

A circular disc of weight W lies on a rough horizontal plane and is capable 
of turning about a fixed vertical axis through a point O of its rim. Assuming 
the pressure of the disc on the plane to be equally distributed over the area, 
prove that the tangential force that must be applied at the other extremity of 
the diameter through O so as just to cause the disc to turn about O is 16/< Wl9n, 
where /j is the coefficient of friction between the disc and the plane. (U.L.) 

(64) Show that the equation 

(x 2 + y 2 + z* + c 2 - a 2 ) 2 = 4c*(x 2 + y *) 
represents an anchor ring. Sketch the surface, showing how it lies with respect 
to the axes of reference. 
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Prove that the co-ordinates of any point on the surface may be expressed in 
the form [(c -f a cos 0) cos <f>, (c + a cos 0) sin 4>, a sin 0), and evaluate the 
surface area by calculating J J a(c + a cos 0)d0 d$ (U.L.) 

(65) Indicate by a sketch the region over which the double integral 

f"dxj\x* + f)dy 

is taken. 

Write down the integral with the order of integration changed, and hence, or 
directly, evaluate it. (U.L.) 

(66) Change the order of integration in 

r*r _ dy _, 

Jo Jo {(a— X) (x-y) (a- y)(a + >•)}* 

Hence, or otherwise, evaluate the integral. (U.L.) 
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PERIODIC FUNCTIONS—FOURIER'S SERIES— 
HARMONIC ANALYSIS 

17. Periodic Functions. The functions sin .v, cos x, tan a\ cosec x, 
sec x, and cot .v have the functional relationship expressed by 
f(x) = /(x -h 2 tt). Similarly, sin (/ix -f a), cos (/i.v -f a), etc., 
satisfy for all values of x the relation 

/(*>-/(*+£) 

More generally, many functions of a single independent variable 
met with in mathematics applied to engineering satisfy the relation 

/(*>-/<* + «) • • (III. 1) 

where x is the variable and a is constant. 

Functions satisfying this relation are known as periodic functions 
and are such that as x increases through the scries of ranges of 
values a to a -f a, a -f a to a -F 2a, a -f 2a to a -f 3a, etc., where a is 
any real number,/(x) passes through the same sequence of values 
in each range. Considered graphically, the above statement means 
that if the graph of/(x) is drawn (Fig. 12) and ordinates are drawn 
dividing the axes of x into equal parts of length a these ordinates will 
divide the graph into identical portions. Any one of the portions 
can be made to coincide with any other by sliding it parallel to the 
axis of x through a distance «oc, where n is any positive or negative 
integer, a is known as the period of the function, or as the periodic 
time , when x represents time. We assume here that a has the least 
value which will satisfy (III. 1) for all values of x. 

18. Harmonic Analysis. Fourier's Series. In addition to the 
ordinary trigonometrical functions, many periodic functions occur 
in connection with engineering problems. The displacement, 
velocity, and acceleration of the piston of the simple engine are 
periodic functions of the time. So also are the voltage and current 
in an alternating current circuit. The function representing the 
displacement of a particle in simple harmonic motion is very simple, 
that representing the displacement of the piston of the simple engine 
is more complicated. On p. 68, Volume I, we found it convenient to 

67 
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substitute for the latter the sum of two terms representing respec¬ 
tively displacements of particles executing simple harmonic motions 
whose periods arc in the ratio 1 to 2. By expanding 

| I — ^ sin 2 (oil -|- a) J 2 

and making use of the relation 2 sin 2 x = 1 — cos 2x we can show 
(sec p. 68 , Vol. I) that if j < 1 the displacement x of the piston can 



be expressed to any required degree of accuracy by taking a sufficient 
number of terms of the infinite scries 

x — a 0 4 a x cos (tot 4 a) 4 a 2 cos (2 tot 4 2a) 

+ o 3 cos (3 tot 4- 3a) 4 . . . 

4 a n cos (mot 4 nx) 4 . . . . . (III.2) 

where the quantities a lt a 2t tf 3 , etc., are functions of j. If / < 3 r, as 

is usually the case, the series converges rapidly and the first three 
terms of the series are usually sufficient to express x to the necessary 
degree of accuracy. 

The method of splitting up a periodic function into a series 
such as that in (111.2) is known as harmonic analysis. The term 
a x cos (tot 4 a) is known as the fundamental , a z cos (2cof 4 2a) is the 
octave or second harmonic , and the succeeding terms arc the third, 
fourth, fifth, etc., harmonics. (III.2) is a particular series, the more 
general form of which is 

f(x) = a 0 4 a x cos (x4aj + a 2 cos (2* 4 a*) 

4 a 3 cos (3x 4 03 ) 4 ... 

4 a n cos (nx4a n )4 .(III.3) 
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where/(.v) represents a periodic function of a* of period 2n. 

Since sin ^A 4- ^ = cos A (111.3) may be written in the form 

/(a) = o 0 + «i sin (a* 4- ai) 4- sin (2.v 4- cu) 

4- a 3 sin (3.v -f a 3 ) 4- . . . 

4- a n sin (nx 4- a, 4 ) 4*.(111.4) 

the values of a lt ou, a 3 , etc., being different from those in (III.3). 

The theorem which states that certain periodic functions can be 
expressed in either of the forms (III.3) or (III.4) is known as Fourier's 
Theorem , and the series is known as Fourier's Series. (We do not 
attempt any formal proof of this theorem.*) 

Since each of the terms a n sin (nx 4- a„) can be written in the 
form a n cos a n sin nx 4- a n sin a„ cos nx or A sin nx 4- B cos nx t 
where A = a n cos a n and B = a n sin a„, we may write (III.4) in the 
form 

/ (x) = B 0 4- B l cos x + B 2 cos 2x 4- B 3 cos 3a: 

4- . . . 4- B n cos nx 4- . . . 

4- A x sin x 4- A 2 sin 2x 4- A 3 sin 3 a; 

4- . . . 4- A n sin nx 4- . . . 

We shall find the following a more convenient form 

f(x) = \b 0 4- cos x 4- b 2 cos 2a: 4- b 3 cos 3a: 

4- . . .4 - b n cos nx 4- • • . 

4- a 1 sin x 4- o 2 sin 2x 4- <* 3 sin 3a: 

-f- . . . 4- a n sin nx 4- . . . 

In the preceding we have assumed that the period of the function 
is 2 tt. We shall see later how to deal with functions whose period 
is any constant. 

19. To Determine the Constants b 0t b l9 a lt b 2 > a 2t etc., in the 
Fourier Series. Integrating both sides of (III.6) between the limits 
x — 0 and x = 2 tt, we have, since 

r2n r2n 

J sin nx dx = cos nx dx = 0 

• Readers should consult A Practical Treatise on Fourier's Theorem and 
Harmonic Analysis , by Eagle (Longmans, Green & Co.). 
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for all integral values of //, 


I f{x)dx = [ \b 0 dx 
Jo Jo 


all the other integrals vanishing. 


I f 2 " 

Hence, b 0 = - J f(x) dx = 2 x mean value of f{x) . (III.7) 

In what follows we make use of the fact that, if p and q are integers, 
the integrals from 0 to 2 n of sin px sin qx t sin px cos qx t and 
cos px cos qx are all zero. 

Again, multiply both sides of (III.6) by cos nx and integrate as 
before. 


Then 


f /(■*) cos nx dx = b n f cos 2 
Jo Jo 


nx dx 


all the other integrals vanishing. 


Hence, 


r>« 

Jo 

-J o / ( x )c °s 


cos nx dx = 7rb. 


cos nx dx = 2 x mean value 
of f(x) cos nx 


. (III.8) 


Now multiply both sides of (III.6) by sin nx and integrate. 
Then j f (x) sin nx dx = a n j sin 2 nx dx 


from which we see that 


1 C 2m 

f{x) sin nx dx — 2 x mean value 
77 Jo . . 

°* J(x) sin nx 


(HI.9) 


By giving to n the values 1, 2, 3, etc., in (III.8) and (III.9) we 
evaluate a lt ^ I , a 2 , b 2% o 3 , b 3t etc., and (III.7) gives the value of b 0 . 
In general we can also determine b 0 by putting // = 0 in the expression 
for b n . It is to make this possible that we take \b 0 and not b 0 as the 
lirst term of the series. 
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EXAMPLE 1 

Find the Fourier series which represents the periodic function / (.v) of period 
2 n such that between a = 0 and a* = 2n, f (a) = a. The graph of /(a) is given 
in Fig. 13. 



and substituting in (III.6) 
/(*) - n- 2 [si 


sin 2 a sin 3 a sin 4 a sin Sa 
sin a + —j + —3 + 4 h 5 ^ * * 


•] 


( 1 ) 


which is true for all values of a except those for which /(a) is discontinuous 
(see below). This relation may be written 


-”~ 2 [ 


sin a + 


sin 2 a sin 3 a , sin 4 a sin Sa 


•••] 


( 2 ) 


which is true only for values of a between a «= 0 and a = 2n. 

It should be noticed that when a = 0 the right-hand side of (I) apparently 
reduces to * whilst the left-hand side is zero Thus the scr.es fails to give a 
correct value of the function when x = 0. This will be found to be the case 
also when a = 2rr. The reader will remember that we are not finding a series 
to represent the function a, but one to represent the funct.on./C*>. '^ J* 
the same as a only between the limits a = 0 and a - 2n At each o f the points 
a = 0 and a = 2n the function is discontinuous (Fig. 13) and the function has 
two limiting values, i.e./(A) = 0 and /(a) = 2 n The senes (2) gives m/ alue 
which is the arithmetic mean of these. It can be shown that at all points of 
finite discontinuity of such periodic functions as occur m engineering problems, 
the series gives a value which is the arithmetic mean of the two limiting values 
of the function. 
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EXAMPLE 2 

Develop a Fourier series to represent a periodic function f(x) of period 2n 
where f (x) = 0 from x = 0 to x = n and f ( x ) = 1 from x = n to x = 2n. 

We have from (III.7) 

I f" I f 2 * 

b 0 = - I 0 dx + - I I dx = I 

the two integrals occurring because of the discontinuity in the function. 

From (III.8) 

1 e 2n 

b n = - | /(*) cos nx dx 


-» i J 0 dx + j cos nx dx J 

I r V-* 

= -° 

Notice that we cannot evaluate b 0 directly by putting n = 0 in this last result, 
0 

for this would give which is indeterminate. We have, however, already 
determined the value of b 0 . 

Again, from (III.9), 

I f2» 

a « — - I / (x) sin nx dx 

-sir—-i-r—-1 

£ r cos nx ] 2 " ^ / 

’ » L n J • " » l ” 


COS 2nn COS /ITT I 

-^- + — } 


a* = - —■ if n is odd 
tin 


and 


0 if n is even 


Hence, the scries is 

/(*> = ^ “ (sin x+isin 3* + ± sin 5x + ^ sin 7* + . . .} 

In finding the values of b Qt b nt and a n in the above we have dealt 
with the function over the range x = 0 to X = 2?r. We could equally 
well have selected the range x = — n to x = tt, in which case we 
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should have obtained in place of (III.7), (111.8) and (111.9) the 
relations 


and 


*>0 = “ J /(*) f) n = “ | A*) COS nx dx 

l C n 

a n = - I /(.v) sin nx dx . 
77 J- " 


(III.10) 


With these values of the coefficients, the scries (III.6) gives values 
of the periodic function between the limits x = — n and x — n. 

example 3 

Find a Fourier series to represent a periodic function fix) of period 2 n such 
that/(x) = x from x = — n to x — *. (Compare with Ex. 1 above.) 

Using (III. 10) we have 

lr" If" 

b 0 -» - x dx = 0 , b n = - x cos nx dx =* 0 

w J— n * J— n 

since x cos nx is an odd function of x, and 

If* 2 f" 

a m «= - J x sin nx dx =■— x sin nx dx 

x sin nx being an even function 

2 r x cos nx sin nxi " = _ 2 cos n n ^2 !)■• + » 

n + /i* Jo n ~n 

The series is therefore 

f(x) =* 2 {sinx- i sin 2x 4- J sin 3x- i sin 4x + i sin 5x . . .} 
for all values of x except those at points of discontinuity, or 

x = 2 {sin x — i sin 2x + i sin 3x — i sin 4x + J sin 5x . . .} 

for values of x between, but not including, x = — " and x = *r. 

( sin 2x \ 

sm x - 2 ) 

and y = 2 ( sin x - ) and illustrates the manner in which succes¬ 

sive approximations to the series approach more and more closely to the value 
of the function. 


-ib 


EXAMPLE 4 

Find a Fourier’s series to represent e x from x 


— 7T to x = IT. 


-IL 


l r n . e n —e~ n 2sinh 


e r dx = 


We have 
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I »•" I ft' 

Also b H = - I e*cosnxtix = - I 

77 L 


1 


and 


tHI + /i 2 ) 
I 


1 C 

i„ = - I e* sin nx ti\ 
n J- n 


cos nn(e" — c ~ n ) 

it 


t*'(cos //.v -1 ii sin //.v)l" 
I + ir 
2 


j (see Vol. I) 


sinh tt(- I)" 


nil + #r) 

I rc'(sin mx - /i cos iix)l* 

l+/i a J-:, 


I 


*0 + /r) 
The series is therefore 
2 sinh tt 


{— n cos nn (e w — c _!T )} 


In 


*(1 + ir) 


-v sinh *(- !)'• + » 


{(J — $ cos .v + A cos 2-v — ,\, cos 3x + ,’ T cos 4x — . . .) 

99 

+ (] sin .v — $ sin 2.v + , ; V. sin 3.v — ,C sin 4x + . . .)} 
which holds only between x = — n and x = n. 

20. Periodic Function of Period 2c. If we write — x for x in (111.6) 

and (III. 10) but retain /(x) to represent wc havc 


2 7T 


37 T 


(III.11) 


f(x) = \b 0 + b Y cos - x + b 2 cos — x 4- b 3 cos — x 

nn 

4- ... 4- b n cos —x 4- . . . 

rr . 2n .37r 

4- a 1 sin —x 4- a 2 sin — x 4- a 3 sin — x 
. nn 

4- . . . 4- sin — x 4- . . • 
where b 0 = 2 x mean value of/(x) 

= ljjMdx 

nn 

b n = 2 x mean value of/(x) cos — x 
= - f / (x) cos x dx 

c J-c C 

. nn 

a n = 2 x mean value of/(x) sin — x 

1 f C /I7T . 

= cj_ / w s,n ~7 xdx 

With these values of the coefficients the series and the function 
are equivalent throughout the range x = — c to x = c. 


(III.12) 
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=* j ( COS nx — i COS 2wx -f ^ COS 3 ttx — COS 4ttX 4* . . . ) 


EXAMPLE I 

Find a Fourier scries to represent x 2 from x = — I to x = 1. 

I fi 2 

Here ^o = jJ_|- r2 ^ r = 3 

b n = J J X s COS /nr* </x = X- sin /Itt* + X COS nrrx — ^5 sin /IttxJ _ l 

I 4 4 

= —; (2 COS /ITT + 2 COS (— /ITT) ) = ; COS nn = (— I) 1 * 

4 

/. b n — -r; if « is odd 

tl’TT 

4 „ 

and ^ if /i is even 

Also a„ = | j x* sin /itt* </* 

and since the integrand is an odd function of x 
a n =0 

and x 2 

between x = — I and x = I. 

EXAMPLE 2 

Find a Fourier series to represent — a from x»-ctox-0 and a from 
x «= 0 to x — c. 

We have 

b 0 - 2 x mean value of /(x) = 0 

nnx 

bn =» 2 x mean value of/(x) cos — 

1 / f° nnx ( e nnx \ 

+ )o aco * — dj ‘l“° 

a n = 2 x mean value of/(x) sin 

I / f° . rtrrx , , nnx \ 

' £r + Ju fl5,n — dx ) 

1 L ( e • nn * \ 2a f /itt 1* 2a 

= - 2 I asm — x dx, = — I — cos — xl = — (I — cos nn ) 

c y Jo c I nn l c Jo nn v 

a n = 0 if n is even 

4 a 

and On = — if a is odd 

nn 

Hence, the series is 

v 4a / . »r I . 3 tt I . 5tt I . 7w | 

/ (x) = — jsin - x r ^ sin — x + j sin — x + ^ sin — x + . . . j 



PERIODIC FUNCTIONS 


77 


21. Expansion of a Periodic Function in a Series of Sines Alone or 
of Cosines Alone. If f(x) in (111.11) is an odd function of .\\ then 

/(•v) cos ~ x is also an odd function of .v, and / ( v) sin — .v is an 

even function. Then, by the properties of odd and even functions, 

b,, = c I / ( Y) cos V x <,X = 0 

and a„ = - I f (x) sin .v dx = - f /(.v) sin — xdx (III.13) 

c J-c c c Jo c 


Thus, when we are expanding an odd function of .v the cosine 
terms disappear from (III. 11) and the term disappears with them. 
The resulting series is 


^T 


f(x) = a x sin ^ .v + a 2 sin ~ x + a 3 sin x 


MT 


-F . . • + a n sin — x + . . . 


where a n = ~ J /(■*) sin ^ xdx 


I17T 


= 2 x mean value of/ (x) sin — x 


(III.14) 


from x = 0 to x = c 


Similarly, if f(x) is an even function of x the sine terms disappear 
from the series and we obtain 


/to = i*>o + cos “ x + b 2 cos “ x 

3t t . t nn 

-h b 3 cos — x 4- . . . + b n cos — x 
c c 


where b n = - f f(x) cos - xt/x 
c Jo c 


mr 


= 2 x mean value of /(x) cos — x 


(III.15) 


from x = 0 to x = c 


We are now able to represent /(x) between x = 0 and x - c 
either as a series of sines, as in (III. 14), or as a series of cosines, as 
in (III. 15). In the first case we assume that/(x) is an odd function 
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of x, and in the second case that it is an even function. Thus, consider 
the following example— 


EXAMPLE 1 

Express/ (a) = a as the sum of a series of sines for values of a between 0 and n. 
Then express it as a series of cosines over the same range. 


From (III.13) 


- is : 


a sin nx t/x 



and 


a* - -if n is even 

n 


Hence, the scries of (111.14) becomes 


x 


^ sin x _ 


sin lx sin 3a 
2 + 3 


sin 4a 
4 


+ 



(I) 


Now. using (111.13) we have 

*■ “ l Jo' cos ** Jx = ; IE sin n *]'o - 1, Jo sin «* l,x 


- —. (co '""- i) 


and 

Also 


h n -- - if n is odd 

7Ttr 

b n 0 if n is even 
2 f* 

*• ~n)o xdx ~ ” 


Hence, the scries of (III.IS) becomes 


n 4 /o 

2 TT \ 


4 / cos a cos 3a cos 5a cos 7a 


1* + 3 a 


...) 


( 2 ) 


It is important to notice that though cither of the series in (I) and (2) is equiva¬ 
lent to a over the range a = 0 to a = ir, they differ very much at some points 
outside of that range. I-ig. 15 shows the graph of>- = a from x = — n to a = n. 

The scries in (I) represents a periodic function whose period is 2the graph 
of the function over the period a = - tt to a = w is the straight line POQ. 
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The series in (2) represents a periodic function whose period is 2rr. the graph 
of which over the period .v = — n to .v - w is ROQ . RO being part of the graph 
of v = — .v. 

It must be clearly understood that the function which we are expanding 
between .v = 0 and .v = n (or .v c in the general case) may be either an odd 
or an even function, or neither. We expand it as a series of sines or cosines in 



any case, merely looking upon it as an odd or an even function of period 2 n, 
whichever is convenient for our purpose. 


EXAMPLE 2 

Expand f(x) in a scries of sines if f(x) = ^ from x — 0 to x — b and /(*) 
l—^b 

From (III. 13) 


/. 


2 f l . nnx 

° n “7 


„ / C b cx , nnx , C l I-X . nnx 

Hence, j"- “ J oT ~T *** + J* c ~b s,n T dx 


cl r nnx] b cl [ b nnx 

- Srtl* 80 *— Jo+^Jo* 05 —^ dx 

ci r „ nnx Y cl f 1 , nrrx -r,- 
~ l (,_ x) ““ TJ* _ J » / * 


Since ^ and c ^ have the same values when x 
b I— b 


b this becomes 


/ cl nnx cl n^x 

2 a '-^bU co *-r dx -i«i=b))<> co * i * 


I . nnb f cl * 

-a n = sm — \ n *n*b + n*n\! 


c ±— ) 
(/- b)\ 


and 


2 cP 


a »~ n‘n*b(l-b) S ' n I 


nnb 
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Hence, writing a for y and substituting in (III.14) for a lt a £ , etc., 

„ v 2cl * I 1 ■ ■ I . 2 nx 

fix) = ^ | i* sin a sin -j + y sin 2 * sin — 

I . , 3jtj: | . 4ttx i 

+ ysin 3x sin -y- + ysin 4a sin -y- + . .j 

which holds for all values of x between x = 0 and x = /. 

EXAMPLE 3 


Find a cosine series for/(x) if /(x) = x from x = 0 lo x ~ - and fix) — n 

TT 2 

>m a: = — to x = ft. 

From (III.15) 


— x 


Hence, 


!*• - s 


L t 

b n =» - I f{x) COS nx dx 


x cos /».* </a: + 


x) cos nx dx 


and 

If n is odd 


™ f- x sin /ia: + -s cos nx 1” 
l" rr Jo 

I I | i* 

- (" — x) sin nx — — cos nx 

S 

I / /l»T ^ nn\ 

" JJj I COS — — COS 0 — COS /Iff + COS y 1 

= — ^5^1 -f COS /Iff — 2 COS y j 

b n = — ^ I + COS /Iff — 2 COS y J 

= 0. Hence, -» b 3 = £ s = . . . = 0 
n , 


If n is even and z is also even, then 


b« = 0. Hence, b t = b $ = b n = . . . = 0 


If n is even and ^ is odd 


b, = --L(l + l + 2) = - 2X4 


n/r 


n/r 


<!)' 



muonic i unctions 


SI 


Also 


Hcncc -; nT» - h ‘ -„s 3 s " -,x ? '*« 

•i 

2 r-- 

“ »l* : s] 2 


The scries is 


. etc. 
\ 7- 


tt 2 | cos 2.v cos 6.v cos lO.v cos 14 v 
/U) - 4 ~ | p 3 j 5a 7^ 1 • • 


22. Function Represented by a Graph or by a Series of Pairs of 
Values. When dealing with a periodic function which is not known 
as an explicit function of the independent variable, it is necessary to 
know a sufficient number of pairs of values of the function and the 
independent variable. These values may be found from a graph or 
may be given in the form of a table. The method of solution in such 
cases is shown in the following example. The values of the function 
should be known for a sufficient number of values of the independent 
variable, and the intervals between successive values of the latter 
should be equal. 


example 1 

A machine completes its cycle of operations every time a certain pulley 
completes a revolution. The displacement y in. of a point on a certain portion 
of the machine is given in the following table for twelve positions of the pulley, 
0 being the angle in degrees turned through by the pulley. Find a Fourier 
series to represent y for all values of 0. 


Number 

of 

Position 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

II 

12 

0 

30 

60 

El 

120 

150 

B3 


240 | 


300 

33° | 

360 

y 

7-976 

8 026 

7-204 

5 676 

3-674 

1-764 

0 552 j 

0 262 | 

0 904 J 

2 492 

4 736 

6 824 


The sum of the values of y = 50 090, i.e. Ey = 50 090. 


By (III.7), b 0 = 2 x mean value of y 


*2y = 


50 090 


8-348 


Again, by (III.8), 


b l = 2 x mean value of y cos 0 
= i Ey cos 0 
a = i Ey sin 0 


and by (III.9), 
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In order to facilitate the calculation of these coefficients, we make use of 
Fig. 16, which shows a circle divided into twelve equal parts with radii drawn 
so as to make with the horizontal, angles whose values are those in the preceding 
table. If any value of y in the table is set off from the centre of the circle along 
the radius bearing the same position number, we see that the vertical projection 
of v is equal to y sin 0 and the horizontal projection is y cos 0. By proceeding 
in this manner we may find the values of Zy sin ft and Zy cos 0, and, hence, those 

3 



- - sin 60°. and sin 270’ - - sin 90°. 

Hence, Zy sin 0 « sin 3(f(y x + y % - y 7 — .Vu) + *' n 60 °0'* + y* ~ >’• “ ^ 

+ O’* - yJ sin 9 ° 5 

where y n «= value of y for position n in table 

Thus, Zy sin 0 - 0-5(7-976 + 3-674 - 0-552 - 4-736) 

-f 0 8660(8 026 + 5-676 - 0-262 - 2-492) 

+ 7-204 - 0 904 
- 18-963 

£v sin 0 „ 

and fli --^-= 3-161 

Similarly, Zy cos 0 = (y l2 - yj + cos 30°0-» + y xx - >•* - y 7 ) 

+ cos 60°0't + y io - y 4 - y$) 

= (6-824- 1-764) F 0-8660(7-976 F 4-736- 3-674- 0-552) 
+ 0-5(8-026 + 2 492 - 5-676 - 0-262) 

= 14-699 

6, = J ZycosO = 2-450 


and 
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S3 

In Fig. 17 \vc have made the angles between successive radii’twice as large as 
those in Fig. I6, and so we arc able to calculate Ev sin 20 and Er cos 20. 

As before 

Ey sin 20 = sin 60'\y, + v 7 + v* + )’a - )'\ — Vio - v 5 — v,,) 

= 0-3660(7-976 b 0-552 I 8 026 I 0-262- 5 676 - 2-492 
- 3-674 - 4-736) 

= 0-2061 

and a* = i Ey sin 20 = 0 034 


Fio. 18 

Again Ey cos 20 = cos 60 o (y! + y* + y$ + yn — y% — 

+ <yi*+ *-*"*> „ 

= 0-5(7-976 + 0-552 + 3-674 + 4-736- 8-026- 0-262 

_ 5-676 - 2-492) + (6-824 + 1-764 - 0 904 - 7-204) 

- 0-721 

and b t — $ Ey cos 20 *=0-120 

To determine a, and 6 S . we make use of Fig. 18. in which the angles be. ween 
successive radii are 3 x 30° *= 90°. 

We have 

Xy sin 30 = sin 90°iy t + ys + 3'*— *“ * " ^ 

- 7-976 + 3-674 + 0-904 - 7-204 - 0-552 - 4-736 

= 0-062 

and a 3 = i Sy sin 30 = 0-010 

Again, Ev cos 30 = cos 0°(y 4 + y% + yn — y* “ — 

= 5-676 + 0-262 + 6-824 - 8-026- 1*764 - 2-492 

= 0-480 

b 3 = \ Ey cos 30 = 0-080 
Continuing, we have from Fig. 19, 

Ey sin 40 = sin 60°(yi + y* + " « y,|) 

= - 0-0017 - - - - 
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(Wc leave the calculation to the reader.) 

a t = 0 to three places of decimals. 

Similarly, 

->’ cos 40 = cos 0 5 ( y 3 + y % 4- y 9 4- y l2 ) 

- cos 60 (^ f y 2 + y A 4- y 9 4- y 7 + y B 4- y l0 + y u ) 
= - 0 001 

b t = 0 to three places of decimals. 

The series is therefore up to seven terms 

y = 4-174 + 2-450 cos 0 + 0120 cos 20 4- 0 080 cos 3 0 
+ 3-161 sin 0 + 0 034 sin 20 + 0 010 sin 3 0 


EXAMPLE 2 

Prove that if a = 2n p/n, ft -» 2nq/n where p, q, n arc integers 
r - n — 1 

— cos ri cos rft = 0 unless /> = q 
r — O 


Assuming that for all values of x from 0 to 2n, 

y =* a 0 + a t cos a: 4- a 2 cos 2x a 3 cos 3* + />, sin x 4- b 3 sin 2x 

and that y has the values y 0 . y t , y 3 , y 3 . y„ y t , when x = 0 . j, y , tt, y , y 

respectively, find the values of these coefficients a and b in terms of the six 
values of y. (U.L.) 

r — n — 1 

E cos rx . cos r/? — cos 0° cos O’ 4- cos a cos ft 4- cos 2a cos 2ft 
r * ° 4* cos 3a cos 3ft + ... to n terms 

But cos A cos B =» \ (cos (A 4- D) 4- cos (A — B )) 

Hence, 
r — n — 1 

21 cos ra . cos rft = J [(cos 0° 4* cos (a 4- /I) 4- cos 2(a 4- /J) 
r T cos 3(a 4- ft) 4- . . . to n terms) 


4- cos 0° 4- cos (a — ft) 4- cos 2(a — ft) 
4- cos 3(a — ft) 4- . . . ton terms] 


[ cos —y (a 4- ft) sin An (* + ft) cos yy (a — ft) sin An (a — /7)1 

sin j(a 4- ft) + sinA(a — ft) J 

(Sec Art. 19, Vol. I.) 

cos rr(p 4- q) sin Mp 4- q) cos * -* n(p - q) sin rr(p - q) 

- 4---- 


sin -(p + q) 


sin ~(p-q) 


l 


n 
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Since p and «/ arc integers, the numerator of each fraction is zero for all 
integral values of /> and </. but when p </. the denominator of the second 

0 sin 0 

fraction is also zero and the fraction takes the form But Lt. —- = //. and 


a »o 


0 

sin - 
n 

r n 


when p 
cos 


n p = if the value of the expression is therefore -. Hence, ^ cos rx 
rp = 0. except when />=</, " r m 0 


n 



and has the value - when p = q. 

Fig. 20 shows how the values 
of y would be arranged round the 
circles if we applied the method 
of the previous example to this 
case. All the circles are drawn in 
one figure; a x and b x of ( 111 . 6 ) 
would be determined with the aid 
of the inner circle, a 2 and b. with 
the second circle, and so on’ The 
reader will notice, however, that 
this method is not applicable in 
the present case as we are asked to 
determine, not the coefficients of 
some of the terms of an infinite 
series like (1II.6), but the values 
of the coefficients of the terms of 
a finite scries of six terms, so that 
the given pairs of values of x and 
y shall satisfy exactly the given relation. The method of doing this is explained 
fully on pages 76 to 78 of the treatise referred to in the footnote, page 69. The 
method is to substitute in turn in the given relation the pairs of corresponding 
values of x and y. Thus we obtain the relations 


y 0 = a 0 + a x + * a + * 3 

V 3 

V3 l 

yi = o 0 + \a x — \a t - a 2 + -y b x 

+ -jb 2 

VT 

vT_ 

yz = <*o-\<* x — + a * + bi 

~~2 b * 

y 3 = <*o - <*\ + °z - a 3 

V 3 

V3 , 

y A = a 0 — \a x — \a 2 + a x - ° l 

+ "2 ** 

vT 

V5\ 

y b = a 0 + \a x — \a x —a % — 2 b x 

-~2 b » 
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On solving these simultaneous equations in six unknowns, we obtain 

° 0 = JOv, + yx + y t + y 3 + >* 4 + yd 

°x = iOv -y , + o-50, - yi -y i+ ^ 6 )} 

= K* + y>- OS(y x + y t +y 4 + yj) 
a* = \{y 0 + yt + y< - Oi + y 3 + yd) 

h i = J x 0'8660(_>', + y t — y 4 — 

= 0 28870*. f - >* 4 - y 4 ) 

= 1 x 0-86600, + y 4 - y 2 - J 6 ) 

= 0-28870, s _>* 4 - .>*, - y 6 ) 

EXAMPLE 3 

(1) If /; is a function of / such that £ has a constant value Eq when 0 < / < r 
and £ « 0 when r < t < 2 r, express £ in the form 

o 0 + a, cos ^ + o. cos ^ + . . . + b x sin ~ + b a sin ^ + . . . 

lit 

(2) Evaluate the integral j- t sin —^ dr. 


The current j in an electric circuit satisfies the equation Lj t +Rj = E, where 

£ is the electromotive force. If £ is constant and equal to when / lies between 
0 and r, 2r and 3r 4r and 5r. etc., and is zero at other times, find the current in 
the circuit when the steady state has been reached. (U.L.) 

(I) Let £ -/(/), then 


/(/) a 0 i a x cos r : a t cos — -f . . . -f b x sin + b a sin + . . . 
With the necessary changes in the symbols the relations (III.I2) become 


I c 2r 

a '-TrlfM d ‘ 

~ [ /(0 sin ^ dr 


= 7 J 0 /(') cos^-',// 

As/(/) is discontinuous, we split the definite integrals into two parts. Thus 

"« = 7 {/ 0 ^ cos dt + C'(0) cos ™ dt } 

- T ln7 su,_ rj 0 = 0 
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I / r T „ . nnt . r- r /ITT/ \ 

^ E 0 sin — dt -F I (0) sin — dt j 
r t imn 1 E 0 

= — I-COS-I -- (COS lin — I) 

r l /irr r Jo tm 

= if n is odd and 0 if n is even. 

rtn 

We have then as the required series 

£ = T { 1 + ;( s,n T + 3 sm — + s s,n — + • • •)) 

(2) The given integral is evaluated thus— 

m iji 

. . . f I . nnt . . „ Cl imt 

Let A = Je sin — dt and B = J e cos — dt 


Integrating by parts 


m 

L L , tmt nnL ^ 

a ~r‘ 


and 


i±t 

L L nnt nnL 

b -r‘ cos - + -r7 a 


Now, eliminating B, we have 
Rt 


or 


L t L . nnt nnL % nnt \ n t n 2 L t 

A ~‘ [R S,n —-H* ">*—)-~W A 

Rt 

L l L . nnt nnL? nnt \ 

' e \R sm — -*^7 COS —i 


n*n*L* + 


L d i + *J- E 


where E has the value 


Eol, 4 ( ; nt 1 . 3nt I . 5nt \\ 

E - 2 1 1 +;( s,n 7 + 3 sin “r + 5 s,n ~ + * • •-))• 


( 1 ) 


( 2 ) 


In order to obtain the complete solution of (1) we add the solutions obtained 
by substituting for E in (1) each of the separate terms on the right-hand side 

of (2). Putting E = § in (1), we see from (5), page 368, Vol. I, that the solution 
of(l)is z 
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Replacing £ 0 and to in (8). page 368, Vol. I, by and - respectively, and then 
. 2 £■„ 3?r 2 £*o . 5 jt 2 E 0 hr . , w r 

b y 3 ^ • ana r • $ It and T* 7 7 and T’ ,n order wc obtain the part solutions 

of (I) due to the other terms on the right-hand side of (2). These solutions arc 


J = ' 

TT 


2E 0 


/ Sm 


(7" a *)- 


u . 71 E 

where a, = tan -1 — . 

Kt 


J = 


^Jr 2 


+ 


J-— 

5n J R 2 + 


etc., etc., etc. 


/ 

--a ) 


, 3tt£ 

— jin i 

9 rL 2 

T* 

r * 2 ) 

, where Xj = 

tan 1 -r— 

Rt 

> <in 

(t! , 1 

1, where x, = 

-i 5nL 

- sin 
25rr >L 2 

r 2 


tan 1 

Rt 

etc. 

Rt 




(4) 


(5) 


( 6 ) 


Wc have omitted the term Ae~ *• from (4). (5). (6), etc., as this already appears 
in the partial solution (3). The complete solution of (I) is therefore 




,in (~ 7 ~ “>) lin (”r — *») 


— + 


,in 


■J* ■ % L ' 


+ . . . 


(7) 


As t increases, the second term on the right becomes negligible, and when 
the steady state is reached. (7) with this term omitted gives the value of /. 


23. lourier Scries containing Even Harmonics only or Odd Har¬ 
monics only. In Art. 21 we saw that an even function of x can be 
expanded in a scries of cosines only and an odd function in a series 
of sines only. In both these cases the coefficients of the terms can be 
determined by integration over half the range as in (III. 14) and 
(III. 15) thus leading to a reduction in the labour of integration when 
there is a point of discontinuity of f(x) in the half-range or where 
the (unction is given by a graph or a series of pairs of values. There 
arc two other types of functions for which the trouble of determining 
the coelhcicnts may be reduced. These are defined by 

/(*)=/(*-c) 

f (x) = —f(x - c) 


and 


. (III.16) 
. (III. 17) 
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Typical graphs of these are shown in Fig. 21. In the upper figure the 
two portions, AD and CD , of the graph are such that each may be 
superposed on the other by sliding it horizontally through a distance 
c. In the lower figure the portions A'B' and CD' are such that each 
may be superposed on the other by rotating it through 180° about 



X'OX and sliding it horizontally through a distance c. Both func¬ 
tions repeat themselves with a period 2c though the least period in 
(III. 16) is c. To find the simplest method of expanding these func- 

tlTT 

tions in Fourier Scries we first consider the functions cos — x and 
sin ^ x, where n is a positive integer. 

mr , (tin \ 

We have cos — (x — c) = cos I— * — nnj 

. rm , x . Inn \ 

and sin — (x — c) = sin F— * — nnJ 


If n is even, sin — (x — c) = sin — and cos — (x — c) = cos — x s 
•as in (III. 16). c 

4— (T.6IX) 
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ir • , , , , . nrr.x //77 

If n is odd. Sin — (x — c) = — sin - and cos —(x — c) = 

nnx c c c 

— cos as in (III.17). 


From (111.12) 



Taking first the relation /(.v) / (v - c), we see that /(.v) sin — .v 

passes through the same range of numerical values as x increases 
from — c to 0 as it does while x increases from 0 to c, so that the 

ir • ,,7T 

integral of y(.v)sin —.v has the same numerical value over each 

half-range. If // is even, these numerical values have the same 
algebraic sign, whilst, il n is odd, they have opposite signs. Thus, 


if// is even, 



and if n is odd, a„ = 0 


(III.18) 


Similarly, if // is even, />„ = ^ J /(*) cos ^ .v r/.vj ^ ^ 

and if // is odd, b n = 0 J 


laking next the relation f(x) = — /(.v — c) and repeating the above 
reasoning, we sec that— 


if n is even. 


and if // is odd, 



( 111 . 20 ) 


Summarizing these results, we sec then that, if f(x) =/(.v — c), 
! hc F ® uricr expansion of f(x) contains only even harmonics and, 

1 U-■' ^ x ~~ c) ' lhc cx P ansion contains only odd harmonics. 

In each case the coefficients of the terms which appear in the scries 
may be found by integration over the half-range. The combinations 
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ot these two cases with the cases of odd and even functions are 
shown in Table 1. 


TABLE l 


Table showing the Kinds of Terms in Fourier Si kies 



fix) = /( 7 X) 

fix) n x) 


Even function. 

Odd function. 


Cosine terms only. 

Sine terms only. 

/ (A) - fix c) 

Even harmonics only. 

Even cosines only. 

Even sines only. 

/(AT) - -/(x- c) 

Odd cosines only. 

Odd sines only. 

Odd harmonics only. 



It is easy to show that in each of the four cases in the table the 

c 

graph of /(x) against x is symmetrical about the line x =■■ ^ For 
example, consider the case f(x) = J (— x) = /(x — c). If x = | 4- 
where a is any constant, then, since /(x) = /(x — c), / -}- a ^ 

= / (“ \ + and » since / (*) = / (" *)» / (“ J + ") 13 
/(^— a), so that/^ + a) = / ( 5 — which shows the symmetry 


about the line x = ^ 


In evaluating <z n or 6 n , therefore, we need integrate only over the 

quarter period 0 to ^ with a consequent reduction in the working. 
In these cases 


a n = - c jV to sin ~ xdx and ^ J o /(*) 


co s^xdx (III.21) 


These formulae will give correct results only for the terms indicated 
in Table I, and will generally give incorrect results if evaluated for 
terms which the table shows to be missing and for all of which 
a n = b n = 0 . 
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EXAMPLE 1 

The graph of/(jr) against a: is made up of the two straight lines joining the 
pairs of prints (— c, 0), (0, a) and ( 0 , 0), (c. a). Find a Fourier series to represent 
/<■*> over the range x = - c to r Here /lx) satisfies the relation /(*) 
— J\x- c), so that the series contains even harmonics only. From x = 0 to 

* = c,f(x) = -x. 

From ( 111 . 18 ), a, 2 r ' a nn 


2 r r a . nn 

” | Q “ ■* sin — x tlx, n even 

2* I r 1' r r nn i 

" nic ( r COS 7 * J 0 ~ Jo COS 7 xdx \' " cvcn 


I lencc, 


2a 

a n = - “. n even 
nn 


By inspection. b 0 = 2 x mean value of/(*) = a 
From (III. 19 ), b n = - £ °xcos^xdx, n cvcn 

2 a f r , nn y f e . nn x 

" 5 ^(l JfS,n 7'Jo “Jo «" 7 **).!, even 

Hence, b n = 0 
Thus, the series is 

n„\ - a ° ( 2n I . An 1 6 rr \ 

"2~»l sin 7* + 2 s,n 7* + 3sm-jt + . . .) 

We could have seen without integration that b n — 0 (where n 9* 0 ), for 

(j 

fix) — - is an odd function and can be expressed as a series of sines only over the 
given range. 

EXAMPLE 2 

r ~ 7 / ( “ in ,hc range — rr < a: < n, show that the Fourier series 

tor / (a:) in this range contains no cosine terms. 

If the above function is defined by f(x) - * when 0 <x<^ t and f(x) 

- n — X when 2 < X < rr, show that in the range — rr < x < rr, 

The first part is explained above. With the given conditions the graph of 
J{x) between -rr and rr consists of the three straight lines joining the points 

(- ». 0) and (- §.-5). (- \,~\) and (j, and and („,<». The 

reader should sketch the graph. It is seen that/( a:) = -/(*- n), and, as also 
• * ^ • C Founcr senes contains no cosine terms and only odd sine 

terms. The coefficient of the general term can be denoted by a a _ +ll where 
n = 0, 1, 2, ... up to co. J tn 1 
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Then from (III.21), since/(.v) = .v from 0 to ^ 


7T 

*>» 


4 c « 

"a.i + i = - " .v sin (2/i I- 1) x dx 
71 Jo 


n n 


= “ *2n\ 1) { [ x COS <2n + ,U ]f, - Jo" COS <2 " + ' )x dx 


^2» 4 +l)*[ Sin(2n+,)r ]o 


4 sin (2/i + I 
= (2/i + l) 2 

,, 4 (- I) n 

Hence. 0snt| „_.__ 


and 


... 4 ?/ ...sin (2/i+ D* 


The reader should compare this example with Example 3 of Art. 
21 and should note the difference in the graphs in the two cases. 


example 3 

Show that, in the range 0 < x < n t sin x can be represented by the cosine 
Fourier series 

4 r I cos 2x cos 4x cos 6x cos 2 px i 

rr |2“ 3 “ 15 “ 35 • • • 4p*- 1 * • 

Show by a sketch the function represented by the sum of the scries for values 
of x from — tt to + 3»r. (U.L.) 

The given scries contains no sine terms and only even cosine terms, so that 
/(*) =/(— x) —f {x — *r), and the graph of the function is the rectified sine 
curve. 

Denoting the coefficient of the general term by b 2n , we have from (III.21), 


2 n 


Hence, 


- f 2 sin x cos 2/i x dx 

n Jo 

rt 

- f 2 (sin (2/i + l)x — sin (2 n — I)*} dx 
w Jo 

l r_!_-J—i 

tt [2n + 1 2/i — IJ 

4 

bin ~~ «(4n*- 1) 
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Giving n the values 0, 1.2, 3 
' 4 4 



r 



. . in turn, we find b 0 
4 

(4/>*- I )n* • • • 



4 _ 

3rr’ 


The first term is ]/>„. and the scries is 

4 r cos 2.r cos 4.r co\6v cos 2 px 

rr l 3 15 35 * ' ■ 4/?* — I ~ * J 

We leave the reader to sketch the graph of the function represented by the sum 
of the series for values of x from rr to !• 3rr. 


EXAMPLES III 

(1) Expand (I — <r sin 3 /)* as far as the term involving o* and express the 
result in the form A ~ B cos 2/ f- Ceos 4/ D cos 6/. 

Find Fourier series to represent the following— 

(2) /(*) = a from x = 0 to x = rr and /(.r) * 0 from x — n to .r ■ 2». 

(3) /(.<) .t from x = 0 to * = n and /(*) » 2n — .r from .t = tt to x * 2n. 

(4) /( r) = a from x ■■ 0 to x =» * and/(.r) — a from .r n to x 2n. 

(5) /Cat) = x 3 from x — 0 to .*• -* 2*. 

(6) /(jr> — e~* from x — 0 to x *■ 2*. 

(7) / (a:) *■ from x » — a to x =» «. 

(K) /(*) e~ x from .*- n to » « a. 

(9) Find a sine series to represent e* from x — 0 to .r •» I. 

(10) Fund a cosine scries to represent e * from x 0 to .r — a. 

(11) Find a sine series to represent /( x) from x - 0 to x - rr, where fix) — c 

from x ■■ 0 to x ■■ ^ and fix) =* 0 from x ■■ ^ to x » n. 

(12) F ; ind (i) a sine series, and (ii) a cosine series, to represent fix) between 
x — 0 and x I where fix) — x from x = 0 to x — ^ and / (t) =» J(/ — x) from 
X «= j to X =* /. 

(13) Calculate values of x * from x — I to x =» 12, taking the values x — I, 
2, 3, etc. Use the method of Art. 22 to find the equivalent Fourier series. 

(14) Find a Fourier series to represent the function fix) = x 3 from x = 0 
to X = 2 rr. 

(15) Find (i) a sine series, and (ii) a cosine series, to represent fix) where 
/(.*) = c from x = 0 to x = ^ and fix) = 0 from x — ^ to x = n. Sketch 

graphs showing what the series represents outside of the range x = 0 to x = n. 

(16) The displacement y of any point of a stretched string of length / in a 
state of transverse vibration is connected with the distance x from a point in 

&x 

the string and the time in seconds by the relation ~ = a3 =)T where a is a 
constant. The solution of this equation is 41 

rrx vat . 2*X 2 rral . 3tt.X 3 nQt 

y ~ *in — cos — ! a t sin -y cos -y f- a 3 sin -y cos —y—b . . . 
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where <j,. (I., Oj, etc. are constants depending on the original shape of the siring. 
By putting t 0. convert the above into a simple series of sines, and determine 
a lt a., a 3 . etc., so that the original shape of the string shall be that of an isosceles 
triangle of height <*. 

(17) Find a series of sines to represent /'(.v) from .v 0 to x * if / ( v) 0 
rr 2 tt n 2rr 

from .v = 0 to x = ^ and from x = -y to jt and /(x) = c from .v — ^ to ^ 

(IS) The turning moment Tlb-ft on the crankshaft of a steam-engine is 
given for a series of values of the crank angle 0 degrees. 


0 

o 

15 

JO 

45 

60 

75 

90 

105 

120 

135 

150 

165 

180 

r 

0 

2 782 

5 224 

7 051 

8 097 

8 JJ2 

7 850 

6 8J2 

5 499 

4 051 | 

2 626 

1 202 

0 


Expand T in a series of sines. 

(19) The following values of y and x are given; expand y in the form of a 
Fourier scries. 


X 

o 

i 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

y 

90 

138 

182 

218 

244 

261 

278 

279 

275 

258 

220 

159 


(20) Repeat Ex. 3, using values of x calculated from the given particulars. 
Use the values of x — ^ j j • ctc -» up to x ** 2 n. 


(21) Draw to scale a diagram showing the position of the crank and con¬ 
necting-rod of a simple engine mechanism for each of the crank angles 0, 30°, 
60°, 90°, 120°, 150°, etc. . . . 330°. Assume the crank to be 1 ft long, and the 
connecting-rod 4 ft long; obtain a Fourier scries for the distance x of the 
crosshcad from the crankshaft. 

Express each of the following empirical functions as a Fourier series, taking 
the period to be 2 n in each case, and assuming that the first value given is 
measured at one-twelfth of the period from the beginning, and the others after 
equal intervals of one-twelfth of the period. 

( 22 ) .. 


(23) 

(24) 

(25) 


25, 40, 50-5, 57-5, 61*5, 63-3, 63-2. 59-2, 52-5, 44-2, 35-8, 28-7. 

3-5, 6 09, 7-82, 8-58, 8-43, 7-73, 6-98, 6-19, 6 04, 5-55,,5-01, 3*35. 

2-8, - 2-2, - 6-6, - 8-5, - 8-4, - 7-2, - 4-4, - 0-6, 2-2, 4-6, 5-9, 4-7. 


Find the coefficients A 0 , A r , B rt if 


/(*) 


A r cos rx 


A 0 + A x cos x + . . . + 

+ B x sin x + . . . + B r sin rx + . . . 

between the values x - 0 and at = 2*; and determine their values in the case 
in which /(at) = x between these limits. 

(26) Give concisely with proofs a graphical method for determining tne 
coefficients of a Fourier series valid between * = 0 and x = 2n which is 


approximately the equation to a given graph. . , . ... 

(27) A function /(x) us equal to sin (nx/c) when sin («/c) is positive, and 
- sin (nx/c) when sin ( ttx/c ) is negative. Prove that, when/(x) is expanded 
Fourier series of sines and cosines of multiples of (nx/c), the coefficients 


to 

in 


of the sines are all zero, and obtain the expansion. 


(U.L.) 
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(28) Express F(x) in a Fourier series of sines and cosines, given that 

F(x) = / - x when 0 < x < / 

F(x) = 0 when / < x < 2/ 

and that F(x) is periodic with a period 21. (U.L.) 

(29) Assuming it possible for the series 

o, sin 0 + a 2 sin 20 + a 2 sin 30 + . . . 

to have the same values as a given function f(0) for all values of 0 between 
0 and 7T, prove that 

a n = ~ £ f(0) sin nO t/0 


Suppose 


f(0) = 0 from 0 = 0 to 0 
f( 0 ) =» h from 0 = ~ to 0 


f(0) * 0 from 0 = ~ to 0 
4 


TT 

4 

3 n 

4 


Express f(0) in a scries of sines. 

(30) Assuming that f (x) can be expanded in a scries of the form 


(U.L.) 


TTX 


A x sin -j + a 2 sin + . . . + A n sin -y + . . . 

for all values of * between 0 and /. find the form of the coefficients. 

K/U) - from 0 to a, and / —^ from a to /, prove that, for all values of * 
between 0 and /, 

f(r\ - — / • na • wX , I . 2rta , 2rrx 

<*/- a)n* ( S,n 7 S,n T + V S,n "T S,n T + * * • 


, I , nna . nnx \ 

• • • + ^ s,n —sm— + . . .! (U.L.) 


(31) In each of the following cases sketch the graph from * = - c to * 
of any function which satisfies the given condition_ 

(a) The Fourier scries contains sine terms only 


<*>) 

(o) 

(</) 

(e) 

</> 

(*) 

( 0 ) 


»» 

!• 

*• 

»» 

»• 


•» 

»» 


»» 

ii 


cosine terms only. 

odd sine and cosine terms only. 

even sine and cosine terms only. 

odd sine terms only. 

odd cosine terms only. 

even sine terms only. 

even cosine terms only. 


Ihe FWric* series we'only n£d°,o look 
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(33) Repeat the working of Ex. 3. Art. 21, shortening the analysis as much as 
possible. 

(34) The graph of /(a) over the range x - c to .v r consists of four 

straight lines joining in succession the points (- <*. 0). </). ( 0 . 0 ), ( ,/). 

and (c, 0). Find in the simplest manner a Fourier series of period 2c which is 
equivalent to/( a) over the given range. 

(35) Find a Fourier scries for /(.v) of period 6 on the .v scale, where /(a) 
= a(3 -4- x) from a = — 3tOA = 0and /( x) = .v(3 a) from .v = 0 to x = 3. 

(36) Express as a Fourier series of period 2c the function of a which is equal 
to — a from x = 0 to x = c and to a from x ■» c to x = 2c. 

(37) What conditions must be satisfied by a periodic function f(x) of period 
2n if its Fourier series is to contain only sines of odd multiples of a? Show that, 
if these conditions arc satisfied, the coefficient of sin (2/i + 1 )a is 

b in +1 = " Jj /(•*) sin (2/i + 1 )a dx 

If such a function is zero for 0 < a < and unity for ^ < x < determine 

the first four terms of its Fourier scries. (U.L.) 

(38) A function /(a) = \x* in the interval — n < x < n, and is repeated 
with this period. Prove that 

n 2 cos 2a cos 3a 

/(a) — 12*” 2* 3 2 + . . . 

and find the value of the term containing cos 2px when a = ^ (U.L.) 

(39) The function /(a) is defined in the range 0 < a < n by the formulae— 

/(A) = p 0 < A < ^; /(A) = 0, j < A < y ; /(a) = -?y<A<»r 

Obtain the expansion in a series of cosines of multiples of a. Show that the terms 
cos nx are absent when the remainder on dividing n by 6 is 0, 2, 3 or 4. (U.L.) 

(40) Obtain the series of sines of integer multiples of a which represents the 

function nx — a* from a = 0 to a = n. Sketch the graph of the function, and 
also of the sum of the scries, from a = — w to a = 2n. Sketch also, for the same 
range, the sum of the cosine series which would represent the original function 
from a = 0 to a = rr. (U.L.) 

(41) Show how to obtain the coefficients in the Fourier expansion of a function 

/(a) which is given in the range (— n, n). Obtain the harmonic analysis of the 
function defined by /(a ) = c in the range (0, a), /(a) = 0 in the range (a, n), 
and /(a) = /(— a). Describe briefly the effect of (i) integrating; (ii) differen¬ 
tiating a Fourier series. (U.L.) 

(42) If the function /(a) can be expanded in the Fourier series 
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I f2* 

show that a n ‘ //>„ = - | o f (x)c ,n * dx 

Hence, or otherwise, expand the function x(x — 1) (x — 2) in a full range Fourier 
series, valid in the interval (0, 2), giving the general term. Illustrate your result 
by drawing a graph of the function represented by the scries for values of x 
outside the range. (U.L.) 



CHAPTER IV 


THE COMPLEX VARIABLE—CONFORMAL. 
TRANSFORMATION 

Before studying the subject-matter of this chapter the reader should 
revise Arts. 13 to 19 of Vol. I, which treat of complex numbers. 

24. Functions of a Complex Variable. If x and )• are real variables, 
then z = x + iy\ where i = \ — 1, is a complex variable. Let z 
represent any point in some region of the xj-plane, and let Z be a 
second complex variable which assumes a definite value or definite 
values for each value of r in the region. Then Z is said to be a 
function of the complex variable z, and the relationship is denoted by 

Z =/(z) 

Z is a single-valued function of z when it assumes a unique value for 

each value of z in the region. Z = - is an example of a single-valued 

function, and Z = yfz is an example of a multi-valued function of z. 
The former is defined at all points in the xy -plane except that at 
z = 0, and the latter assumes two values for each value of z except 
z = 0. 

By the methods of the above-mentioned Arts, of Vol. I, the value 
of f (z) can be readily obtained in the form u 4- /v, where, in general, 
both u and v will be functions of x and y, provided that the processes 
involved are only those of addition, subtraction, multiplication, 
division, and extraction of root. 

For example, 

/(z) = z 2 - 4z 4- 3 = (x + i» 2 - 4(x + iy) + 3 

= (x 2 - y* - 4x + 3) + i(2xy - 4y); 

. 1 _ J_ x-iy _ x _ _. 

f z X + iy X 2 4- f X 2 + y 2 x 2 4- y 2 ' 

_ , . T 0 + 2nn ... 0 4- 2//7Tj 

/(z) = Vz = (x 4- /»* = r* |cos-^ h 1 s,n 2 J ’ 

where n = 0, 1, r = Vx 2 4- y 2 , 

and 0 = tan -1 -; 

X 
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/(*) = 3 7==. = 


V~r^z* [I - (.<- + M )-]* [(I — a: 2 + y 2 ) — 2ixy]i 


1 


,r ° 

r* cos-^-— i sin 


= r“* |^cos 


4- 2/i?r . 0 4- 2/i7rl 

“3- ,S,n — T~. J 

0 4- 2nn . . 0 4- 2/17r 


4- i sin 


]■ 


where /i 
and 0 


0 . I, 2, r = v'( 1 - ,x= + y*r + 4jc*y* 


25. Exponential and Circular Functions. Transcendental functions, 
such as e\ sin r, etc., of the complex variable z require special 
definition, and it is obviously desirable that this definition be so 
framed that the corresponding functions of the real variable x arc 
included as particular cases. 

Consider the infinite scries 

1 Z \2 |3 \4 0 V . 1 ) 

2 3 Z S Z 7 

Z “[3 +[ 5-(7 +. flV . 2 ) 



* 4 *•, 
j4-j6 + 


(IV.3) 


where z = x + iy. 

In (IV. 1), z" = (x 4- i» n = r" (cos //0 4- / sin 0), where r = 
Vx 2 4- y 2 and 0 = tan -1 so that (IV. 1) can be written in the form 


/ r* r 3 

11 -h r cos 0 -f cos 20 4- ^ cos 30 4- 


12 


13 




4 


r 2 r 3 

4- / (r sin 0 sin 20 4- jj sin 30 4- 


■■■) 
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Now r is always positive, and by Example, Art. 6 , Vol. 1, the 

r'~ r 3 

infinite series 1 4- r -f- ^ 4* jj + . . . is convergent for all real 

values of r. It follows from Test 1, Art. 6 , Vol. I, that the series 

1 -f r cos 0 + cos 20 -f . . . and r sin 0 4- jy sin 20 4 - |j sin 30 

4- . . . are also convergent. If these two latter series converge to the 
values C and 5 respectively, then the series (IV. 1 ) converges to the 
value C 4- iS 9 and is thus convergent for all complex values of z 
which have finite moduli. The series (IV.2) and (IV.3) are similarly 
convergent. 

If in z = x 4- iy t y is assumed zero, the series (IV. 1), (IV.2), and 
(IV.3) take the forms of the expansions in ascending powers of x 
of the real functions c*, sin x, and cos x respectively, that is 


1 +X + J2+J3 +IJ + . • • 


(IV.4) 


sin x 


X— W 4- IT — TT + • • • 


|3 + l5-f7 


(IV.5) 


COS X 


1 — PT 4- nr— IF + • • • 




(IV. 6 ) 


These three functions are, therefore, particular cases of the func¬ 
tions represented by (IV. 1), (IV.2), and (IV.3). 

The function represented by (IV. 1) is often denoted by the symbol 


exp. z. 


The two infinite series obtained by substituting z = ^ and z = z 2 
in turn in (IV. 1) are absolutely convergent and thus satisfy the 
condition under which the result of multiplying the two series 
together is the equivalent of the product of the functions which 
the two series represent. Now it is easy to verify that the sum of 
the terms of the nth degree in z x and z 2 in the product of the two 


senes is 


‘ . Z,"' 1 Z 2 , *2 , I “ir-c _ P 2_±_:- iz— 

~\n + + J 2 |w—_2 + ‘ " * \n- 1 + \n ’ \n 

so that the resulting series is 

(z. 4- z ? Y> (zi 4- Zs ) 3 . (z x 4- z 2 ) n 

1 + (*» + Z2 ) + Ul To - + —IT— + • • • +-R— + • • • 


_ n -2 7 2 
Zl Z 2 


4- TT» * e - 


(*i + 


— + 
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(IV.7) 


exp. “i x exp. z 2 = exp. (z, + z 2 ) . 

Further, (IV.7) includes the case when z x = .r, and z 2 = .v 2 are real, 
and, since from (IV.4) exp. x x = <?'• and exp. .v 2 = e x \ (IV.7) 
becomes 

= + . . . (IV.8) 


It is convenient, therefore, to write (IV.7) as 

x r* = c 


(IV.9) 


st) that the real number c with an exponent, whether complex or 
real, obeys the fundamental index law of elementary algebra. 

Thus, t* : , where z is complex, is defined by the relation 


-3 .4 


1 • + (2 1 13 |4 +.< IVI0 > 


The functions sin z and cos z are defined similarly as given by the 
relations 

.3 -5 -7 


sin s — r — j j -r | 5 - jy + • • ■ 


. (IV.il) 


-2 »l 2® 

and cos r = I — J 2 ^"j 4 ” jg + • • • ' ' 


From (IV.12) and (IV.11), 

cos z F i sin z = I } iz—Tr— i -F h + ' ic — TZ — • 


z 2 z 3 


-5 -0 r ? 


5 _ H “ # j7 f • • • 


. (/z) 2 (iz) 3 (iz)» <&£ 

= I+'Z+ | 2 f | 3 -+ |- 4 -+ jf- 


i.e. 


cos z + / sin z = e 1 * . 


It is established similarly that 

cos z — / sin z = c -1 - . 


(/z) 6 (iz) 1 

|6 + ’ |T + # * 


. (IV.13) 
. (IV.14) 



THE COMPLEX VARIABLE 


103 


If corresponding sides of (IV. 13) and (IV. 14) be subtracted and 
added and the result in each case be divided by 2, then 


and 


sin z = (<?'• — e~ i: ) . 

cos z = i (e iz -f e~ i: ) . 


(IV.15) 
(IV.16) 


These relations hold for all values of z, real or complex, and might 
have been taken as defining sin z and cos z respectively. 

The other circular functions of the complex variable z are defined 
as follows— 

sin r cos z 

cosec z 


1 1 . . # - 

t—, sec z = ——, tan z = ——, and cot z -= • _ 
sin z cos z cos z sin - 


just as for a real variable. 

From (IV. 15), sin (- z) = e“) = - -e~“) 


i.e. sin (— z) =* — sin z 

It is proved similarly that 


and 


cos (— z) = cos z 
tan (— z) = — tan z 


(IV.17) 

(IV.18) 
(IV.19) 


again just as in the case of a real variable. 

The usual formulae connecting the circular functions of a real 
variable hold good for those of a complex variable. 

For example, from (IV. 15) and (IV. 16), 

sin 2 z + cos’z = }r 2 (e“ - e~“) 2 + i(e" + e~") 2 

= _ J(e 2 ‘* _ 2 + e~ ! ") + 1(<? 2 “ + 2 + <?- 2 ") 


i.e. 


sin 2 z -F cos 2 z = 1 


It is easy to show similarly that 

1 tan 2 z = sec 2 z 


and 


1 + cot 2 z = cosec 2 z 


(IV.20) 

(IV.21) 
(IV.22) 


Also sin z x cos z 2 = j- ( e — e “*) X + e ,7t ) 
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and similarly, 

cos r, sin z, = + *> + «*• “ *■>- «*<*■ “ *» - e~ **• + *■»] 

By addition, 

sin z x cos z 2 4- cos z x sin z 2 = [c ,<z ‘ + *' ) —e + 7,) ] 

i.c. sin (zj + r 2 ) = sin z i cos z 2 + °° s z i sin z 2 (IV.23) 

By subtraction, 

sin z x cos z 2 — cos Zj sin z 2 = [e ,u * _ !t) — e~ i(: ' ~ f,) ) 

i.c. sin (z x — z 2 ) = sin z x cos z 2 — cos z x sin z 2 (1V.24) 

It may be proved in a similar manner that 

cos (z 1 4- z 2 ) = cos z x cos z 2 — sin z x sin z 2 . (IV.25) 
and cos (Z| — z 2 ) = cos z x cos z 2 4“ sin z x sin z 2 . (IV.26) 

Other formulae based on these addition and subtraction formulae 
can be readily established. 

If in (IV.15) and (IV. 16), z is purely imaginary, say iy , then 
sin iy = («** - <r »•>) = j. (c- » - e>) = ^ - e“ ') 

i.e. sin iy = ^ (<?* — e~ *).(IV.27) 

and cos iy = 4- e“ *'") = J(*~ v + *) 

i.c. cos iy = 4 - c~ .(IV.28) 

If// is any integer, positive or negative, then 

sin (z 4- 2/m) = sin z cos 2/m 4- cos z sin 2/m 
= sin z 

and cos (z 4- 2/m) = cos z cos 2/m — sin z sin 2/m 

= cos z 

Thus, sin z and cos z remain unaltered when z is increased or 
decreased by 2n or 4n or 6n or etc.; hence sin z and cos z are 
periodic functions with period 2n. 

Further, e* + 2nsi = e ! (cos 2/m 4- * sin 2/m) 

= e M 

so that e 5 is periodic with period 2m. 
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26. Hyperbolic Functions. The hyperbolic functions of a complex 
variable r are defined as 

sinh z = i(e s — e~ : ) 
cosh r = i(c s + c~ : ) 


and 


tanh z = 
co sec h z = 
sech z = 
coth z = 


sinh r 
cosh z 

J_ 

sinh r 

_I_ 

cosh z 

1 

tanh r 


c'-e~ s e- z — 1 
— or 

• * <•-* j- 


e z e 


b 1 


(IV.29) 


just as in the case of hyperbolic functions of a real variable, and the 
formulae connecting the latter hold good for the former. 

The relations (IV. 15) and (IV. 16) may then be expressed as 

sinh iz = / sin z . . . (IV.30) 

and cosh iz = cos z . . . (IV.31) 

By division, tanh iz = / tan z . . . (IV.32) 

Also, the relations (IV.27) and (IV.28) may be expressed as 

sin iy = / sinh . . . (IV.33) 

and cos iy = cosh y . . . (IV.34) 

By division, tan iy = / tanh y (IV.35) 

(IV.33) to (IV.35) can be deduced from (IV.30) to (IV.32) by 
substituting z = iy and noting that sinh (—>') = — sinh y> cosh (— y) 
= cosh y t and tanh (—>') = — tan ^ y • 

From the definitions of sinh z and cosh z it is easy to deduce the 
expansions of these functions in infinite series, thus, 


and 


z 3 x 5 z 7 

sinh z = z + jj + |^“ + jy + • • • 


cosh *=l+n>+nr + fZ + ' • • 


I f, 


(IV.36) 
(IV.37) 
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From (1.34), Vol. I, 

sinh (x + iy) = sinh x cosh iy + cosh x sinh iy 
= sinh x cos y + i cosh x sin y 
since from the above cosh iy = cos y and sinh iy = i sin 

Hence, if n is an integer, positive or negative, 
sinh (x -F iy + 2 uni) = sinh [x -f i(y + 2 //tt)] 

= sinh x cos (y -f 2/itt) -f / cosh x sin (y + 2/itt) 
= sinh x cos + / cosh x sin y 

Thus, when z = x -f i>\ sinh z and also cosh z, as can be shown 
similarly, remain unaltered in value when z is increased or decreased 
by 2ni or 4 ni or 6 tt/ or etc., so that sinh z and cosh z are periodic, 
the period being imaginary and equal to 2 ni. It is left as an exercise 
for the reader to show that the period of tanh z is ni. 

EXAMPLE 1 

If x + iy — cos (m + iv), express x and y in terms of u and v. 

Show that cos* u and cosh 1 v arc the roots of the equation 

A*-(**+>•«+ l)A + x> = 0 

If cos (u + iv) =■ (5 + 4iV3)/6, find u and v. (U.L.) 

Wc have x + iy — cos (m + iv) =■ cos u cos iv — sin u sin iv 

= cos u cosh v — i sin u sinh v . . (I) 

Equating real and imaginary parts, wc obtain 

X — cos II cosh V and y =■ — sin u sinh v 

x 1 = cos 1 it cosh 1 v and / = sin* u sinh* v 

= (I — cos* u ) (cosh 1 v — I) 

= — I + cos* u + cosh* v — cos 1 ii cosh 2 v 
= — I + cos* u + cosh 1 V — X 2 
so that x* + y* + I - cos* u + cosh* v 

The equation becomes 

A* — (cos* u + cosh* v)A + cos* u cosh* v = 0 
i.c. (A — cos* u) (A — cosh* v) = 0 

so that the roots of the equation arc A = cos 1 u and A = cosh 1 v. 


5 4, 3 

Since cos (u + iv) = (5 + 4/v/3)/6, then x = - and y = so that 
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1 25 

It follows that cos 2 u = ^ and cosh- »• = ^ 


Sincc cosh »• is always positive and cos u cosh v = x = then cos u must be 
positive, and, if the principal value of u is taken, sinh »• and, therefore, v, must be 
negative. Thus, cos n = ^ and u = y also cosh »• = ^ and 


tog. (f -J%- I ) - log. 5 [see (U8). Vol. I) 


11 — and V — log, J 


EXAMPLE 2 

(i) If * + .> = cosh („ + iv). express * and y in terms of « and v, and find 
the equations of the curves u *= constant, v — constant. 

(ii) By means of the substitution * - In-2/, or otherw.se, prove that 

/ I + sin^-Mcq sjx" _ ni) + /s in(i /.--»« (U.L.) 

\ 1 + sin 4> — i cos <f> J 

(i) By (1.34), Vol. I, cosh (u + iv) - cosh « cosh iv 1- sinh u sinh iv 

Now, from (IV.31) and (IV.30), 

cosh iv = cos v and sinh iv => i sin v 
Hence x '+ iy = cosh u cos v + i sinh u sin v 

whence x - cosh u cos v and y - sinh u sin v 

From these re.ations. ^ = cos v and =- sin v and. by squaring and 

adding, noting that cos 2 v + sin 2 v — 1, 


+ 


1 


cosh 3 u sinh 2 u 

which, if „ is constant, is the equation of an ellipse of semi-axis cosh « and sinh u. 


Also, 


cos v 


cosh u and 


sin v 


= sinh u 


and, by squaring and subtracting, noting that cosh 2 u sinh 3 u 1, 


cos 2 v sin* v 


which, if v is constant, is the equation of a hyperbola with semi-transverse ax.s 
= cos v and semi-conjugate axis — sin v. 
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•• 1 + sin 4» -f /cos 4> _(1 -f sin 4> + * cos 4P _ 

1 + sin 4> — i cos ^ (I + sin $ — i cos *) (I + sin 4> + I cos 

(1 -f sin ^)* + 2/ (1 + sin ^)cos ^ — cos*^ 

(I + sin *) 2 + cos 2 <f> 

(1 -f sin 4>)* + 2/(1 + sin •}>) cos <t>— (1 — sin 2 ^) 
~ 2(1sin *) 

= *.(I + sin 4> + 2i cos <t> — 1 + sin 
= sin <t> + / cos 4> 


= cos (i ” *) + , sin (i~ *) 


*» cos (l/irr — n<f >) + / sin (Inn — n<f >) 


Or, if 4 , — \n — 2/, cos ^ = sin 2/ and sin ^ = cos 2/, so that 

I + sin 4 -f / cos 4 1 + cos 2/ + / sin 2/ 2 cos 2 / -f 2/ sin / cos / 
1 + sin ^ — / cos* " I + cos 2/ — Zsin2/ ” 2 cos*/ - 2/ sin/cos/ 

cos r + / sin / _ (co s / + / sin Q 2 
“ cos / — / sin / " cos* / + sin* / 

= (cos 2 / - sin 2 /) + 21 sin / cos / 

«= cos 2/ + / sin 2/ 

Given expression » (cos 2t + i sin 2/) n 
= cos 2/i/ -f / sin 2/7/ 

= cos (Jmr -/»*) + / sin ($/»»r - //^) 


27. Logarithmic Functions. If t> u = x, where a: is real and positive, 
then u = log at, and there is but one real solution of this equation. 
The logarithm of a complex quantity z is defined in similar manner, 
i.c. if z = e then w = log z, but it will be shown that in this case 
log z has infinitely many values. 

If z = x + iy and w = u + />, the relation z = e" becomes 

at + iy = e u + '* = e u . e iv = e u (cos v ■+• / sin v) 

Now x -f* iy = /’[cos (0 -f 2/itt) -f / sin (0 -f- 2/itt)], where /i has 

any integral value, r = -f- Vx 2 -f y 2 , and 0 = tan -1 - is the principal 
value of the argument. x 
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Hence r cos (0 -f 2 nrr) + /> sin (0 |- 2/irr) - e u cos v |- ie u sin »• 
Equating real and imaginary parts, 

c u cos v — r cos (0 -|- 2nn) 
and e u sin v = r sin (0 1- 2nn) 

whence e u = r and v = 0 + 2/nr 

Since u and r are both real, u is identical with the logarithm of r, 

i.e. u = log r = log Vx 2 -f y 2 

Thus, w = u + iv = log Vx 2 4- v 2 4- ‘ (0 4- 2nn) 

or log z = log Vx 2 4- y 2 + i (2mr 4- tan -1 '-^ . . (IV.38) 

The principal value of log z is that obtained by putting n = 0, 
i.e. the one in which the argument has its principal value. Frequently 
the symbol Log z is used to denote the many valued form of the 
logarithm of r, and logz to denote the principal value, thus, 

Log z = log Vx 2 4- y 2 4- i (2mr 4- tan -1 ^ . (IV.39) 


and 


log z = log Vx 2 4- y 2 4- / tan 1 ^ 


. (IV.40) 


If in (IV.39), y is assumed to be zero, and x positive, then 

Log x = log x 4- 2 niri . • (IV.41) 

which shows that any positive quantity has a real logarithm logxand 
infinitely many imaginary logarithms which are given by adding a 
integral multiple of 2ni to the real logarithm. . tiw 

Again, with y = 0 and x negative, say — x l9 where x, is posit , 

then (IV.39) gives 

Log (— x,) = log x, + i(2nn + it) ■ (IV.42) 
since here the principal value of the argument of r is such that its 

cosine is — = - 1 and its sine is 0, so that this principal value is n. 
Xl 

If n = 0, (IV.42) gives 

log(-x,) = log x 1 + ni 


. (IV.43) 
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which shows that the principal value of the logarithm of a negative 
quantity is the sum of the ordinary logarithm of the absolute value 
of the quantity and xri. 

Now assume x = 0; then (IV.39) becomes 

Log (/}•) = log y f # • • (IV.44) 

y 7r 

since here tan -1 - = tan -1 co = - 
x 2 

Thus, the logarithm of a purely imaginary quantity is the sum of a 
real logarithm and a many-valued imaginary quantity. 

EXAMPLE 

(a) Show that (i) loe * = 2 i tan” 1 - 

& x — ly x 

(ii) Log (I +i)-l log 2 + / (2/m + ~ ) 

(/») Show that the principal value of Log sin (a- \• iy ) is 
cosh 2 y — cos lx 


l log-—--f i tan -, (cot x tanh y) 


(a) (i) Let 


l°g —-V - U + iv; then * = r M + 

0 x — iy x - iy 


1 r 


Now 
and 
I fence 

Equating real and imaginary parts. 


x + i y (x + iy)' x*- y' . 2xy 
x- iy x* I- y* “ x* + y 3 'x’ + j 


iy a:* + y 3 .v 3 + y 3 ’ ' a* » y 1 
r M -f ir = = e u (cos v -f* / sin »•) 

v 3 — y* 2xy 

. cos v + iV" . sin v = + 1 f 


and 


c u cos v = 


sin v = 


**+■>* 


lev a: 2 tan 0 

" “ *»-/* ” t 

1 « 


= tan 20 


so that »• — 20, where 0 = tan 


-i y 


By division 
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By squaring and adding, 

ail (-V s - V s ) 2 1 4a V ( v 2 I 

•' ~ if i- .>“)= (v= i v->- 

so that 2m = 0. i.e. u = 0 

Hence log —? = HO = 2i tan-' \ 

®.v — #v - r 

(ii) Letting Log (I 1- i) = m t- iV, and proceeding as above, we find 


so that 

e" cos v = 1 and c u sin v = 1 
tan v = 1 and e iu = 2 

Hence 

v = 2 im + u = \ log 2, 

and 

Log (1 + 0 - J log2 + / (2/m + j 


(6) If Log sin (x + i» - u + /v, then 

sin (x + i>) — e“ + iv * e u (cos v + i sin »•) 

Now sin (x + Iy) - sin x cos <> + cos x sin Iy - sin x cosh y + Icoixsinhy 
Hence, sin x cosh y + t cos x sinh y = e- cos v + /. *“ 11 

It follows that e“ cos v = sin x cosh y 

and e u sin v — cos x sinh y 

which give tan v - - cotx tanhi.e. r = tan- (cot * tanh y) and 

e iu =» sin* x cosh* y + cos* x sinh* y 

=- (1 - cos* x) cosh* y + cos* x(cosh* y- I) 

=» cosh* y - cos* x 

= *(1 + cosh 2 y) - i(l + cos 2 x) = J(cosh 2 y - cos 2 x) 
cosh 2 y — cos 2x 

so that u = £ log 2 

Thus, the principal value of Log sin (x + iy) is 

j log cosh 2y- cos 2x + . un _i (col x tanh y) 

28. General Power w*. The function w* is defined by the relation 

w x — 


whether w and z be real or complex. 

The principal value of w* is given by 

= e *iot«, 

where log w is the principal value of Logoi’. 


. (IV.46) 
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EXAMPLE 

(i) Show that 2* = e~ 2nn (cos (log 2) + i sin (log 2)J, where n has any 
integral value. 

(ii) Find the principal value of /' 

(i) By (IV.45), 2' = e' ^ 2 , and by (IV.41), Log 2 = log 2 + 2n*i 
Hence 2‘ = + 2 »*»'> 

= fi tog 2 — 2 nn 


i.e. 

(ii) 

Hence 


= e - 2 Itn x gi log 2 

2* = e- 2n " (cos (log 2) + / sin (log 2)J 

i* = *» Log i t an j by (IV.44), Log / = / ( 2nn + - 

/. = + 1 ) 

= e - ( 2 " + 1 ) 


The principal value e 2 is obtained by putting n = 0. 


29. Continuity. If z = x -f iy and Z = /(r) =/(* + /» = w + 
where u and v are real functions of the variables x and y % z and Z 
can be represented on separate Argand diagrams or complex planes, 



Fig. 22. Graphical Representation 


which, for convenience, may be termed the z-plane and the Z-plane 
respectively. 

In this chapter we generally use the symbol Z to denote /(z), but 
the reader should note that in textbooks and in examination papers 
the symbol »v is often used instead of Z. x and y are respectively 
the horizontal and vertical co-ordinates of the point in the 
z-plane, and u and v are those in the Z-plane. Fig. 22 shows these 
two planes. P' and Q' in the Z-planc correspond respectively to P 
and Q in the z-plane. As P describes the curve PQ t P' describes the 
curve P'Q'. If, for example, u = x 2 and v = yr and P describes the 
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circle .v 2 -f- r 2 = <* 2 , then P' moves to and fro along that portion of 
the straight line u v - a- which is cut oil' bv the axes (XU and 
O'I' 

If, as shown in the figure, Q is the point z |- Az, then, since 
r = OP t z -f A: = OQ % then Az = OQ — OP = OQ -|- PO PQ. 
Similarly, AZ = P'Q'. 

Let Z = /(z) be a single-valued function of z, and let z = z, 

represent some point in the z-plane. Then, provided that/(z,) and 

Lt.f(z) exist, /(z) is said to be continuous at the point r = 

2 * 2 1 

if Lt. f(z) = /(z,). Further, since Z = // -f- i\\ each of the functions 

u and v will be continuous at z = z, if Z is continuous at that point, 
and conversely, if u and v arc continuous at z = z x , Z will also be 
continuous there. Again, Z is said to be continuous in a region D of 
the z-plane if it is continuous at every point in that region. 

30. Derivative of Function of Complex Variable. Let Az be the 
increment of z corresponding to increments A.v and Ay of x and y 
respectively. 

Then, since z = * + />, z -f Az = (x -f Ax) /‘O' + Ay) t and 
thus 

Az = Ax -f- iAy . . . (IV.47) 

As the point z in the z-plane is not constrained to move on any 
particular curve, Az can approach zero in an infinite number of 
ways. If, as Az approaches zero in any manner , the ratio 

/(z-f Az)-/(z) 

Az 

approaches an unique value, then the function Z = /(z), assumed 
single-valued and defined in a region D of the z-plane, is said to be 
differentiable at the point z in that region. The limit which the given 
ratio approaches is called the derivative of Z or/(z) at the point z, 
and is denoted by f\z). 

Thus, f\ z ) = Lt. /(Z + . . (IV.48) 

Az->0 

It is necessary to investigate the conditions under which the 
limit (IV.48) exists, i.e. under which/(z) is differentiable at any point 
in the region D . 
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Since/(z) = u -f f'v, the existence of the limit (IV.48) implies the 
existence of the limit 


, l Au 
Ll I Aj 

A.*—n' 


: 1 


Az/ 


(IV.49) 


where A u and Av are increments of u and v respectively correspond¬ 
ing to increments Ax, A y of x, y. 

As Az can approach zero in any manner, it is justifiable to assume 
first that Az is wholly real and then that Az is wholly imaginary. 

If Az is wholly real, then from (IV.47) Av — 0 and Az = Ax, and 
(IV.49) becomes 


, /Am 

itoU* ! ' 


SxJ 


.5v 

Jx + ' dx 


(IV.50) 


If Az is wholly imaginary, then from (IV.47) A.v = 0 and 
Az i Ay, and (IV.49) becomes 


/I Am .1 Av\ 

:„V7 Av 1 ' ‘ 1 A tv 


i.e. 


•C. 


, , I Am , 

Ll. \- -T-hi 

A»**n \ I Ay 

I Dm Dv 

i By * By 

Dv Dm 

1 <>y 


(IV.5I) 


The limits (IV.50) and (IV.5I) must be identical, so that 

Dm _ Dv 
Bx~~ By 


and 


Dv Dm 

Dx By 


(IV.52) 
(IV.53) 


These two relations are known as the Cauchy-Riemann differential 
equations. 

It follows that a necessary condition for the existence of the 
derivative of the function Z = /(z) is that the Cauchy-Ricmann 
equations arc satisfied. 

Suppose now that the single-valued functions u and v together 
with their partial derivatives of the first order with respect to x and y 
are continuous at any point of the region D of the z-plane and that 
the conditions (IV.52) and (IV.53) arc satisfied there. 
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Us 


Then, the limit in (1V.4S) approaches the limit ' I /' , or i 

^ ^ i'A *'A 

equivalent ^-/ V. as Ar -0 by any path whatever. There 

' 0i/ . Bv Or .0// 

appears to be a single derivative / (r) ^ ^ — i 

associated with each point of the region D. To prove that this is so 
we assume that r is given the increment Ar = Ay b /Ar, where 
A.v and Av are independent increments ot .v and r respectively. 
Using the extended form of Taylor's Theorem (Vol. 1) and retaining 
only the first powers of A.v and Ar, we have 

f(z -b Ar) = m(. y -b A.v,;- -b Ar) -b iv(x -b A.v, y + Ar) 
where u(x,y) and v<.v, y) are the values of u and v corresponding to 
those of x and y respectively. ^ ^ 

Then /(r -b Ar) = u(x 9 y) + / v(x, y) -b ^ A.v b ^ Ar 

Bv Or , 

+ 'S 4 * + ‘>y Ay 




Now, if (IV.50) and (IV.5I) are each multiplied by /, and the 
results equated, we obtain 


so that 


Bu 

Bv 

Bv 

du 

B~y 

+ i Ty- 

Bx 




(Bu 

,3v> 


= 

'fc 




(Bu 

.3v\ 

/(* + Ar) 

II 

s 

1 

\T X +‘T X ) 



(Bu 

3v\ 


= 

\r x + l r x ) 


/Ay) 


Substituting this in (IV.48) and proceeding to the limit, wc have 

+ = • < 1V ‘ 54 > 
f (z) ~ Bx + Bx By By 

Thus, in order that /(z) = w + iv may have a derivative at any 
point in a region D of the z-plane, it is necessary and sufficient** 
u and v and their partial derivatives of the first order wi i P 
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to x and y are continuous at that point and that the Cauchy-Riemann 
differential equations are satisfied there. If a single-valued function 
f (z) is differentiable at every point in a region D of the z-plane, the 
function is said to be regular (or analytic or holomorphic). If there 
are certain points in the region D at which f(z) is not differentiable, 
such points arc termed singular points or singularities of the function. 


EXAMPLE 1 

In each of the following cases determine where the Cauchy-Riemann equations 
are satisfied— 

(I) z - 2 - 5r* (2) Z = (3) Z = |*|* 

(I) Z = 2 - 5(x + iy) a = 2- 5x a + 5y a - /1 Oxy. so that u = 2 - 5x a + 5/ 

and v = - 10 xy, — - 10.*. y -= 10y, — lOy 

Dm Dv Dv Dm 
H ere ^ and ^ and the Cauchy-Riemann equations arc 

satisfied everywhere. 

,2)Z = \ so ,hi " “"ft? and 

Dm y a - x* Dm 2xy Dv 1 *y Dv y a — x a 

Dx “ (x> + y*) a *Dy ~ (x 3 + yV'Djr (x a + y’) r Dy " U* + yV 

Here the Cauchy-Riemann equations arc satisfied except at the point z « 0. 

(3) Z - |r| J - (absolute value of r) a - x a + y 3 , so that u = x a + y 3 and 

v* = o. = 1*. ^ - 2y, ^ - 0, 5 ^ - 0. Here the Cauchy-Riemann equations 
arc satisfied only at the point z *= 0 . 


,3T -- lOx. 
Dy 


EXAMPLE 2 

Show that the functions e* and cosh r arc regular, and find their derivates. 

If we write e* — e* ♦^ - ^(cosy + / sin y) — m I /»•, then u - c* cosy and 
v =* e* sin y. Here 


Dm Dv Dr _ . 

5i = ^cos > = =jj,and= ii =.«r's.n / = 




Since m, v, and the partial derivates arc continuous and the Cauchy-Riemann 
equations are satisfied, the function e* is regular for every value of z. Since 
cosh z = cosh (x + /y) = cosh x cosy + / sinh x sin y, then m = cosh x cosy, 
, . , Dm . , Dv , Dv , Dm 

v = sinh x sin y. ^ = sinh x cos y = and = cosh x sin y ■* — The 
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required conditions arc satisfied, and cosh r is regular. The derivatives can be 
obtained from (IV.54). Thus, if J U) = cosh r. then 

J \r) = sinh .v cos r t- / cosh .v sin r 
= sinh -v cosh iy j cosh x sinh iy 
= sinh (a* + iy) 

i.e. /'(-) “ sinh z 

Again, if/ (r) = <r, then f\z) = c x cos y + ie* sin y — c T (cosy + i siny) =- c* 
i.e. /'(-’) = c= 

The reader should verify that the ordinary standard forms for 
the derivatives of real functions hold good for the corresponding 
functions of a complex variable, 

e.g. = 0°& z ) == ^ ( sin r ) = cos z » and so on * 


31. Conjugate Functions. If f (z) = f(x + iy) = u + IV ls a 
regular function, then u and v, which arc real functions of the vari¬ 
ables x andy, are termed conjugate functions. Let it be assumed that 
with <f> (x, y) written for u and v in turn 


&4(**y) = d z< K x >y) 

Bx dy By Bx 


(IV.55) 


If (IV.52) be differentiated with respect to x and (IV.53) with 
respect to y , then 

3 2 m 3 2 v d 2 u B 2 v 

3x 2 ” 3x dy and By 2 ~ By Bx 


Adding, and using (IV.55), 

B 2 u 


d 2 u „ 
Bx 2 + By 2 ' 0 


(IV.56) 


Similarly, by differentiating (IV.52) with respect to y and (IV.53) 
with respect to x, and proceeding as above. 


3x 2 + By 2 


(IV.57) 


Thus, both the conjugate functions u and v satisfy Laplace s 
equation 

, _ Wx.y) , *K*y) = o . 
v a** + ay 2 


. (IV.58) 
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Solutions of the equation (IV.58) are called harmonic functions. 
This equation is of frequent occurrence in mathematical physics, 
e.g. in problems on heat flow, gravitational and electrical potential, 
and plane stream-line motion of a frictionless incompressible fluid. 

EXAMPLE 1 

Determine pairs of conjugate functions from (i) h- = iz 3 , and (ii) m — Log z, 
and verify that these conjugate functions satisfy Laplace's equation. 

(i) w = is* ^ i(x + iyf Hx' + 1 .3 x 2 y - 3 xy - if) 

if - 3x*y) + Hx 3 - 3a r) 

so that the conjugate functions arc u f 3 x*y and »• x 3 3 xy*. It is 

easily verified in this case that both u and V satisfy Laplace's equation. 

(ii) »- Log z \ log (a*’ t )') »( 2/i^ •- tan 1 ^ ), so that the conjugate 

y 

functions are u -Uog(.c 5 » y*) and »• 2 /in »• tan' 1 - 


Ou 

Here 

A 0-U 

f 

K* On 

v 0*u 


X * r y" Ox 3 

u- 

Oy 

x* + y*’ Of * 

(a* ff 

and cV^ 

0 7 u 

+ TT " 0 

<y 





Ov 

y cVr 


Ixy Ov 

A 0 *V 

2*1 

Agam, y x 

a* t f'Ox 3 

u 5 

\ y'f'O} 

a* + f' Oy 3 

(a* l- y*) a 

0*v 

and sr> 

0*v 

0 






Thc following example shows how the converse problem may be 
solved, i.c. to determine a regular function w = w + iv when cither 
u or v is given satisfying Laplace’s equation. 


EXAMPLE 2 

Determine a regular function h- «= f(z) u I iv in each of the following 
cases—(i) when v - Ixy. and (ii) when u = sinh a cosy. 

It is readily verified that the given functions v and u satisfy Laplace's equation. 


In (i) 



and. since w is to be regular. 


Ou 

Ox 



Hcncc 


On 


^ = It, and, integrating with respect to a. 


/i = ** + 4 (f) 

where 4>(y) is an arbitrary function of y. 
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Now 


and 

Thus, 

i.e. 


Or du 

= — k - . so that 

O.v dy 

2 v — — *\v), whence 4\v) ~~ /" » <\ where c is an arbitrary 

constant 

u = x 2 — v 2 4 c 

»r = -v 2 — y~ + c -I- i. 2xy 

\ 

u» = z 2 + e 


If we take c = 0, we obtain the simplest solution w z-. 

0// Or 

In (ii) = cosh a* cos / = y since »r is to Ik regular. 

Integrating with respect to/, 

r- cosh a sin/ I 

where 4>(x) is an arbitrary function of x. 


Now 


Ov 3 m 
dx “ - 0/ 


so that sinh x sin / + <f>\x) = sinh x sin /, whence <t>\x) ^ 0 and 4>(x) - c, 

where c is an arbitrary constant. 

We obtain the simplest solution by taking c = 0. 

Thus h- = sinh x cos / + / cosh a sin / 

= sinh a cosh iy + cosh a sinh iy 


i.e. 


w 


sinh (a + iy) 
sinh z 


EXAMPLE 3 

A regular function of z is such that two families of curves a and ft in the 
2 -planc correspond to two families of straight lines in the Z-plane parallel 
respectively to the u- and v-axes. Deduce from the Cauchy-Ricmann equations 
that the families a and ft intersect at right angles at all their points of intersection. 

Here u and v have constant values so that du = 0 and dv = 0. From (V.5), 
Vol. I, page 152, 

du _ du 


i.e. 


and similarly. 


( dy \ du /du 

lu K = m *~y 

/ dy \ __ _ dv /dy 
\dx/p ~ dxl dy 


and [^) p are the respective gradients of the a and ft curves. From the 


Cauchy-Riemann equations. 


du /du dv /dv 
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whence 




and this is the condition that the families a and ft intersect at right angles. 

This result follows readily from the conformal property of a regular function 
established in Art. 29. 



/ * 


v 


% 


Fir.. 23. Complex Functions 


32. Graphical Constructions for Simple Complex Functions. Fig. 23 
shows how to represent graphically a few of the simplest functions 
of z = x + />*, where x and y arc given, x and y are plotted with the 
same scale unit. The point P represents z x = i-2 + i 0-75. 

The angles XOP x and XOP arc equal and OP x = ==; then 

P x represents — 

P 2 is the mid-point of PP Xt and it is easily seen that 

P 2 represents .J ^ -f j j 
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P 3 represents r 2 = 0*875 1-/1, and P 3 P 4 is drawn equal and parallel 
to OP; then 

P x represents z x r 2 

The angle XOP$ is equal to the sum of the angles A OP and XOP 3 , 
and OP 3 = OP x OP 3 ; then 

P 5 represents z x z 2 

OP 6 = OP and the angle ATOP 6 = 2 x angle A 'OP; then 

P e represents r, 2 

O.P T = e 1 '-, and angle AW^ = 0*75 radian; then, since a point 
whose polar co-ordinates are (r, 0) is represented by re'", 

P 1 represents e l V° 75 = e !t 
Angle XOP a = angle XOP 7 , and OP s = \ then 


P 8 represents e '• 

/>„ is the mid-point of />,/>„, and, since />„ represents half the sum of 
the complex numbers associated with P 1 and P 8t we sec that 


P 9 represents cosh z x 

As z varies, P moves along a curve in the z-plane, of which QPR 
is a portion; the points P x , P t , etc. will then describe curves in the 
Z-plane, which, for convenience, we assume to be superimposed on 
the z-planc. Q X P X R X is the curve traced out by P x as P traces 

out QPR. 


33. Conformal Transformation. If z = x + iy and Z /(z) 
u + /v, then z and Z can be represented on separate complex p anes 
the z-planc and the Z-plane, there being a correspondence between 
points” of the one plane and points of the othen a'though this 
correspondence is not necessarily one-to-one^ Let D be a region of 
the z-plane in which Z =/(z) is regular. Then all the values of 
Z corresponding to points in D are contained in a wffoaD cXVm 
Z-plane, being said to map into D ’. If z moves on any curve in 
D ? Z will move on a corresponding curve in D , the latter c^ve being 
the map of the former. In the case in wlnch there is a one-to-one 
correspondence between the points in D and D the mapping 
said to be one-to-one or bi-uniform. 


5—(T.6xi) 
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EXAMPLE 


If Z z ~ —, prove that, when r describes the circle x 3 + y x = a 2 , Z describes 

a straight line, and find ns length. Prove that, if z describes the circle x 2 f y 3 = b 2 , 
where b a, Z describes an ellipse whose foci arc the extremities of the above 
line. (U.L.) 


Here Z 


a 3 (x - iy ) 


x i iy ——r - x -r iv t 

7 x + iy * x 


• aniJ sincc + y 2 “ a ~' 


Z = x + iy + x— iy = 2x + i.O 


Thus, u lx and v 0. so that Z moves on the w-axis between u = — 2a and 
a = 2/i, the extreme values of x as : describe* its circle being — a and + a. 

The length of the line described by Z is, therefore, 4 a. 

If x 2 -I y 2 = b 3 , then, from above, 

b 3 + a 3 . ,h 3 -a 2 

Z •= x • I- iy + n (x - iy) = —n— x + i L — v 


In this case i 

whence x 3 - 

Since x 3 -I y* « b 1 . 


b 3 

b 3 4- a 8 
b 3 

h'tfi 


(b 3 + a 3 ) 3 

b',4* 


b 3 
b 3 — a 3 

x and v - b j- y 


A X 
jnd ^ 

6V 


b 3 


</,* m’r' 


b 3 


ic 

ft* + a* . b 3 - a 3 , 

Thus, Z describes an ellipse with semi-axes —j— and —along the 
a- and v-axes respectively. 

The eccentricity e of this ellipse is given by 


whence 


'b 3 


e*= I- 


b 3 + a 3 


2ah 


b 3 + a 3 


4a 3 b 3 
(b* + a 3 ) 3 


b 3 + a 3 

The distances of the foci from the centre of the ellipse arc ± — b — x c, 

i.c. ± 2a, so that these foci arc the extremities of the path described by Z in the 
former ease. 
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If any two curves drawn through a point P in D map into two 
curves through the corresponding point P' in D' so that the angle of 
intersection at P of the former pair of curves is equal to that at P' of 
the latter pair, then the transformation effected by the functional 
relationship Z = /(r) is said to be conformal. 



Fig. 24. Conformal Transformation 


It will be shown that the transformation effected by a regular 
function Z = /(z) is conformal at every point of the z-plane where 
f\z) # 0. 

Let P be a point z in the region D of the z-plane and P' the cor¬ 
responding point Z in the region D' of the Z-plane, Fig. 24 (a). 
Suppose that z moves on a curve C, and Z moves on the correspond¬ 
ing curve C. Let Q be a point z + Az near to P on the curve C, 
and Q' the corresponding point Z -f- AZ on the curve C. Then 

PQ = Az and P'Q' = AZ. . 

If r, r' and 0, O' are the moduli and arguments respectively of 
Az, AZ, a the inclination to the x-axis of the tangent at P to the 
curve C, and oc' the inclination to the w-axis of the tangent at P' to the 
curve C', then 

Az = re i0 and AZ = r'e* 


* AZ 
Az 


L e w - o) 

r 


Hence 


(IV.59) 
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As Ar -> 0, 0 -> a, O' -> a', and ^7 -^~ot f\z) y so that 


/'(-") = 



. (IV.60) 


It is assumed here that f\z) ^ 0. If p is the modulus and <f> the 
argument of/'(-), then 

/'(:) = pc'* .(IV .61) 

From these two relations 

P = U . r - . (IV.62) 


and 


4> = a' — a or a' = a -F <t> 


(IV.63) 


(1V.63) shows that the tangent at P to the curve C is rotated 
through angle </> under the given transformation. Since <f> depends 
only on the function/ (r) and the point r, it is the same for all curves 
through P. Hence, if C, is a second curve passing through P in the 
r-planc and C,' the corresponding curve passing through P' in the 
Z-plane, then 0 is the angle between the direction of the tangent to 
C, at P and that to C,' at P'. It follows that the angle of intersection 
of the curves C and C, at P is the same, both in size and sense, as 
the angle of intersection of the curves C and C x ' at P'. This angle 
is y in Fig. 24 ( b ). 

Thus, the transformation effected by the regular function Z = f(z) 
is conformal at every point of the z-p/ane where f\z) ^ 0. The 
relation (IV.62) shows that in the transformation elements of arc 
passing through P in any direction arc changed in length in the 
ratio pli, where p = \f\z) |. This change in length will vary from 
point to point. 

Consider, for example, the transformation Z = z 2 . At the point 
z = 1 the linear dimensions are doubled and the angle of rotation 
0 = 0”; at the point z = 3 + y'4, the linear dimensions arc increased 
tenfold and the angle of rotation </> = tan " 1 J = 53° 8'. 


34. Geometrical Inversion. If a straight line is drawn through the 
centre O of a circle of radius k and two points P and P x are taken on 
the line, both on the same side of O, such that OP • OP x = A* 2 , 
each of the points P and P x is called the inverse of the other. O is 
the centre of inversion and k the radius of inversion. As P describes 
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any curve L in the plane of the circle, P x describes a curve L x . Each 
of these curves is the inverse of the other with respect to the circle 
(Fig. 25). 



Fig. 25. Geometrical* Inversion 


If P and Q are two points on L and P x and Q x their respective 

OP OQ 

inverse points, then, since OP . OPy = OQ . OQy or qq = ^p-, the 

triangles OPQ and OQ l P l arc similar and their angles at P and Q x are 
equal. If the angle POQ is small and is made to approach the limit 
zero, the straight line PQ will approach its limiting position PT, the 
tangent to L at P, and similarly the straight line P X Q X will approach 
its limiting position P x T lt the tangent to L, at P v Thus, in the limit 
as angle POQ approaches zero, angle OPQ -> angle OPT and 
angle OQ l P l -+ angle OP x T lt so that angle OPT = angle OP x T x , 
i.e. the tangents PT and P X T X are equally inclined to the straight line 
OPP x on opposite sides of that line. It follows that, if two curves 
intersect, their angle of intersection is the same as that of their 
inverses with respect to any given circle. 


l, 



Let L be a circle, centre C (Fig. 26) and let L x be its inverse, O 
being the centre of inversion and k the radius of inversion. Then, 
provided that O is not on L , by is also a circle. To prove this, let 
P be a point on L and Q its inverse on Ly y and let the straight line 
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OPQ cut L again in P x . Through Q draw QC X parallel to P X C to 
meet OC produced at C,, and also draw OT the tangent to L from 0. 
Then, OP . OP x = OT\ a constant, and OP . OQ = A 2 , so that 
OQ _ A 2 
OP x OT- 


= a constant ratio. Now, the triangles OC x Q and OCP x 


are similar, and 


qc x 

OC 


C X Q 

CP X 


OQ 


= constant (proved). Since OC 

ur x 


is a fixed straight line, C, is a fixed point, and since CP X is of fixed 
length, C X Q is of fixed length. Hence, the locus of Q y i.e. L l% is a 
circle, ccnirc C,. The point Q x on L x is the inverse of P x . 

If O is on the circle L , the inverse of O is at infinity and L x becomes 
a straight line perpendicular to OC. 

To sum up, if O is not on a given circle, the inverse of that circle is 
another circle; if O is on the given circle, the inverse is a straight 
line, and, conversely the inverse of a straight line is a circle passing 
through O. 


35. Examples on Transformations. Certain elementary trans¬ 
formations are discussed below. The reader should draw figures 
where necessary in order to illustrate the argument. 

(I ) Z — z n (n being a Positive Integer). It is convenient here to 
express Z and z in polar form, thus 

Z = Re* and z = re* 

Then, since Z = z\ Re* = rV so that 

R — r n . . . (IV.64) 

and <f> == nO . . . (IV.65) 

From the first of these relations it is seen that any circle in the 

r-planc having the origin as centre maps into a circle in the Z-plane 

with radius equal to the ;;th power of the radius of the original 
circle. Further, the latter relation shows that any straight line 
drawn through the z-plane origin maps into a straight line through 
the Z-plane origin whose inclination to the w-axis is n times the 
inclination of the original line to the x-axis. It follows that the 
transformation effected by Z = z n is not conformal at the origin, 
for if a is the inclination to each other of two radial lines in the 
z-plane, the inclination to each other of the two corresponding 
lines in the Z-planc is not a but nx. In virtue of (IV.65) a sector of a 

circle drawn in the z-plane with central angle — at the origin maps 

into a complete circle in the Z-plane, and, if no restriction is placed 
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on the length of the radius, the sector is transformed into the whole 
Z-plane. Obviously, only one nlh part of the r-planc maps into one 
complete Z-plane. The complete mapping of the r-plane on the 
Z-plane can be represented by the following method. Imagine n 
plane surfaces to be placed one on top of the other and a slit made 
in these surfaces along the //-axis from the origin to infinity. For 
convenience, let the surfaces be numbered I to n in order. The 

sector 0 = 0 to 0 = — on the r-plane maps into the whole surface I, 

and <f> then reaches the lower edge of the slit in that surface. Let 
</> now cross over to the upper edge of the slit in surface 2. The 


sector 0 = — to 0 = — on the r-plane then maps into the whole 

surface 2, and reaches the lower edge of the slit in this second 
surface. Again, let </> cross over to the upper edge of the slit in 

surface 3, and so on. Finally, the sector 0 = ^ to 0 = 2n 


maps into the whole surface //. These surfaces are known as Riemann 
surfaces. 

(2) Consider now the particular case Z = r 2 , which for complete 
mapping requires two Riemann surfaces. 

Putting // = 2 in (IV.64) and (IV.65), we obtain 


R = r 2 and <f> - 20 . . . (IV.66) 


It is easy to deduce from these two relations that under this 
transformation, if a circle of any radius c be drawn about the origin 
in the r-plane, the semicircular area above the x-axis maps into the 
entire circular area of radius c 2 about the origin in the Z-plane, and, 
further that the entire upper half of the z-plane maps into the entire 
Z-plane, the lower half of the z-plane mapping into the entire Z-plane 
on the second Riemann surface. 

Using rectangular co-ordinates, we have Z = (x 4- iy) 2 = x 2 —yr 
4- /'2xy, so that 

u = x 2 — y 2 and v = 2xy . . (IV.67) 


y 

Let x have a constant value c ; then y = Jc and ~ u and 

the elimination of y gives v 2 = 4c 2 (c 2 — u). 

Similarly, if y has a constant value k , it is easy to deduce that 
v 2 = 4k 2 (k 2 4- u). 

Thus, the straight lines x = c and y = k map into orthogonal 
parabolas, and, if the constants c and k are varied, a net of orthogonal 
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lines parallel to the axes of reference in the r-plane are transformed 
into a net of orthogonal parabolas in the Z-plane. Fig. 27 shows the 
parabolas in the Z-plane corresponding to the straight lines x = A, 
I, 4 ,y = A, I, 5 in the r-plane. 

Again, if it has a constant value </, the resulting curve in the z-plane 
is the rectangular hyperbola .v* — y- = </, which has the x-axis as its 



Fig. 27. Orthogonal Systems of Parabolas 

transverse axis, and if v has a constant value /, the resulting curve in 
the z-planc is the rectangular hyperbola xy = J/, which has as its 
transverse axis the bisector of the angle between the positive direc¬ 
tions of the x - and r-axcs. The former rectangular hyperbola maps 
into a straight line in the Z-planc parallel to the v-axis, and the latter 
maps into a straight line parallel to the u-axis. If the constants </ and / 
are varied, two families of rectangular hyperbolas in the r-planc, 
every member of the one family intersecting every member of the 
other family orthogonally, map into a net of orthogonal straight 
lines in the Z-planc parallel to the axes of reference. Fig. 28 shows 
the hyperbolas in the r-plane corresponding to the straight lines 
u = — 1, — A, 0, A, 1, v = — 2, — 1, 1 , 2 in the Z-plane. 

It is easy to deduce that under this transformation the region 
between two rectangular hyperbolas xy = }/| and xy = A / 2 maps into 
the infinite strip between the lines v = /, and v = / 2 . 

Suppose now that r moves on the circumference of the circle 
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(.v— a) 2 -1- v~ = 6 2 , i.e. r = a + b cos 0 1/6 sin 0, where 0 is the 
inclination to the positive direction of the .v-axis of the radius of the 
circle in any position. 

Then, if Z = r 2 , 

Z = (a -\- b cos 0) 2 H- lib sin 0(o b cos 0) — b- sin- 0 
= a 2 + lab cos 0 + b 2 cos 2 0 

+ lib sin 0(o + 6 cos 0) - 6 2 (1 - cos 2 0) 



Fig. 28. Orthogonal Systems of Hyperbolas 


Z— a 2 4- b 2 = lab cos 0 + lb 2 cos 2 0 -f 2/6 sin 0(o -f b cos 0) 

= lb cos 0(o + b cos 0) + lib sin 0(o + b cos 0) 

= 26(o + b cos 0) (cos 0 + i sin 0) 

= 26(o + 6 cos 0)e iO 

LetZ— o 2 + 6 2 = R'e* 4 '; then <f>' = 0 and R' = 26(o + 6 cos 0), 
whence R' = 26(a + 6 cos <f>) 

which is the polar equation of a lima<;on, the pole being at the 
point Z = o 2 — 6 2 . 

Thus, the circle (*- o) 2 + y 2 = 6 2 in the z-plane maps into a 
lima^on in the Z-plane. 
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If a = />, the circle touches the v-axis at the origin, and maps into 
the cardioid R' = 2« 2 (l -f cos </>'). 

(3) Z = If Z and r be expressed in polar form, i.e. Z = Re'* 

and r = re"\ then Re'* = - so that 


R - ' and -■ - 0 . . (IV.68) 

Hence, a circle about the origin in the r-plane maps into a circle 
about the origin in the Z-plane described in the opposite sense and 
with radius equal to the reciprocal of the radius of the r-plane circle. 

Let P and Q be two points on a straight line through the origin O 
in the r-planc such that OP.OQ I, i.e. Q is the inverse of P with 
respect to a circle of unit radius having centre at the origin, and let 
/*, and (?, be the images of /’and Q respectively in the real axis. Then, 
under the given transformation, P maps into Q x and Q maps into P v 
If P is outside the unit circle about O in the r-plane, Q x is inside the 
unit circle, and vice versa. It follows that points in the r-planc 
outside unit circle map into points in the Z-plane inside unit circle, 
and conversely. 

When r 0, Z is infinite, and in order that the origin O may be 
included in the one-to-one correspondence which exists between 
points inside and outside the unit circle, it is assumed that there is 
one point at infinity—called the point at infinity —which corresponds 
to the origin. 

Since r x h iy and Z — u -f /v, then Z = - can be written as 

| I u - iv 

" + h = 7+Ty or v + '> = u+Tv = 


whence 


x = —i and v 

ir -f v- 


v 

m 2 + v 2 


(IV.69) 


Now, the general equation of any circle in the r-plane is 

*= + f + 2 g x + 2fv + c = 0 . . (IV.70) 

which on substituting from (IV.69) and simplifying, becomes 

c(u* i-) -f 2 gu - 2fv + 1 = 0 . (IV.71) 

which is the equation of a circle. 
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If ( * rr= o, the circle (IV.70) passes through the origin, and the 
equation (IV.71) becomes 

2gu — 2/v 1 - 1=0 

which is that of a straight line. 

Thus, any circle which passes through the origin in the r-plane 
maps into a straight line in the Z-plane, and any other circle in the 
r-plane maps into a circle in the Z-plane. 

The relations (IV.69) give - = — so that any straight line through 

the origin in the r-plane maps into a straight line through the 
origin in the Z-plane. 

(4) Z = r -f c, where c is a Complex Constant. Let P be any 
point r and R be the point c in the r-plane. Then, if the parallelogram 
OPQR is completed, O being the origin, the point Q obviously 
represents z + c. If now the *- and /-axes are assumed to be the 
u - and v-axes respectively of the Z-plane, Q is the point in that plane 
which under the given transformation corresponds to the point P 
in the z-plane, Accordingly, this transformation maps a figure 
in the z-plane into a figure in the Z-planc of the same shape and 
size, the latter figure being the former translated through the vector c. 

(5) Z = cz, where c is a Complex Constant. Let Z = Re'\ 
z = re i0 and c = r x e i0 \ where r, and 6, are fixed. Then Re'* 
= rr^ 0 + so that R = rr x and <f> = 0 + 0 X . Thus, by this trans¬ 
formation the radius vector of any point z in the z-plane is altered 
in length in the ratio r x \ 1, and is rotated through angle 0 X . Accord¬ 
ingly, any figure in the z-plane is thereby transformed into a geo¬ 
metrically similar figure in the Z-plane.^ 

For example, if c = 1 + il = V2e\ a rectangle OABC whose 
sides OA = a and OC = b lie along the x- and y- axes respcct.vely 
of the z-plane maps into a rectangle io which O v A y = V2a 

and OyCy = Vlb lie along the bisectors of the angles between the 

w- and v-axes of the Z-plane. . _ . 

Also, under the transformation Z = (0 -f /l)z, the infinite strip 
of the z-plane contained between the lines x = 0 and x = a maps 
into the infinite strip of the Z-plane contained between the lines 

v = 0 and v = a, since 0 + / l = e'z 

(6) Z = CiZ x -f c 2 , where c x and c 2 are Complex Constants. Inis 
transformation is a combination of (4) and (5), and results in an 
expansion or a contraction of the radius vector of any point z in 
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the z-plane in the ratio r,: 1, where r x = | r, |, a rotation of the radius 
vector through angle 0 X = arg. c lt and, finally, a translation through 
the vector c 2 . 

For example, the function Z = (0-4 + i0 3)z -1- 1 — /2 transforms 
the square OABC in the r-plane having the origin O and the point 
2 -f /2 as diagonally opposite corners into the square oabc in the 
Z-plane shown in Fig. 29. 



In cases (4) and (5) above graphical constructions for finding the 
point in the Z-planc corresponding to any point in the r-plane arc 
simply the constructions for finding the sum and product of two 
complex numbers. Case (6) involves a combination of these two 
constructions. 

(7) Z = where c„ c 2 , c 3 , c. are Complex Constants and 

C 3 Z "t" C| 

c i c 4 — C 2 C 3 ^ 0- This transformation is known as the bilinear or 
Mdbius transformation. Note first the necessity for the restriction 

c i c 4 — C 2 C 3 # 0, for, if CjCj — c 2 c 3 = 0, C ' Z ^~- r2 either has a constant 

e 3 z + c 4 

value or is meaningless. Under this transformation every point in 

the z-plane, except the point z = — 
point in the Z-plane. 

By division the transformation can be expressed as 


has a unique corresponding 


7 _ £l . C&-C& 

C 3 + c 3 2 
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C, C 2 C 3 — C X C 4 C| 

where \\\ = —, ir a =-» an( ^ »*3 — — « 

<3 r 3 C 3 

Let M’j = and z — u* 3 = re* 0 ; then 


Z- 


H* 


r 


(IV.72) 


(IV.73) 


Let P (Fig. 30) be any point z and P 0 the point tv, in the z-plane; 
then P^P = z- n» 3 , i.e. the length P 0 P = r and the inclination of 



P 0 P to the real axis is 0. In P 0 P (produced if necessary) find the 
point P, such that P^P . P 0 P, = >" other words, find the inverse 

of P with respect to the circle having centre P 0 and radius — V a. 

Then length P 0 P X = \ Through P 0 draw a straight line / inclined 

at angle 0~U to P 0 P „ and let P,M perpendicular to the line / 
be produced its own length to P 2 . P 2 is thus the reflection of P } in 
the line /. The inclination of the straight line P 0 P 2 to ‘he real axis is 
seen to be 0 - (20 - <j>) = <f> - 0, and since length P 0 P 2 = length 
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P 0 P l = PqP 2 must be equal and parallel to the vector Z— in 

the Z-plane. Hence, if Q 0 is the point u, in the Z-plane and Q 0 Q is 

drawn equal and parallel to P 0 P 2 , then Q^Q = Z — u„ and Q is 
the point in the Z-plane which by this transformation corresponds 
to the point P in the r-plane. For convenience the x- and y -axes 
in Fig. 30 are now assumed to be the //- and v-axes respectively of the 
Z-plane. It follows that the bilinear transformation may be regarded 
as being effected by an inversion, a reflection, and a translation. Of 
these the last two do not alter the shape of a figure and the first 
(see transformation (3)] maps circles into circles, or, as limiting 
cases, straight lines. The given transformation, therefore, maps 
circles into circles with straight lines as limiting cases. 

Suppose that Z„ Z 2 , Z 3 , Z 4 are four points in the Z-planc cor¬ 
responding respectively to four points z„ r 2 , z 3 , z 4 in the z-planc. 
Using (IV.72), we obtain 



.c. 


Z,-Z 2 


U’i 


(*1 - »»' 3 ) (-2 - W *) 


(m - - 2 ) 


with similar expressions for Z, — Z 4 , Z 3 — Z 2 , and Z 3 — Z 4 
It is easy to deduce that 


(Z 1JL Z 4 ) (Z 3 — Z 2 ) (Zjr- z 4 ) (r 3 - z 2 ) 
(Z t - Z 2 ) (Z 3 — ZJ (z, - z 2 ) (z 3 - z 4 ) 


(IV.74) 


The expression on the right-hand side is known as the cross-ratio 
of the four points r„ z 2 , z 3 , z 4 , and the equation shows that a bilinear 
transformation leaves the cross-ratio unaltered. 

Dropping the sulfix 4 in (IV.74), we have 


(Zj — Z) (Z 3 — Zo) _ z) (z 3 z 2 ) 

(Zj ZJ (Z 3 — Z) (Zj zj (z 3 — z) 


(IV.75) 


This equation, when solved forZ, gives the bilinear transformation 
which maps the points z„ z 2 , z 3 into the points Z„ Z 2 , Z 3 . Also 
since a circle is uniquely determined by three points on its circumfer¬ 
ence, the equation gives the transformation required to map a 
given circle in the z-plane into a given circle (or straight line) in the 
Z-plane. 
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EXAMPLE 1 

Determine the bilinear transformation required in each of the following cases— 

(i) To map the points r = I, — I. / into the points Z = /. - /. 3 respectively; 

(ii) To map the points r — 2, — I. — 1 + /3 into the points Z = 0, co. 
— l+i respectively. 

(i) In terms of the ratios a, p % y of c„ c 2 . c 3 respectively to c 4 , the bilinear 
transformation may be written as Z = and the substitution of the given 

values of z and Z in this relation gives 

. a + ft 


- i 


y + r 

— a + P 
-y+\ 

/a + p 


.e. a + p- iy = i 
, i.c. a - p + iy - i 


-3-*TT i.c./« + /> + /3y--3 
2 a = 2 i, so that a — i 


(1) 

( 2 ) 

(3) 


Adding (1) and ( 2 ), 

From (1) p = /y, and substituting in (3), — 1 + iy + *3y = — 3, whence 
y-/ land*- — *. 2 * + / 

Hence, the required transformation is Z — + j ol z z — n 


Otherwise, substituting the given values in (IV.75), we obtain 

Z)(—3 + q (1 - *)(/ +_!) whjch reduces 
/2(— 3 - Z) 2</-z) r- ' 2 

(ii) We can use the ratio method as in (i), but in this case there is an 
method. Since Z - 0 when 2 - 2 and Z - co when z - - I, the required 

transformation must be of the form Z = A where A is a complex quantity 

whose value has yet to be found. Substituting Z - - 1 + / and z - - 1 + '3 
in this expression, we have 

- 3 + i3 . t j.c. _ 1 + i - A(1 + /), so that A 


- 1 + 
reduces to A = /. 


/3 


I + / 


, and this 


/(z- 2) 
z + 1 


Hence, the required transformation is Z 

We can also use (IV.75) here, the left-hand side of this relation becoming in 

this case f^f, since Z 2 is infinite, and by substituting the given values we 

obtain °~ Z _ = (2- z)(' 3 ) which reduces to Z = ** y 

obtain _ j + /_ z “ 3 (- 1 + /3 - z) f 2+1 
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EXAMPLE 2 

If 2 , = x x -r iy x is any given point in the upper half of the 2 -plane, i.c. if 
y x > 0, and z x is the conjugate of 2„ i.e. z x — x t — iy lt show that the transforma¬ 
tion Z = Z —~ maps the half-plane y > 0 into the unit circle |Z| < I. 

Since 2 - 2 j = (x - .r,) + i(y - y x ) t 2 - 2 , = (x - x x ) + i(y -f y x ), and 

the condition Z\ < I is equivalent to ( x - a:,) 2 + (y - y x )* 

< (x x x ) 2 + (_>• t which reduces to y x y > 0. Now y x is given positive, 
so that it follows that / > 0. 



(8) Z = \ (z + - Compare worked example in Art. 28. Here 
" \ . Z 1 dZ l 1 \ 

Z becomes infinite when z -= 0. Also, since -ji = J 11 — 5*1* l * ie 


derivative vanishes at the points : = ± I, which are, therefore 
critical points of the transformation. 


If z = r(cos 0 P 1 sin 0), then z + - = r(cos 0 + i sin 0) -P -(cos 0 
— i sin 0), and, since Z = u -p iv, 2 




cos 0 and v 


*('-;) si 


sin 0 


The elimination of 0 from these relations leads to 


u~ v 2 

iH) ‘H)* 


= 1 


(IV.76) 


and the elimination of r leads to 


jr _v 2 _ 

cos 2 0 sin 2 0 


(IV.77) 


From (IV.76) it is seen that each of the circles r = c and r = 


where c is constant, maps into the same ellipse, and as c is varied, 
the resulting family of circles in the r-planc maps into a family of 
ellipses in the Z-plane. Since the distance between the foci of the 

ellipses is J } -p ^ j “ \ ( r “ = I = constant, these ellipses 

are confocal. 


As r -p- 0, both the semi-major axis and the semi-minor axis of 
the ellipse -> 00 ; as r -> 1, the semi-major axis -> 1 and the semi- 
minor axis ->0; and as r -► co, both axes -> 00 . It follows that 
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both the inside and the outside of the unit circle in the r-planc map 
into the whole Z-plane, the unit circle itself mapping into the segment 
of the u- axis from u = — 1 to // - I- 1. 

From (IV.77) it is seen that straight lines through the origin in 
the z-plane map into a family of hyperbolas in the Z-plane. 
Since the distance between the foci of the hyperbola (IV.77) is 
V cos 2 0 -p sin- 0 = 1 = constant, these hyperbolas are confocal. 
Further, since the radial lines and the circles in the z-plane cut 
orthogonally, each member of the family of hyperbolas cuts each 
member of the family of ellipses orthogonally. 

(9) Z = e*. If Z is expressed as Re* and as e' + = e* . e'\ 

then Re* = e* . e* t so that 

R = e* . . . • (IV.78) 

and <f> =)' • • • (IV.79) 

The former relation shows that any straight line .v = constant, i.c. 
any straight line in the z-plane parallel to the /-axis, maps into a circle 
about the origin in the Z-plane, the radius R being > 1 or < 1 
according as x is positive or negative, and being 1 when x = 0. 
The latter relation shows that any straight line/ = constant, i.e. any 
straight line in the z-plane parallel to the *-axis, maps into a straight 
line through the origin in the Z-plane. 

It follows that the region of the z-plane between / = 0 and / — 2n 
(or between / = 0 and / = - 2 n) maps into the whole Z-plane. 
Further, the region of the z-plane between / = 0 and / = 2nn 
(or between / = 0 and / = — 2nn) t where n is a positive integer, 
maps into n Riemann surfaces in the Z-plane. 

Here -r- is never zero, so that the representation is conformal 
az 

throughout. . 

If x varies from — oo to 0 and / from 0 to 2 tt, then R varies from 
0 to 1 and <f> from 0 to 2 tt, and, therefore, the strip of the z-planc 
included between the lines y = 0 and y = 2n and stretching from 
the /-axis to infinity in the negative direction maps into unit circle 
about the origin in the Z-plane, the semicircle on the upper side ol 
the w-axis corresponding to the part of this strip between / 
and y = 7 T and that on the lower side to the part between y — n 

It is easy to deduce that the exterior of the circle corresponds to the 
continuation of the strip from x = 0 to x = <x>. 
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(10) Z = a cosh r, where a is Real. Here Z = u 4 iv and cosh z 
= cosh (x 4 iv) = cosh x cosh iy 4 sinh x sinh iy = cosh x cos y 
4- i sinh x sin/, so that 

u = a cosh x cos y . . . (IV.80) 


and 


v = a sinh x sin y 


(IV.81) 


Elimination of y from these gives 


u 2 


4 


a 2 cosh 2 a: a 2 sinh 2 x 


(IV.82) 


and elimination of .v gives 

•% 

ir 

a 2 cos 2 v 


v* 2 

a- sin 2 / 



(IV.83) 


(IV.82) shows that any straight line x = constant in the r-planc, 
i .c. any straight line parallel to the /-axis, maps into an ellipse in the 
Z-plane, the semi-axes of this ellipse being a cosh x and a sinh x t the 
foci at the points (± a t 0) and the eccentric angle /. Further, the 
family of such straight lines obtained by varying .v maps into a 
family of confocal ellipses. 

When a: — 0, the semi-major axis of the ellipse is a and the semi- 
minor axis 0. As A' is increased numerically the ellipse becomes 
less "flat," and as x -> oo, the ellipse approaches circular form. 

(IV.83) shows that straight lines in the r-plane parallel to the 
.Y-axis map into confocal hyperbolas. Every member of the family 
of confocal hyperbolas intersects every member of the family of 
ellipses orthogonally. 

If in (IV.82) .y has either of the values ± //, where // is a constant, 
the same ellipse is obtained in the Z-plane, / being assumed to have 
any value from 0 to 2n. On the other hand, if in (IV.83) the value of 

/ lies in the range 0 to - while x may have any value from — oo 

to 4 co, then, since cosh x is always positive, (IV.80) shows that 
u is positive and, therefore, the right branch only of the hyperbola is 
obtained. It is seen similarly that, if the value of / lies in the range 

jto t r, the value of .y being unrestricted as before, the left branch of 

the hyperbola is obtained. 

(11) Z = a sin r, where a is Real. Here 

u 4 iv = a sin (x 4 iy) = a(sin a: cos iy 4 cos a; sin //) 
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i.e. u -I- iv — a( sin .v cosh r -f- / cos .v sinh /) 
Equating real and imaginary parts, we have 

u - a sin x cosh / 

and v — a cos .v sinh / 

If y is constant, then, since sin- .v -|- cos 2 .v = 1, 

•> •> 

ir v- 

a- cosh 2 y ^ a 2 sinh 2 y 
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. (IV.84) 
. (IV.85) 

. (IV.86) 


Thus, the family of straight lines in the r-planc parallel to the 
x-axis corresponds to the family of confocal ellipses in the Z-planc 
obtained by varying/ in (IV.86). 

From (IV.84) and (IV.85) it is seen that, if v has a constant value 

+ /<, then, as a: varies from — ” through zero to u varies from 

— a cosh fi through zero to a cosh //, and v varies from zero to 
a sinh /i and decreases again to zero. Thus, by this variation the 
half of the ellipse (IV.86) above the w-axis is covered. It is easy to 
deduce that, if y has a constant value — /*, and a: varies as above, 
the half of the ellipse below the w-axis is covered. 

If, now, x is constant, then from (IV.84) and (IV.85), since cosh 2 / 

— sinh 2 v = 1, 

. .2 v 2 

_ a --1— =1 . . (IV.87) 

a 2 sin 2 x a 2 cos 2 x 

Thus, the family of straight lines in the z-plane parallel to the 
/-axis corresponds to the family of confocal hyperbolas obtained 
by varying x in (IV.87). 

36. Practical Applications of Conformal Mapping. The solution of 
a problem relating to the plane stream-line motion of a frictionless 
incompressible fluid yields two orthogonal families of plane curves 

— stream-lines and equipotential lines. If these curves are assumed 
to be in the z or (x, /) plane, where z = x + //, and any regular 
function iv=m + iv is taken, where w and v are separate functions 
of x and /, the conformal map in the \v or (w, v) plane also consists 
of two orthogonal families of curves. We have seen that w and v 
both satisfy (IV.58), and as this is the equation which must be 
satisfied by the stream-line function and the potential function, the 
curves in the w-plane give a second possible form for stream-line 
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flow of the fluid. As either family of curves may be taken as stream¬ 
lines, the curves give a third possible form. In stream-line flow we are 
usually given the value r c 0 at a boundary where c 0 is constant, 
or zero; if the corresponding curve in the u-plane is a possible 
boundary, the stream-lines in the u-plane apply to an actual case. 
Similar considerations apply in problems on heat flow and gravita¬ 
tional and electrical potential. For a fuller treatment of this subject 
the reader should consult The Theory and Use of the Complex 
Variable by S. L. Green (Pitman). 


EXAMPLES IV 


(I) Prove that the amplitude (or argument) of the product of two complex 
numbers is the sum of their amplitudes (or arguments), and that the amplitude 
(or argument) of the quotient of two complex numbers is the difference of their 
amplitudes (or arguments). 

If — ^ is pure imaginary, where Z is complex and a is a real constant, prove 
that in the Argand diagram Z lies on the circle on a, — a as diameter. (U.L.) 


(2) If (<i, 4- ib t ) (a. 4* ih.) — x f iy and 


a, - ib t 


Qi i-Jbj 

O; + ibj 


** u + iv. show that 


(a- — ib t ) (a 2 — ih.) — x — iy and — —jr = u — iv. 

a 2 ~~ ,n t 

(3) If z t and z 2 arc lwo complex quantities, show that 

(i) |r, + z.\ < |r,| + |x a |. and (ii) \z t - z 2 \ > |r,| - |r,| 

State the conditions under which the equality sign can be used in each of these 
two cases. 

(4) (i) If Z ■ 


4- 2 / and z - 2 + /, where /*- - I, exhibit on an Argand 


diagram Z, z. p = Zz, and q = j 

(ii) If x + iy - u + ^ and u - o(3 + e i0 )/2, a and 0 being real, find the 

explicit expressions for x and y in terms of a and 0. (U.L.) 

(5) (o) Find the cube roots of 1 + /, and represent these roots on an Argand 
diagram. 

(/>) Solve completely the equation x 3 + 8 = 0. 

(6) Find all the roots of each of the following equations—(i) a 4 + 1 = 0, 
(ii) a 4 — 1 =0, (iii) (I + x) 3 4* x 3 — 0. Show that the points in the Argand 
diagram representing the roots in (iii) arc collincar. 

(7) Express sin ix, cos ix in terms of sinh x, cosh x. 

If x 4- iy = tan (w 4* iv). prove that 

** 4- y 3 + I 
2 / 

I - x* - y 3 


coth 2v — 


cot 2m 


(U.L.) 
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(8) Using the exponential forms of sin 0 and cos 0. show that 

(i) 32 sin* 0 cos 2 0 = cos 60 2 cos 40 cos 2 0 \ 2 

(ii) 32 cos* 0 = cos 60 ; 6 cos 40 i 15 cos 20 t It) 

(9) Show that, if /i is a positi\e integer, the expression a 2 " i 2.v" cos nO i I 
can be expressed as the product of n quadratic factors of the form 

a- 2 — 2a cos [o 4- 4- 1, k having the values 0, 1. 2. . . . (// - I) 

(10) If - = x 4- iy, Z = it 4- i»\ and Z = n \z 4- h\, where »»-, -= r,e f0 » and 
»» 2 = -v 2 4- i> 3 are fixed complex numbers, show that 

a =* ~ ((// - ATj) cos 0, 4- (»• - y 2 ) sin 0,] and 


y = y [( v — y 2 ) cos 0i — (m — A 2 )sin 0,1 

(11) Assuming z = cos 0 4- isinO and using the formula which gives the 
sum of n 4- 1 terms of the geometric scries 1 4 - z 4 - z* 4 - ** 4 - . • ., deduce that 


nO . (/i 4- 1)0 


(i) 1 4- cos 0 4* cos 20 4- ... 4- cos nO = 


cos y sin 


sin ^ 


nO 


(ii) 


sin 0 I- sin 20 4- ... 4- sin nO =■ 


sin y sin 


0 

2 

(/i 4- 1)0 


sm 2 


(12) Show that the nth roots of unity arc represented by the vertices of a 

regular polygon of n sides inscribed in the circle \z\ I , and show further that 
if these roots are 1, cu, co*.w n_1 , then 1+w » to* 4- . . . + « J °- 

(13) If z = a 4- iy, express sin z and cos z in the form // 4- iv, and hence show 
that sin z vanishes if, and only if, z = kn . and cos z vanishes if, and only it. 
z — (At 4" JX where * is zero or any positive or negative integer. 

(14) If x and v are real, show that cosh (a 4- iy) 4* cosh (a - ly) and 
sinh (a 4- iy) 4- sinh (a - iy) are real, and find their values when a * 0-5/1 
and y = 1-117. 

(15) The functions cosh VZY and JJ sinh Vz? occur in transmission line 

calculations. Exprcsseachofthesefunctionsinthcformr[0]whenZ = 80 +j 200 

and T = 0 + /00025. . , 

[Note. In electrical engineering/ is used in place or /.J 

(16) Express in the form u 4- iv — 

(i) sin (a — iy) t (ii) cos (a - iy), (Hi) tan (a 4- iy), (iv) tanh (a - iy). 
Evaluate u and v in each case when a = 1 and y — l. 


(17) Prove that (i) tan J (a 4- iy) 

(ii) tan a 


and y 
sin a 4- i sinh y 
cos a 4- cosh y 

i \ e 2,x 4-1 / 
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(18) Express in the form A 4- iB, where i 5 = — 1, 

(I 4- 0(2 + 0 /FT/. (rr i\ 

(.) —. (II) V yzrj- ("0 cos V4 + 2/ 

If x + iy = t + j and / = re~ show that the locus in the (x, y) plane corres¬ 
ponding to r = constant is an ellipse, stating the lengths of its semi-axes, and 
determine the locus corresponding to 0 = -, when r varies. (U.L.) 

(19) Express in the form u 4- iv — 

(i) Log 2, (ii) log (I 4- iV3), (iii)log(»r-/v / 2), 

(iv) log(— 1 4- i2), (v) log (— 3 - 14), (vi) (I 4- /)*-', (vii) 3* 

(20) Establish the following relations— 

(i) Log(— 3) - log 3 4- i(2/» 4- I )* 

(ii) Log (#2) = log 2 4- i(2n 4- A)» 

(in) x 1 e" -"” (cos (log x) 4- / sin (log a:)) 

(iv) i x = cos {(2/i 4- A)*.vJ 4 i sin ((2/i f *)"*} 

In (in) and (iv) x is real. 

(21) Show that 

(i) log(-!)-/», (ii) log / - 

(iii) log (- 0 ■ — (iv) log (cos <f> 4* / sin <f>) = i<t> 

(V) log—2ilan->^ 

(22) (a) Express tanh (x 4- iy) in the form »/ 4- iv. 

x -f* iy 

(A) If tan —= u + fv, prove that 

__sin x _ _sinh y _ 

“ ~ cosx + costly an v “ cos x 4- cosh y 

(23) (a) Prove that (sin (0 *- 4>) — e io sin ^J n = e _i "4sin n 0. 

(A) If tan (x 4- iy) =* sin (a 4- ip), show that 

tan x sinh 2 y = tanh 2 p sin 2 x 


(24) (a) If sin (x 4- iy)*^rc i0 , show that 

r = \ 7 A (cosh 2 y — cos 2x) and 0 = tan “'(cot x tanh^) 


and deduce that 


y 


= \ log 


cos (x 4- 0 ) 
cos (x — 0) 


(A) If cos (x 4- i y ) = re' 0 show that 

r = \/A(cosh 2 y 4- cos 2x) and 0 = tan -, (— tan x tanh^) 


y = i log 


sin (x — 0) 
sin (x 4- 0) 


and deduce that 
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(25) If sin 0 - cosec r. where 0 is real and r -= a !- i»\ show that 

2 // -| 1 

z — - —— 7T ± # log,, cot \{n* I 0) 


(26) Show that, if r and y are real. r iv = cos (»• log r) ! i sin (^ log r). Deduce 
that if z = re' 0 , and a and v are real, 

z* + 'V = r x e"v° (cos (xO |- y log r) |- / sin <a0 -|- y log r)J 

(27) Show that the principal value of Log sin (a ! iy) is 

\ log \(cosh 2 y — cos 2a) 4- / tan~Hcot a tanh v) 

(28) State which regions in the z-plane are denoted by the following inequalities 

(1) |z| < a, where a is a positive real number. 

(2) jz — zj < a, where a is as in (I) and z, is a fixed complex number. 

(3) \z-2\ £ 1. 

(4) - - < arg. z < j 

(5) |4z — 1| > 5. 

(29) Given that z x =- 0-6 4- i 0-8 and z 2 =■ 1 4- /0-5, draw a diagram showing 

the points z x 4- p z x + z 2 , z 4 z 2 , z»*. I**, i cosh z x 

If a point z in the (a, y) plane traces out a circle having its centre at the origin 
and passing through the point z lt draw the locus of each of the points representing 

■» and $ ( z 4- j) 


(30) If a + ip is a root of the equation 

tfoz" 4- 4- a 2 z n “* 4- ... + <*„= 0 

where a 0 , a x% a 2 , etc., are real numbers, show that a — ifi is also a root of this 
equation. 

(31) A point P is represented by the complex number z. Determine the locus 
of P in each of the following cases— 

(i) arg. z = constant, 

(ii) |z| = constant, 

(iii) |z — z,| — constant, where z x represents a fixed point, 

(iv) | z- Z|| 4 - |z— z 2 | = constant, where z x and z 2 represent fixed points, 


(v) 


z — z, 


constant, z x and z 2 being as in (iv). 


What does the locus in (v) become when the constant has the value unity? 

(32) The vertices A, B, C, D of a square are represented by the complex numbers 
* 1 . * 2 . *3, *4 respectively. 

(0 If z x = - 1 4- /2 and z 2 = 2 - i2, find the possible values of z 3 and z 4 
(ii) If z, = — 2 4- /3 and z, = 6- /l, find z, and z 4 
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(33) Find whether or not the following functions are continuous at the points 
indicated— 

(i) /(r) = (z — a) 2 , at the point z —a. 

(n) /(z) — —_ at the point z a\ 

(in) /(z) - J, at the point z - 0; 

(iv) /(z) = z 3 , at the point a -p ib, where neither a nor b is zero; 

(v) The polynomial a p bz P cz 2 P Jz 3 -p . . . , at any point in the finite 
part of the z-planc. 

(34) Determine a regular function Z =/(z) * // + iv in each of the following 
cases— 


(i) // = — y, (ii) u = cos x cosh y, (iii) »• = y, (iv) v 


x 2 -P y a 
iiZ 

(35) If Z is a regular function of z and R and R' arc the moduli of Z and ~r 
rcspcctivcly, prove that 

y(R*) y(R 2 ) 


dx* ! dy 2 


MR) 2 


(36) Given that z = x P iy and Z — u r iv, determine u and v in each of the 
following cases, and determine also the curves in the r*planc corresponding to 
u — constant and v constant. 


(i) Z « o: -P b, where a and b arc real constants. 


(ii) Z 



(iii) Z = 


I 

z + i 


(37) Given that Z«/(z) = u + iv and that z moves on a curve y — F(x) in 
the r*planc, determine the condition that this curve maps into the //-axis of the 
Z-planc. 

(38) In an Argand diagram the point z moves along the real axis from z «■ — I 

to: = f 1. Find the corresponding motion of the point - - j (U.L.) 


(39) Express w 


z(z + i) . 


in the form a 4- ib. Determine the regions of the 


z — i 

plane within which the modulus of the function exp. (h) is greater than unity. 

(U.L.) 


(40) Apply the transformation Z = z* to the region in the first quadrant of 
the z-plane bounded by the axes of reference and the circles |z| = c t and 
|r| = c„ where c, > c, > 0. Discuss the case c 2 = 0, and show that in this ease 
the transformation is not conformal at the origin. 

(41) If // + iv = (x -P iy)*. where u and v are real, and the point ( x, y) 

describes the circle (x — 1)* + y* = I, find the polar equation of the locus of 
the point (//, v). (U.L.) 

(42) Show that under the transformation Z = i(z + c ), where c is a real 
constant, the half of the z-planc to the right of the/-axis maps into the region of 
the Z-planc above the line v = c. 


(43) Show that under the transformation Z = 1 — iz the semi-infinite strip 
x > 0 , 0 < / < I, maps into the region v < 0 , I < u < 2. 
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(44) If ii |- iv = where z = x 1 i\\ - 1. and a is real, show that the 

curves in the (.v, v) plane along which ii and »• are respectively constant are circles, 
and that they intersect orthogonally. (U.L.) 

(45) Show that under the transformation Z where c is real, (i) a circle 

about the origin in the r-plane transforms into a circle about the origin in the 
Z-plane, the latter circle being described in the opposite sense to the former, and 
(ii) a circle passing through the origin in the r-plane transforms into a straight 
line in the Z-plane. 

(46) Show that under the transformation Z = - the region in the z-plane 

defined by x > *, y > 0, maps into the region in the Z-planc defined by 
|Z- 11 < 1. v < 0. 

(47) Show that under the transformation Z - zc i0 \ where 0, is fixed, the 
figure in the Z-plane corresponding to a given figure in the r-plane is the latter 
figure rotated about the origin through angle 0j. 

(48) Show that under the transformation Z =* - the real axis in the 

z-planc maps into a circle and the imaginary axis maps into a straight line. 

(49) Show that under the transformation Z = log z any circle in the z-planc 
with centre at the origin and any straight line radiating from the origin map into 
straight lines parallel to the v- and n-axes respectively of the Z-planc. 

(50) Given the transformation Z - log z. show that there arc singular points 
at the origin and at the point at infinity. Show also that, if z, starting fro 
point — k 4- lO, describes the circle |z| =» k once counter-clockwise, then under 
this transformation Z describes a certain straight line. 

(51) If P is any point z in the z-planc. P , is the inverse of P w ‘ lh rcs P<** l ° a 
circle of radius a with centre at the origin, P 2 is the reflection of P i ,n lhc 
axis, and Q is the mid-point of the straight line PP U show that Q is the point 

*(■ + $) 

Given thatZ = j(z + y show that as z describes the circle |z| - *, where 
k> a, Z describes an ellipse. Find the eccentricity of this ellipse. 

(52) Given .hat Z = 1 [S±±« + show .ha., if z moves on .he 

circle z = ae* t then Z moves on an ellipse with semi-axes a and b and eccentric 
angle 0. 

Discuss the above transformation when b = 0. . 

Show that in this latter case the transformation is equivalent to 

Z+ a 


(rH)’ 


Z- a 

(53) Determine the bilinear transformation required in each of the followmg 
cases—(i) to map the points * = 1 + i. I - /, 1 ."Jo the P°' n "> f ‘^ o’ 

1(1 + i) respectively; (ii) to map the points z = I, - I.« into ,he P°' n 
<*>,— !+/ respectively. 
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(54) Given the transformation Z = Z ——\ t show that the unit circles about 

2 T I 

the points — 2 + iO and — I -f /I in the r-planc map into the straight lines 
m = 2 and v = I respectively in the Z-planc. Illustrate by a diagram that the 
two circles cut orthogonally. 

(55) Prove that under the transformation Z = 4a certain semicircle in 

2 — 1 

the r-planc maps into the part of the real axis of the Z-planc between // = — I 
and u = I. 


(56) Show that bv the transformation Z = / 


I - 1 
1 f 2 


the unit circle about the 


origin in the r-planc maps into the //-axis of the Z-planc, the semi-circles above 
and below the x-axis mapping into the positive and negative halves respectively 
of the //-axis. Show also that a point in the upper half of the Z-planc corresponds 
to a point inside the unit circle in the r-planc. 


(57) Show that under the transformation Z = 


I 


the semicircle |r| £ I, 


1 - 2 

y ' 0. in the r-planc maps into the first quadrant of the Z-planc. 

(58) If r, is any given point in the r-planc such that |r,| < I and r, 


is the 


conjugate of r„ show that the transformation Z = * maps the unit circle 
2 < I into the unit circle |Z| < I. r,r 

(59) Show that under the transformation Z » c* the family of straight lines 


y * mx maps into the family of logarithmic spirals R * e m 

(60) Show that by the transformation Z - c : the rectangle in the r-planc 
bounded by the straight lines x « a, x - A, y ** c, y - </, where //- c < 2n, 
maps into the region in the Z-planc bounded by circles about the origin of radii 
e n and e b and straight lines through the origin inclined at angles c and <t to the 
//-axis. Show further that the area of the region in the Z-planc which corresponds 
to the rectangle in the r-planc bounded by the lines x = 0, x = b, y =* 0 . 

rr n 

y = I) 

(61) A region in the r-planc is bounded by the lines x «= h, x = h+2k,- 
y = k, y = - k, where 0 < k < *. Determine the corresponding region in the 
Z-planc when the transformation is Z = r e , and deduce that the ratio of the area 
of the latter region to that of the former tends to the limit e** as k -#» 0. 

(62) A rectangle in the r-planc is included by the straight lines x = 0, x = 4 , 

y = 0, and y = *j. Show that under the transformation Z = cosh r the area of 


the region in the Z-planc which corresponds to this rectangle is — sinh 8—1. 

(63) Show (i) that the transformation Z = cos r is the same as the transforma¬ 
tion Z = sin r if each point in the r-planc be first translated to the right through 

a distance and (ii) that the transformation Z = sinh r is the same as the trans¬ 
formation Z = sin r if the axes in each plane be first rotated through the angle ^ 

Deduce the similar relation between the transformations Z = cos 2 and 
Z = cosh r. 
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VECTORS—SCALAR AND VECTOR PRODUCTS 


37. It is assumed that the reader is acquainted with the distinction 
between scalar and vector quantities and with the parallelogram and 
the triangle laws for the combination of vectors. In this chapter a 
single letter printed in bold italic type denotes a vector, and the same 
letter printed in ordinary italics is used to denote the magnitude or 
module of the vector. 

For example, a and a denote a vector and the magnitude of that 
vector respectively. The equation a = b implies that the two 
vectors a and b are equal in magnitude and have the same direction 
and sense. By drawing a parallelogram OABC and joining O to B t 

the reader can easily deduce that, if OA = a and AB — b y then 

OB = OA + AB = a + 6, and also OB = OC + CB = b + a so 
that 

o-f-b = bq-ci . . (V.l) 

Thus, the commutative law of addition holds for vectors. Further, 
from a vector polygon OABC in which OA = o, AB = b, and 
BC = c, it is seen that 

OB = a + 6, AC = 6 + c, OC = OB -f ~BC = (o b) H- c and 
also OC = OA -P/4C=o-F(b + c) 

so that (o + 6) + c = o + (b + c) . • ( v - 2 ) 

Thus, the associative law of addition holds for vectors. If p is any 
scalar, positive or negative, integral or fractional, then pa denotes 
a vector of magnitude pa having the same direction as a it p is 
positive and the opposite direction to a if p is negative. _^ 

In Fig. 31 OB = a -f 6, the vector sum of OA = a and AB — b y 
A 1 is a point on OA such that OA l — p x OA , and AiB x is rawn 
parallel to AB such that A X B X = p X AB. It follows by elementary 
geometry that O, B , B x are collinear and that OB x — p x Uts. 


From A OA 1 B 1 


OB 1 = OA x -F A X B X 
147 
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i.e. P x OB = pa + pb 

i.e. p{a + b)=pa + pb . . . (V.3) 

The generalized form of (V.3) can be readily deduced, namely, 
p(a + b -f c -f . . . ) = pa + pb -f pc -f . . . . (V.4) 


* 

/ » 
' i 



Thus, the distributive law holds for the product of a scalar and 
the vector sum of any number of vectors. 


EXAMPLE 


On the side BC of a triangle ABC a point O is taken such that Show 

that the resultant of the concurrent vectors pAB and qAC is (p + q)AO. 

The reader should draw the figure. 

In vector notation, 


Also, 


AB = AO - BO 
pAB = pAO — pBO . 
~AC = AO + OC 


0 ) 


Adding (I) and (2), 


qAC = qAO + qOC . 
pAB + qAC = (p + q)AO + (qOC- pBO) 


Since qOC = pBO (given), i.e. qOC — pBO 

the required resultant is (p + q)AO 


0 , 


( 2 ) 
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38. Scalar Product. The scalar product of two vectors a and b 
is denoted by a • b [alternatively by (a, b) or S ab or simply ob], and 
is defined as the product of the numerical magnitude of any one of 
the vectors and the projection of the other vector upon it. Thus, this 
product is a scalar quantity, and not a vector quantity. 

In Fig. 32, OA = a and OB = b arc two vectors of magnitudes 


B 



/ 


Fig. 32. Scalar Product of Two Vectors 

a and b respectively, and AP and BQ arc drawn perpendicular to 
OB and OA respectively. Then, by definition, 

a • b = OA X OQ or OB x OP 
If 0 is the angle between the directions of the two vectors measured 
both outwards from O, or both inwards towards O , then OQ — b cos 0 
and OP = a cos 0, so that 

a • b = ab cos 0 (V-5) 

Hence, the scalar product of two vectors may be defined as the 
product of their numerical magnitudes into the cosine of the angle 
between their directions. 

It is obvious from the definition that 

a • b = b • a . . . (V.6) 

and the order of the factors is immaterial. This is known as the 
commutative law and holds good for scalar products. 

If, in Fig. 32, AO and BO are produced their own lengths to A 

and B' respectively, then OA' = — a and OB' = — b. 

By (V.5), 

a •(— b) = ab cos AOB' = ab cos (180° — 0) 

= — ab cos 0 
a •(— b) = — a • b 


so that 


(V.7) 
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Similarly, 

(— a) ■ b = — a • b 

(V.8) 




Also 

(— a) • (— b) = ab cos A'OB' = ab cos 0 


whence 

(— o) • (— b) = a • b 

(V.9) 


The relations (V.7) to (V.9) show that the rule of signs of ordinary 
algebra applies also to scalar products. 

If neither a nor b is zero and 0 = 90 , whence cos 0 = 0, then 
from (V.5) 

a-b = 0 . . . . (V.10) 

This is the condition that the two vectors are at right angles. 

If the vectors have the same direction, i.c. if 0 = 0°, then (V.5) 
becomes 

a • b = ab . . . (V.l 1) 

If b = a, i.c. if the vectors arc equal in magnitude and have the 
same direction and sense, then (V.5) becomes 

a • a = a 2 

or, as it is sometimes written, 

. . . (V.l 2) 

for 0 is zero in this case and hence cos 0 is unity. 

EXAMPLE 

Calculate the scalar product in each of the following cases— 

(t) 5 ar . (ii) 2 4 S9 ., I'S, 70 . v (iii) (8 3, 0 .)* 

In (i) the angle between the vectors is 87'— 24 . i.c. 63°, so that the scalar 
product = 6 x 5 x cos 63® = 30 x 0 454 = 13*62. In (ii) the angle between 
the vectors is 179'- 59\ i.c. 120®, so that the scalar product = 2-4 x 1*5 
x cos 120' - 3-6 x - 0-5 = - 18. In (iii). by (V.12), the scalar product 
=. 8-3* = 68-89. 

39. Distributive Law for Scalar Products. Consider the scalar 
product a • (b -f c), where b + c is the vector sum of b and c. 

By definition 

o*(b + c) = fl x (projection of vector b -f c on vector a) 
a • b = a x (projection of vector b on vector a) 
and a • c = a x (projection of vector c on vector a) 

Now, the projection of b -f- c on any straight line is equal to the 
sum of the projections of b and c on this line, so that it follows that 
fl , (b + c)=o , b-f o’c . (V.13) 
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It is easy to deduce similarly that 

a • (b + c + d . . .) = a • b \- a • c |- a • d | . . . (V.14) 

This is known as the distributive law and holds good for the scalar 
product of a vector and the sum of any number of vectors. 

Consider now the scalar product (a -| b) • (c |- d). Since a -|- b 
is itself a vector, then by (V. 13) 

(a + b) • (c + d) = (a T b) • c j (<* T b) • d 
Also, by (V.13), 

(fl + b)*c = fl*c+ b • c and (o -|- b) • d = a • d |* b • d 
Hence, just as in ordinary algebra, 

(o + b) • (c + d) = o • c + b • c + a • d -|- b • d (V. 15) 

The result (V.15) can be readily extended to the scalar product of 
vectors each of which is the vector sum of a number of vectors. 

As a particular case of (V.15), 

(o + b) 2 = o 2 4 2o*b + b- . (V.16) 

and by (V.12) and (V.5), 

(a + b ) 2 = a 2 -f lab cos 0 + b 2 • (V.17) 

where 0 is the angle between the directions of the vectors a and b. 

As an application of (V.17), consider a triangle ABC with sides 
of lengths a, b, c respectively. 

Let the vectors BC> BA, AC be denoted by a, c, b respectively. 

Then BC = BA + AC 

i.e. a = c + b 

Squaring both sides, 

° 2 = (c + b ) 2 

i.e. a 2 = c 2 + 2cb cos (180° - A) + b 2 [by (V.17)] 

the angle between the vectors c and b being 180 ° — A. 

Hence, a 2 = b 2 + c 2 — 2bc cos A 

which is the cosine formula for the solution of triangles. 

40. Work and Power. Consider the two vectors P and s, where 
P is a given force of magnitude P and * is a given displacement ot 
magnitude s. 
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If the vectors are inclined at any angle 0 to each other, then the 
work done W by the force in the displacement s is defined by the 
relation 

W = (component of P in direction of s) x s 
= (Pcos0) x s 
= Ps cos 0 

Since, from (V.5), Ps cos 0 = P • s 

then \V = P • s . . . (V.18) 

If the displacement is in the direction of the force, then by (V. 11) 
P • s = Ps t so that in this case 

W = Ps 

If P is perpendicular to s, then by (V.10), P*s = 0, so that 
W — 0, i.e. the force docs no work. W may be regarded as the work 
done by the force P acting parallel to its original direction through 
the displacement s. 

If several forces P„ P 2 , P.„ . . . act on a particle so as to move the 
particle through a displacement s, the total work \V done by the 
forces is given by 

W = P t • s -f P 2 * s + P 3 • s + . . . 

= (P, + P 2 + P s + ...)’ * 

i.e. IV = R-s 

where R = P, + P 2 -f- P 3 + . . . is the resultant of the 

given forces. 

The total work done in this case is that which would be done by 
the single force R. 

Since velocity is displacement per unit time in a given direction, 
the above argument can be applied to the case of a force P which 
acts on a point moving with velocity v, whether this velocity be 
in the direction of P or not. 

In this case, 

P • v = power, or rate at which the force is doing work. 
EXAMPLE 

A body moves a distance 60 ft in a straight path under the action of a force 
450 lb whose line of action is inclined at 35° to the direction of motion. Determine 
the work done by the force in this displacement of the body. 
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If the body moves at 2*5 fl/scc. determine the power. 

Work done by force P • s — Ps cos 0 450 \ 60 \ cos 35 ’ - 2 212 ft-lb. 

Power = P • v — Pvcos 0 - 450 x 2-5 x cos 35 — 921-5 ft-lb/scc. 

41. Unit Vectors. If i denotes a vector of magnitude 1 unit, 

then any vector, say a, having the same direction as i, can be 

expressed as 

a = ai or / = - . . • (V. 19) 

a 


The unit vectors in the directions of rectangular axes OX and O Y 
are denoted by i and j respectively. 

It follows from (V.12) that 

,-2=j2=l . . . (V.20) 

and from (V.10) that 

I • j = 0 . . - (V.21) 


the vectors i and j being at right angles. 

Let (x,y) be the rectangular and (r, 0) the polar co-ordinates of a 
point P on a plane, and let PM be drawn perpendicular to OX. 

Then, in vector notation, 

OP = OM + MP 

i.e. r = xi +)j . • • • ( v - 22 ) 


Multiplying through in (V.22) by I and j in 
and (V.21), 

r • / = x . 


turn and using (V.20) 
. (V.23) 


and r - j = y . • • • ( v - 24 ) 

Thus, the scalar product of vector OP and unit vector in the 
direction OX gives the numerical value of the orthographic projc 

tion of OP on OX, and the scalar product of OP and unit vector in 
the direction O Y gives the numerical value of the projection 

OP on O Y. 

&—(T.6xx) 
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If P x is the point (x„ r,) or (/•„ 0,), and P 2 is the point (.v 2 , y 2 ) 
or (r 2 , 0 2 ), then from (V.22), 

r l = *1* + Y\j 

and r 2 = x 2 i -f- r 2 j 

Hence, r i ' r 2 = (*i* + )\j) * (-V + )’*}) 

i.e. r , • r 2 = x x x 2 -f v,r 2 .... (V.25) 





Fig. 33. Unit Vectors 


since from (V.20) and (V.2I) 

P = p = I and i j = 0 

Now, r, • r 2 = r,r 2 cos P\OP 2 = r x r 2 cos (0, — 0 2 ); also .v, 
r, cos 0 X> v, = r, sin 0 Xt x 2 = r 2 cos 0 2t andj 2 = r 2 sin 0 2 . Substitution 
of these values in (V.25) gives, after division by r x r 2 

cos {0 X — 0 2 ) = cos 0, cos 0 2 -f* sin 0! sin 0 2 (V.26) 

Since 0 X and 0 2 can have any values, the above proof of this 
well-known formula is quite general. 

By changing 0 2 to — 0 2 , the reader can deduce from (V.26) the 
corresponding formula for cos (0, + 0 2 ), and by using the relations 

sin + j 

the two formulae thus established the corresponding formulae for 
sin (0i — 0 2 ) and sin {0 X -F 0 2 ). 

In Fig. 33 are represented three axes OX , O Y t OZ at right angles 
to each other in space, O Y and OZ being in the plane of the paper 
and OX perpendicular to the plane of the paper with its positive 


j = cos a and cos | x -f ^ | — sin a, he can deduce from 
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direction from O towards the reader. With this method of representa¬ 
tion a right-handed screw assumed to have its axis along OX , O >', 
OZ in turn would move in the directions OX % O )\ OZ if rotated in 
the senses Y to Z, Z to A\ X to > respectively. 

The unit vectors in the directions OX , OF, OZ are denoted by 
i,j, k respectively, as indicated in the figure. 

From (V. 12), i- — j- — k- — 1 . . . (V.27) 


and from (V.10), 


i • j = j • k a k • i ■ » 0 


(V.28) 


Let P be any point (.v, r, r), and let OP = r, TOP — a, YOP — 

and ZOP = y. If O/l, OP, OC are the projections of OP on OAT, 
OF, OZ respectively, and A/ is the foot of the perpendicular from 
P on the X F-plane, then in vector notation, 

OM = OA 4- /IA/ 


so that 


OP = OA/ + A/P 
OP = 04 4- /I A/ 4- A/P 


OP ^ O/I + OP 4- OC 
i. r = xi + 4- rk 

Further, from the definition of a scalar product, 

r • i = r X 1 X cos a 


Similarly, rj=y ) - • • • 

and r • k = z J 

Let P, be the point (x Jt y lt z x ) and P 2 be the point (x 2 , >‘ 2 , z 2 ), and 
let the inclinations of OP x = and OP 2 = r 2 to OT, O Y, OZ be 
a„ fii, Yi and o^, 0 2 , y 2 respectively. 

Then, from (V.29) 

r i = x x l 4- y x j 4- z x k 
and r 2 = x 2 i 4- y 2 j 4- z 2 k 

so that fx 

ri mr 2 = ( x i l + yii + 
i.e. r i * r 2 = *1*2 + T1T2 4 " z i z 2 


(V.29) 


(V.30) 


(V .31) 
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since by (V.I2) and (V.10), 

j- = j- = k- = 1 and i • j = j • k = k • /= 0 

By substituting r x = r., = r in (V.31), or by squaring both sides 
of (V.29), 

r» a JC* + + 2 * 

i.e. r 2 = x 2 + r + 2 2 . (V.32) 

Now, if (f> — P x OP 2 , r, • r 2 — r,r 2 cos also *1 = r, cos a, 
= r i cos/?, r, = r cos y, with similar relations for x 2 , y 2 * r 2 - 
Substitution of these values in (V.3I) gives, after division by r x r 2 , 

cos </> = cos x, cos x, -f cos /^, cos (i 2 -f cos y x cos y 2 (V.33) 

which is a well-known formula in three-dimensional geometry 

[sec (X.23)). If OP x and OP 2 arc at right angles to each other, 
then by (V.IO), 

ri • r 2 = 0 

so that, from (V.31), the condition of perpendicularity is 

*1*: + yot + -1-2 = 0 . • (V.34) 

or, from (V.33), 

cos x, cos x 2 -f cos p x cos ft 2 -f cos y x cos y 2 = 0 (V.35) 

EXAMPLE 1 

The terminal points P, Q, R, S of two vectors PQ = a and RS = b arc 
(2. 0 . 5). (5. 12. 9), (-3,-1. 4). and (3. 2. 6 ) respectively. Express each of the 
vectors a and b in the form xl t- )'i + rk. and calculate the scalar product a • b. 

The components of a parallel to OX, OY, OZ arc 5-2, 12 - 0 , 9- 5, i.c. 
3, 12, 4 respectively; and those of b arc 3 - (— 3), 2 — (— 1 ), 6 — 4, i.c. 6 , 3, 2 
respectively. 

Hence, by (V.29), 

o = 31 + 12/ + 4k 

and b = 61 + + 2k 

By (V.31), 0-6 = 3x6+12x3 + 4x2 

= 18 + 36 + 8 

i.c. a • 6 = 62 

EXAMPLE 2 

A particle is displaced from the point whose position vector is 51 — 5j — 7k to 
the point whose position vector is 61 + 2/ - 2k under the action of constant 
forces 101 - ) + 1 lk, 4/ + 5) + 6k. and — 2i + J - 9k. Show that the total 
work done by the forces is 87 units. 
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The resultant force R = (10/-; •- Ilk) I (41 + 5; i Ok) | ( 2/ ! j- 9k) 

= 12/ + 5 J + 8k 

The displacement s = (6/ + 2; — 2k) - (5/ - 5; 7k) 

= / -I 7; + 5k 
.’. The total work done 

= R * s [by (V.18)] 

= (12/ + 5; + 8k) • (/ + 7/ + 5k) 

= 12x1+5x7 + 8x5 
= 12 + 35 + 40 
= 87 units 

42 . Centre of Mass. Let particles of masses m i% m 2% m 3% etc., be 
situated at the points A y B t C, etc., respectively, and let O be any 
point chosen as origin. The positions of the points A t B, C y etc., 

may be defined by the vectors OA = r lt OB = r 2 , OC = r 3 , etc. 
The centre of mass G Y of the masses m x and m 2 is on the straight 

_ _ _ 

line AB such that AG 1 = — 

Wj t 


Now, in vector notation, AB = OB — 0/1 ~ f 2 — r x 


Hence, = — 77 — ( r a“ r i) 

Also, = OO, - 0/1 = 00 4 - r x 

so that OOj — r x =- — — ( r 2 r i) 

mi t *'*2 

‘ ogi = r i + (r * _ fi) 

Wj + m 2 

i.e. OG, = m,fl + m ~ • ■ • • (V.36) 

rtii “b 

If G 2 is the centre of mass of masses m Y + m 2 at G x and m 3 at C, 
then by (V.36), 

(n%i + m 2 )OG 1 ±m 2 r 3 


OG 9 = M 


(mi -f- + ni 3 



158 


PRACTICAL MATHEMATICS 


From (V.36), 

(m l 4 m 2 )OG l = m,r, -f m 2 r 2 


Hence 



m \ r \ * m 2 r 2 4 W 3 r 3 
Wj 4 m 2 4 


(V.37) 


By repealed applications of ihis procedure ihe position of the 
centre of mass G of the whole system of masses is found to be given 
by the relation 

T* m,r, • m,r., 4 4* . 

4 /Mj 4 w 3 4- . . • 


or 



(V.38) 


The formula (V.38) is equivalent to the three formulae (V.40) 
below. Let (.*, J\ r) be the co-ordinates of G referred to rectangular 
axes OX, O Y % OZ t and let (x, y t z) be the co-ordinates of any one 
of the masses m. Also let r be the distance of m from O. 


Then, by (V.29), r = xi -F vj 4 zk 

and OG = xi 4 vj 4 zk 


Substitution in (V.38) gives 


xi 4 vj 4 ik = 


Zm(xi 4 )j 4 zk) 
Zm 


i.e. xi 4 yj 4 zk 


(Zmx)i (Zmy)) ( Zmz) k 
~Zm~ + Zm + Zm 


(V.39) 


Since the vector on the left-hand side of (V.39) is-equal to that on 
the right-hand side, these vectors have equal components parallel 
to the axes of reference. 


Thus, 


and 


Sc 

y 

z 


Ztnx 

Zm 

Zmy 

Zm 

Zmz 

Zm 



(V. 40) 
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EXAMPLE 1 

Masses of 5, 2, 3.6 lb are situated at the points (1,0, I). ( 2. 3.4). (5. 2, I >. 

(4. 2, 3) respectively. Find the co-ordinates v. f\ 5 of the centre of mass ol the 
given system of masses. 


From (V.40). x *= 


v* 


6x4 


2 my 
2m 


5 x I •!• 2 x - 2 L 3 x 5 
» 5 I- 2 *• 3 }- 6 

5- 4+15 + 24 
16 

40 

~ 16 
a = 2-5 

5 x 0 + 2 x 3 4* 3 x — 2 i* 6 v 2 

16 

6 - 6 •»• 12 
16 

12 

' 16 
9 - 0-75 

. 'Lmz 5x1 I 2x4+3x-l >-6x3 

5 + g--3 + 18 
16 

28 

: 16 
z = 1-75 

= 2-5, 9 - 0-75, and z — 1*75 

EXAMPLE 2 . . , • . 

If G is the centre of mass of masses m„ «aoe’ orove^liat ° ^ S 
A y B, C, . . . respectively, and O is any point in space, prove that 

m l OA t + m 2 OB 2 + m 3 OC 2 + . • • 

= m x GA 2 + m 2 GB 2 + mfiC 2 + . . . + <"». + + 

In vector notation, OA = OC + C7/1 

Squaring and multiplying through by m„ ^ 

m,04 2 = m l OG t + lm x OG • GA + m x GA 2 

Similarly. • + 2 m,OC -CB + m 2 CB 2 

m OC* = m 3 OC* + 2 /t7 3 OC CC + /// 3 CC 2 


.)OC* 
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and so on. 

By addition, 

m t OA 2 f- m.OB 2 ; w 3 OC* ... 

= (m, f- w. • m, . . .)OG* -f 206 • (m,G/f 4- m ; Gfl + m 3 GC + ...) 
•f ni,G/l : + m.GB 2 - nt.GC * + . . . 

If in (V.38). O and G arc assumed to coincide, then -wr = 0, so that 
m x GA r m.GB 4- mfiC : . . . = 0 


Also by (V.l 2), O/l* = OA 2 . OB 2 = OB 2 , and so on. 

Hence, m,OA 2 • m.OB 2 4 m 3 OC 2 + . . . 

m x GA 2 I m.GB 2 4 mfiC 2 + . . . + (w, + m. + m 3 + . . 

43 . Vector Product. The vector product of two vectors a and b 
is denoted by a x b (alternatively by Vab or [ob]), and is defined as 



Fig. 34. Vector Product 


the vector, say V, which is normal to the plane of the vectors a 
and b and whose magnitude V is equal to ah sin 0, where 0 is the 
angle between the directions of the two vectors a and b, the sense ot 
the direction of V being that in which a right-handed screw with its 
axis in that direction would move when rotated in a fixed nut in the 
sense in which the angle 0 is swept out from a to b (Fig. 34). It is 
clear from the figure that the numerical valve of V is equal to the 
area of the parallelogram constructed with a and b as adjacent sides. 

Thus, V = a x b . • ( V - 41 ) 

and V = ah sin 0 . . • (V- 4 ^) 


The numerical value of the vector product b x a is ha sin 0, the 
same as that of a x b, but, since rotation in the sense b to a would 
move a right-handed screw in the sense opposite to that of V (see 
Fig. 34), then 

b x a = - V 

b x a = — a x b . . . (V.43) 


i.e. 
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Thus, the commutative law does not hold good for vector products. 
a x b and b x a are vectors which are equal in numerical magnitude 
but opposite in sign. 

If a and b have the same direction and sense, 0 = 0', and if 
a and b have opposite senses, 0 = 180°. In either case sin 0 = 0, so 
that 

a x b = 0 . . • (V.44) 

This is thus the condition that the vectors a and b (neither of 
which is assumed zero) have the same direction and the same sense 
or opposite senses. 

If a and b are at right angles, 0 = 90° and sin 0 = 1, so that 

V = ab . • • (V.45) 


It is evident from the definition of vector product that the senses 
of the vectors (- a ) x b and a x (- b) are opposite to that of 
a x b, while the sense of (- a) x (- b) is the same as that of 


a x b (see Fig. 34). 

Now, all these products have 
the same numerical magnitude 
ab sin 0. 

Hence 

(— a) X b = — a X b 
ax (-b) = -axb 

and 

(— a) x (— b) = a x b 

so that the rule of signs of 
ordinary algebra applies to 
vector products. 

44. Distributive Law for Vec¬ 
tor Products. Let OA = a, 

OB = b, and OC = c be three 
vectors which do not lie in one 
OBDC and join OD> Fig. 35. 



plane. Complete the parallelogram 


Then, 


OD = OB + OC = b + c 


Let OB.D.C, be the orthogonal projection of parallelogram OBDC 
on the plane through O which is perpend.cular to the vector a. 
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Since equal and parallel straight lines project into equal and parallel 
straight lines, the figure OB x D x C x% is a parallelogram. Increase the 
linear dimensions of the figure OB x D x C\ in the ratio a\ 1, forming 
the parallelogram OB.D.X'.,. 

The numerical magnitudes of a x b, a x c, and a x (b f- c) are 
respectively «/»sin AOB, ac sin AOC\ and a x OD x sin AOD 
i.e. a X OB x , a x OC x% and a x OD x 


i.c. OB 2% OC 2 , and OD 2 

Suppose now that the figure OB 2 l) 2 C 2 is rotated through 90 in its 

own plane. Then OB, in its new position will represent the vector 

product a x b, for OB, has the same direction and the same 

numerical magnitude as a x b: Similarly, OC 2 and OD 2 in their 
new positions will represent the vector products axe and 
a x (b f c) respectively. 

Hence, since OD t OB 2 + OC 2 

o x (b + c) oxb-foxc . . (V.46) 


Thus, the distributive Ian holds good for vector products. The 
above argument is general and includes the particular case of three 
coplanar vectors, the figure OB x D x C x being in this case a collapsed 
parallelogram. It is left as an exercise for the reader to find an 
alternative proof of (V.46) when the vectors a, b, c lie in the same 
plane. 

(V.46) can be readily extended to the vector product of two 
vectors each of which consists of the sum of a number of vectors, 
the method being similar to that employed in the case of scalar 
products. 

Thus, (o + b)x(c + d) = flXC + bxc + flX(l + bxrf 

(V.47) 


It is important to note that, as the commutative law does not 
apply to vector products, the order in which the terms of a product 
appear must remain unaltered throughout the operations unless 
the necessary change of sign has been made. 

For example, it would be incorrect to write (V.46) as 

a x (b -f c) = o x b -f c x o, since c x a = — axe 
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45. Free and Localized Vectors. If a vector is completely specified 
by (1) its magnitude. (2) its direction, and (3) its sense, it is a free 
vector. The sum of a number of free vectors is found by taking them 
in any convenient order and joining the starting point of one to the 
end point of another until they are all joined to form a continuous 
track made up of straight lines with the arrows all pointing the same 
way along the track." The sum of the free vectors is the vector 
joining the first starting point to the last end point with the arrow 
pointing to the latter. If any of the vectors are to be subtracted, 
the senses of these are reversed and the vectors arc then added. 
Changing the order of two consecutive vectors does not afTect the 
sum vector, as it changes the two vectors for equivalent vectors 
forming the two sides of a parallelogram opposite to those formed 
by the two original vectors, and so gives the same end point. As 
the order of the vectors can be varied in all possible ways by changing 
the order of a sufficient number of consecutive pairs, it follows that 
the sum is independent of the order in which the vectors are taken. 
Changing the order involves moving vectors parallel to themselves. 
If, however, we are dealing with forces acting on a rigid body, then 
the moving of a force parallel to itself alters the turning cfTect on the 
body. In such a case the vector representing the force cannot be 
completely specified by (1). (2), and (3) above. In addition, its 
point of application, i.c. a point on its line of action, must be given. 
A vector whose line of action is fixed is a 
localized vector. In general, forces are local- 
ized vectors; it is only when the forces all u 
meet in a point that they may be treated as 
free vectors. 

46. Moment of a Localized Vector. Let P 
be a localized vector, O a fixed point, ami 
A any point on the line of action of P. 

Let OA = a (Fig. 36). Draw OM perpen¬ 
dicular to the line of action of P, and let u 
be the angle between the directions of Pand 
a. Consider the vector product a x P. This producMs a vector 
whose direction is perpendicular to the plane containing P and a 
ol^irf other'words.^where direction is that of the -s about wh,ch 
the vector P tends to produce rotation, and whose sense is give y 
the rule in Art. 43. Further, the numerical magnitude of «. x P is 
Pa sin 0, i.e. P x OM, which is the numerical measure of the 
moment of P about O. 



Fig. 36 

Localized Vector 
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Thus, the vector product a x P represents very compactly the 
moment of the vector P about the point O. 

If P represents a force and a a position vector, the vector a x P 
represents the moment of this force about O. 

Let R be the resultant of several forces P lt P 2 , P 3 , etc., acting at 

the same point A. Then, if O is any point distant a from A and OA is 
denoted by a, the moment of the resultant R about O 

= a x R 

= OX(P, + P,+ P3 + • • • ) 

= OXP l + axP 2 + OXP 3 + ... 

= sum of moments of the several forces about O 

47. Unit Vectors. It follows from (V.42) that 

ixi=jxj=kxk=0 . . (V.48) 

where i, j, k are the unit vectors defined in Art. 41 and represented 
in Fig. 33. 

Also, from the definition of vector product, 

I X J = k; J x k = i; and fc x / = J ■ (V- 4 9) 

the unit vectors being at right angles to one another. 

Further, j x i = — k; k x j = — i; and I X k = — J (V.50) 

Let OA = a and OD = b be two vectors in space, A and B being 
the points (x lt y lt z t ) and (x 2t y 2t z 2 ) respectively, and O the origin of 
co-ordinates. 

Then, by (V.29), a — x x l + yj + x t k 

and b = x 2 i -f y 2 J + z 2 k 

a x b = (x t i + yj -F z x k) x (x 2 i + yj + r^) 

= x x x 2 i x i A- yo'J x j + rjZjjk x k 
4- (xo’J x j + Xo\ij x i) -F (z+xj x k + z x x 2 k x I ) 

+ 0’i Z J x k + y*i k x i ) 
Using the relations (V.48), (V.49), and (V.50), 

O X b = 0'l*2 - y 2 Z,)l + (m* 2 - Vll/ + (^uV2 - CV- 51 ) 
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or in determinant form, 

i j k 

a x b = .v, v, r, . . . (V.52) 

x.t v, 

Note that, if the parallelogram having 0.4 , OB as adjacent sides 
is projected on to the co-ordinate planes, the areas of these projec¬ 
tions are given by the components v,r 2 — / 2 n» r i v 2 — r 2 - Y i» anc ^ 
x O' 2 ~ x 2 )’i on the right-hand side of (V.51). 

EXAMPLE 

A force P = 4/ — 3k passes through the point A whose position vector is 
21 — 2j + 5k. Find the moment of P about the point B whose position vector is 
l — 3j + k. (Force in lb-weight, distance in feet.) 

The vector BA = (21 - 2j + 5k) - (/ - 3j + k) = / + j + 4k. 

Then, the moment of P about B = BA x P 

- (I + i + 4k) x (4/ - 3k) 

I l k 

= 114 [by (V.52)J 

4 0-3 

- - 31+ 19>- 4k 

Magnitude of moment = V(9 + 361 + 16) = 19 65 ft. 

48. Scalar and Vector Triple Products. The vector product 
b x c is a vector which may be combined with another vector a to 
form a scalar triple product a • (b x c) or a vector triple product 
a x (b x c). Consider first the scalar product a • (b x c), which is 
usually denoted by [a, b, c]. 

Let the components of a, b, c parallel to rectangular axes of 
reference OX , Of, OZ be (x lf *i), (* 2 » 72* z 2 >> C*3> )’*> z s) 
respectively. 




/ 

j 

k 

Then, by (V.52), 

b x c = 

*2 

y 2 

Z 2 



X 3 

73 

Z 3 



a-i 

a-j a k 1 

o 

• (b x c) = 

X 2 


72 Z 2 



X 3 


73 Z 3 
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Now, by (V.30), a • i = .v„ a • j 

» !, and a • k = z x> so that 

x i 

- r i| 

>* “2 = -X say 

a ' (b x c) = x 2 

*3 

}J “3 


It is proved similarly that b • (c x a) = A and c • (a x b) = A. 

Thus, a • (b x c) = b • (c x a) = c • (a x b) . (V.53) 

or in the notation indicated above, 

[o. b.c] (b, c, a] [e.fl.b] . . (V.54) 

Note that in (V.54) the letters preserve cyclic order. If that order 
is altered, a change of sign in the product results. For example, 
[a, c, b) a • (c x b), and by (V.43), cxb=-bxc, so that 
[a. c, b) o •(- b x c) = - [ a , b, c). 

The determinant A above gives the volume of the parallelepiped 
having one corner at the origin of co-ordinates in terms of the 
co-ordinates of the other ends of the edges which meet at the origin. 
Thus, [o, b, c] volume of parallelepiped having a t b, c as coter¬ 
minous edges. This is established independently as follows. Let 
the parallelogram having the vectors b and c as adjacent sides be 
denoted by the parallelogram be and the parallelepiped having 
a, b, c as coterminous edges by the parallelepiped abc. 

The numerical magnitude of the vector product b x c is equal to 
the area of the parallelogram be, and the direction of this vector is 
perpendicular to the plane of b and c. 

From the definition of scalar product, 

a • (b x c) -= (numerical magnitude of b x c) x (projection of 
a on b x c) 

(area of parallelogram be) x (height of parallele¬ 
piped abc) 

= volume of parallelepiped abc 

Similarly, it is proved that each of the scalar triple products 
b • (c x a) and c • (a x b) is equal to the volume of this parallele¬ 
piped, and the relation (V.54) is again established. 

Consider now the vector triple product a x (b x c). 

In terms of the components of the vectors parallel to the axes of 
reference, as above, 

b x c = (y 2 z 3 - y 3 : 2 )i + (z 2 x 3 — z 3 x 2 )j + (.r^ — x 3 y 2 )k 

[from (V.51)] 
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from which it is seen that the components of b \ c parallel to the 
axes of reference are i* 2 r 3 — r 3 r 2 . r.».v ; , — r 3 .v 2 , and .v 2 v 3 — .y 3 v 2 
respectively. 

Hence, from (V.52), 

i / k 


a x (b X c) 


-V, 


Ti 


-i 


.>2-3 — V 3-2 -2*3 — -3*2 *2.**3 — -V* i 

= ^XVjCVo v 3 *3. > 2 ) -i(-2 v 3 — 3* V 2^! 

= ^{ix.Cvj.Ya + r,j 3 + -1-3) — ** 3 (*i*2 + .1*1.1* 1 - -1-2)! 


Now, by (V.3I), x x x 9 + )\)' 3 + V* = a • c 
and .YjX 2 4- J^’* + z x z* = a • b 

Hence, a x (b x c) = £{br 2 • (o • c) — /x 3 • (o • b)} 

= (*2* + >* 2 i + - 2 fc ) * (° * c ) 

- (* 3 ' + } J + r 3 k) • (a • b) 
i.e. a x (b x c) = b • (a • c) — c • (a • b) (V.55) 

Similarly, b x (c x a) = c • (b • a) — a • (b • c) (V.56) 

and c x (o X b) = a • (c • b) — b • (c • a) . (V.57) 

By addition of corresponding sides of (V.55), (V.56), and (V.57), 

. x (k X c> + k x « x •) + « X (« x b) - 0 (v 5g) 

• 

Note that, since the commutative law holds good for scalar 
products but not for vector products, b • (o • c) = b • (c • a), for 
example, but a x (b x c) a x (c x b). 

Further, note that ox(bxc)is not equal to (a x b) x c. For 
a x (b x c) is a vector whose direction is perpendicular to the 
directions of a and b x c, and the direction of b x c is perpendicular 
to the plane of b and c, so that a x (b x c) lies in the plane of 
b x c. Similarly, (a x b) x c lies in the plane of a and b. In 
general, therefore, o x (b x c)and(o x b) x c are different vectors. 

49. Vector Representation of Rotational Motion. Angular dis¬ 
placement, angular velocity, angular acceleration, couple, and 
angular momentum are vector quantities. First consider angu ar 
displacement. The direction associated with it is that of the axis ot 
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Rt 


'ir-ajxr 


r 


rotation. As there are two senses of rotation, clockwise and anti¬ 
clockwise, there will be two senses of direction along the axis of 
rotation. Fig. 37 shows how these senses are related. In each case 
the curved arrow shows the sense of rotation in the angular displace¬ 
ment, and the arrow on the axis shows the sense of the vector. The 
length of the vector represents the magnitude of the displacement. 

If the closed curve be regarded as 
representing the head of a right- 
handed screw of which the threaded 
part (the axis) is screwed into a piece 
of wood, then the arrow on the vector 
shows the sense of motion of the 
screw into or out of the wood, accord¬ 
ing as the screw, viewed from above, 
is turned clockwise or anti-clockwise. 

If the angular displacement takes 
place at a uniform rate and in unit 
time, it becomes angular velocity. If 
the angular velocity is an increase of 
angular velocity in unit time, it becomes angular acceleration. 
Thus angular velocity and angular acceleration are vectors along 
the axis of rotation. 

A couple C acting on a body of moment of inertia / about the 
axis of rotation produces an angular acceleration a, where a = jC 
and as - is scalar, C is a vector with the same direction and sense as a. 


Fig. 37. Vectors 
Representing Rotations 


Consider a rigid body rotating about an axis OR (Fig. 37) with 
angular velocity to radn per sec. This angular velocity can be 
completely specified by a vector u> of magnitude to whose direction 
is that of the axis OR and whose sense is that given by the rule 
stated above. Let O be a point on the axis of rotation, and let any 

point P in the body be located by the vector OP = r. Also let v be 
the velocity of P. 

Consider the vector product to x r. Its numerical magnitude is 


tor sin POR % i.e. to x PM % where PM is the perpendicular from P 
on OR , and its direction is perpendicular to the plane POR t as 
shown in Fig. 37. 

Now v has magnitude to x PM t and its direction and sense are 
the same as those of to x r. 

Hence, v = o> x r . . . (V.59) 
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The angular momentum, or moment of momentum, relative to the 
axis of rotation is /co, where / is the moment of inertia of the body 
about that axis, and the vector /co has the same direction and sense 
as co. 

EXAMPLE 

A rigid body is rotating at 5 radn/sec about an axis OR, where R is the point 
3/ + 6/— 2k relative to O. Find the velocity of the particle of the body at the 
point I— J + k. (All lengths are in feet.) 

The distance OR = ' 3 : r 6 : + 2 : = 7 and the direction-cosines of OR arc 

y -y- respectively, so that the components of the angular velocity co of the 

body along the axes of reference are 5 x y 5 x 5 x — zj respectively. 

Hence co = ^ (3/ + 6/ — 2k) 

The position vector r of the particle is given by 

r-l-j + fc 

The velocity v of the particle is then given by 
v = co x r 

- 5 <31 t 6J- 2k) x (l-J +k) 

= 5(4/—5/-9k) 

Hence, the velocity required has magnitude |\/4 2 + 5 2 + 9 s , i.c. 7-89 ft/sec 
and its direction is that of the vector 4/ — 5/ — 9k. 



50. Differentiation of a Vector. Let the vector OR -r. Fig. 38 
define the position of a point R relative to a fixed origin O, and lei K 
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be assumed lo move in a path ARB in one plane such that r is a 
continuous and single-valued function of a scalar variable s. If R 
moves to the position R' when s receives an increment As, and, 
therefore, r receives an increment Ar, then 

OR ' = r+Ar 


The change in r = OR' — OR = RR' 


l.C. 


RR' 


The average rate of change of r with respect to s in the displace- 


* . Ar 
ment RR is 


Ar . 


Note that, since Ar is a vector and As a scalar quantity, ^ is a 

vector and its direction and sense arc those of RR'. In the limit when 

As approaches the value zero, the direction of RR' approaches that 
of RT the tangent at R to the path ARB. The limiting value ol 

^ is denoted by -y. which is called the derivative (strictly, the first 
As as 

derivative) or differential coefficient of the vector r with respect to s. 


Thus, 


,/r Ar 

c/s A. /.» As 


(V.60) 


Note that ~ is a vector whose direction and sense arc those of 
</s 

the vector RT y where RT is the tangent at R to the path ARB. 

Just as in algebraic calculus, r may possess a second derivative 

a third derivative and so on, all of which (if they exist) are 
(Is- as J 

vectors. r 

If in Fig. 38 s denotes the length of arc of the path measured irom 

some fixed point A up to /?, then 

As = length of arc RR' 

Now, from above, RR' = Ar, and, since in the limit when As 
approaches the value zero, the ratio of the length of the chord 
RR ' to that of the arc RR' approaches the value unity, the limiting 

value of in this case is a unit vector x, say, in the direction of 

the tangent at R to the path ARB. 
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Thus, from (V. 60), 


dr 

(is 


T 


(V.61) 


The following results are readily established— 

If r is a constant vector, 

$ = 0 . . . ■ (V.62) 


The derivative of the vector sum r x -f r 2 -f r 3 T . . • is given by 



v dr x dr 2 dr 2 
^ r * + r 3 + ...) = ^+^+^ 


. . (V.63) 


If the scalar variable 5 is itself a function of another scalar variable 
u y then 


dr dr ds 

__ mm ii — • 

du 


(V.64) 


The derivative of the scalar product r, • r 2 is given by 
d dr 2 . dr, 

*(*■* •'■*)“ r ‘**“ + *T* • • 

The derivative of the vector product x r 2 is given by 

d dr 2 dr, 

a (r I xrJ-r I x^ + 3 -xr. • 


(V.65) 


(V. 66 ) 


Note that in this last relation the order of the factors r, and r 2 in 
the terms must remain the same throughout, unless the necessary 
change of sign has been made. 

If in (V.60) the scalar variable 5 denotes time /, i.e. s = t, men 
(V.60) becomes 


dr r A r 

— = Lt. x 7 

dt A/— 0 A* 


(V.67) 


J gives the instantaneous velocity of /?, and its direction is along 
the tangent at to the path of R. 

to 

~ in this case gives the instantaneous acceleration of R. 
s is a scalar function of any other scalar function which defines 
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Thus r is a function of r s 0 ROW time /, or any other independent 

.... , c ~ . dr dr ds dr dr ds 

variable that defines s. By (V.64) we have ~r = ~r m -ja = ~r ' 

dr dr ds dr dr ds dr d0 ds d0 

dr = Vs'7F/ = V ds u lcre v is lhe s P ecc * °f lhc particle at R. 

If r, — r., — r, then the scalar product r x • r 2 becomes r 2 , which 
by (V. 12) is equal to r 2 . 

Substitution in (V.65) gives 

d dr dr 

ds ds ds 

d / -v ^ dr 

, c ds (r ' ) = 2r • A 


Now (r-) 


d dr . 

(r-) = 2r , so that it follows that 


EXAMPLE 


r ’ ds r r ds ■ 


. (V.68) 


Show that (i) ^-(rx^-)«rx and (ii) if r = o sin cm/ + b cos u>t, 
where o, b. cu are constants, then — orr and r x ~ -= — too x b. 

<//* dr 

ii ^ I dr \ d : r dr dr 

(i) By (V. 66 ). "7. l rx T*)*- rx Ti + -r x —j 

Since by (V.44) the term ~ x ^ is zero, then 

c/ / c/r\ </»r 

7 rx 7 =rx —r 
dl \ dt / dt 2 

(ii) ^ =* cm(o cos tut — b sin cm/) 


— = — ,„*(o sin cm/ -f b cos cm/) 

</-> 

5T “ “ '" r 

dr 

^ x — — (o sin cm/ b cos cm/) x cm(o cos cm/ — b sin tot) 


= CM(-o x b sin 2 CM/ + b x o cos 2 tot) 

(since axa=bxb= 0) 

— cm(— a x b sin 2 cm/ — a x b cos 2 cm/) 

— — wa x b (sin 2 cm/ + cos 2 tot) 
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Since sin 2 tot I- cos 2 tot = I, then r x — — <oa x b. 

tit 

51. Motion along a Plane Curve. In Fig. 39 OR is a vector 
rotating about O with angular velocity co t whilst R traces the curve 



ARB. Let OC— p and OD = a be unit vectors along OR and 
perpendicular to OR , as shown, these vectors rotating with OR and 
at the same speed as OR. Thus, the ends C and D move with equal 
speeds <o on the circumference of a circle of unit radius. By (V.67), 
the velocity of C is p, and that of D is a. Now, the velocity of C is 
of magnitude oj in the direction and sense of o, so that 

o = coo . . . (V.69) 


Also, the velocity of D is of magnitude co in the direction of p but 
in the opposite sense, so that 



(V.70) 


Let (r 0) be the polar co-ordinates of R with respect to the 
origin O and the initial line OX. Let / and / + A/ be the respective 
times in seconds at which the positions OR and OR are occup.ed. 
Then, from (V.67), if V„ is the velocity of R, 

V„ = £,orr . . (V.70 

and the direction and sense of V R are those of the vector RT shown 
in the figure, where RT is the tangent at R to the curve along which 
R moves. 
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The acceleration A K of R is given by 

° r £< v ») • • • < v - 72 ) 

Expressions for V H and A R in terms of the components along OR 
and perpendicular to R will now be found. 

Since p is unit vector along OR, then r = rp. 

Hence, V n = ~ (rp) 

= rp + rp 

Using (V.69), V„ = rp + ,„ra . . . (V.73) 

(lie unit vectors indicating the directions and senses of the com¬ 
ponents. 

Also. A lt =j'(V n ) 

= J, ( r P + ">ra) 

= rp + rp -E otra + otra -f otra 

Using (V.69) and (V.70), 

A R = rp I- rota -f- <»ro -f otra — coVp 

i- c - = (r — orr)p -f (otr } 2 otr)a . . (V.74) 

This single relation shows that the radial acceleration is r — w 2 r 
outwards, and the transverse acceleration is (hr -f 2 otr in the sense 
ol 0 increasing. The unit vectors indicate the directions and senses 
of the components. 

If r is constant, the motion is circular, and 

a h = — <o 2 rp ♦- otra . . (V.75) 

If, in addition, ot is also constant, the motion is uniform circular 
motion in which 

A n = - at 2 rp . . . (V.76) 

That is, the acceleration is entirely centripetal and of magnitude 
ot 2 r. 

If R represents a particle moving on the curve ARB, OR is its 
displacement vector, and V u and A tl are its actual velocity and 
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acceleration respectively. If OR is not a displacement, the meanings 
of V R and A lx will depend upon the nature of the vector OR. 


example 1 


A rod is rotating about one end with angular velocity to radn/sec and angular 
acceleration a radn/sec 2 , both clockwise. 'At the instant when the rod is in its 
higher vertical position a slider on the rod is moving relative to it at *• ft/sec and 
with a sliding acceleration of a ft/scc 2 , both upwards. Find (1) the actual accelera¬ 
tion of the slider, and (2) the acceleration of the slider relative to the rod. 

From (V.74), A lK = acceleration of slider 

= (r — (oV)p -I- (tor -f 2tor)a 

where p points vertically upwards and a to the right (the rotation being 
clockwise). 

Here r = a, r = v, and to — a, so that 

An = (a — co 2 r)p + (ar -|- 2 tov)a 


is the actual acceleration of the slider. 

The point R' on the rod which instantaneously coincides with the slider is at 
a fixed distance r from O and its motion is circular. From (V.75), 

An* =* — o>Vp + tor a 


*= — coVp + a ro 

The acceleration of the slider relative to the rod is A R - A K *. where 

A k — Ar' = op + 2 wva 

The beginner is apt to imagine that, because a is given as the acceleration along 
the rod, relative to it, this is the whole of the relative acceleration, whereas, as 
shown above, there is also a component relative acceleration 2xov in a transverse 
direction. This component is known as the Coriolis acceleration and is very 
important in connection with mechanisms in which there is relative sliding 
combined with rotation. 


EXAMPLES V 

(1) p Q, R are the mid-points of the sides DC t CA AB respectively of a 
triangle’ ABC. Two systems of for c es a c t at^any point O, one represented by 

~OA, OB, OC and the other by O?, OQ, OR. Show that the two systems are 

T^Mand N are the mid-poin.s of .he diagonals AC and BO_res£ec.Welyof 
a quadrilateral ABCD. Show that the resultant of the vectors AB, AD, CB, CD 

iS nfForces of 2, 4, 3 units act along the sides AB, BC CA respectively of an 

srrii^^ -- - 

BO = 3 X BC. 
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(4) At a certain instant two particles occupy positions A and B, 20 ft apart. 
The particle at A now moves towards that at B with uniform velocity 3 ft/sec, 
while the particle at B moves in a direction perpendicular to the line AB with 
uniform velocity 4 ft sec. Determine (i) the velocity of the B particle relative to 
the A particle, (ii) the shortest distance apart of the particles, and (iii) the time 
taken to reach this shortest distance. 

(5) I wo points P and Q arc located by vectors r, and r, respectively, relative 
to a point O. R is a point on PQ produced such that PR = n~PQ, and S is a point 
on QP produced such that QS kQP. n and k being constants. Express the 
location or position vectors of R and S in terms of r, and r,. 

(6) The angular points A, B. C of a quadrilateral A BCD remain fixed while 

the point D varies in such a way that forces DA and DC acting at D have theii 
resultant always along DB. Find the locus of the point D. 

(7) Calculate the scalar product of each of the following pairs of vectors— 

(') 2*i*. 3;, ; (ii) 40,|„ . 25;,, ; (iii) 3 5,;o . 3-5,w» 

(X) ABC is any triangle and // is the point in which the altitudes through 

A and B intersect. Let HA - r„ HB r 2 . and HC r 3 . Express He in terms 

° r r i imc * r i an d ^ in terms of r 3 and r,. Noting that r, and CA are perpendicular 

ami r, and B( are perpendicular, deduce that r 3 and AB arc perpendicular, thus 
proving that the altitudes of a triangle are concurrent. 

('>) Establish the following results by vectorial methods— 

0) In a triangle ABC in which A - 90 , a 3 = b 1 4* c*. 

(n) In any triangle ABC, if M is the mid-point of BC, AB 3 4- AC 3 - 2 AM 3 

r 2 BM*. 

(10) A body is displaced a distance 18 ft in a straight path under the action of 
a force „ ton whose line of action is inclined at 46 to the direction of motion. 
Determine (in It-lb) the work done by the force in this displacement of the body. 

II the body moves at 3 ft/scc along the straight path, determine the power. 

(11) C onstant forces 21 - 5 j 4 6k. I 4 2j - k. and 2i 4- 7 J act on a particle. 
Determine the total work done by the forces in a displacement of the particle 
from the point 4 i - 3/ - 2k to the point 6/ 4 > - 3k. 

(12) Show that (i) any vector can be uniquely resolved into two components 

in any two stated directions in the same plane with the vector, and (ii) any vector 
can be uniquely resolved into three components in any three stated non-coplanar 
directions. 1 

(13) Show that, with the usual notation, a vector r can be expressed as 

' = *1 + )i 4- zk 

Deduce that the magnitude of the resultant of vectors r„ r 2 . r 3 . etc., acting 

at O is \ 4 22.r in r n cosO m nt where 0 ni n is the angle between the vectors 

r,„ and r„. 

(14) Two vectors r, and r 2 arc given by r, = 21 4- 3> 4- 4k and r 2 = 

ai - 6k. Find (i) the angles between the direction of each vector and the 

axes of reference, and (ii) the angle between the directions of the vectors. 
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xJ i yj 1 z.k arc inclined 


(15) Two vectors r t = .v,I v,j I- r,k and tr. 

to each other at anslc 0. Show that 


sin 2 0 = 


O’l-S “ V--|) S » <-|-V S - I* ( v, v 2 - V. v,)- 

(.V,* I- Vr i r, 2 ) (AV | V,. 2 I r 2 =) 


(16) The terminal points P, (?. K. of two vectors PQ = a and RS = b 
are (4, - 1, 5), (3. 2. - 2). (5. 0. 1), (- 1. 2, 3) respectively. Express each vector 
in the form xl + yj + rk, and deduce the scalar product a • b and the vector 
product a x b. 

(17) The velocity of a particle A relative to a particle B is 51 I- 3 J, and the 
velocity of B relative to a third particle C is 6i — 5/. Determine the magnitude 
and direction of the velocity of A relative to C, assuming that i and j represent 
velocities of 1 ft/sec horizontally and vertically respectively. 

(18) Given two vectors OA = 3/ + 8) - 5k and OB = 10/- 6 j 1- 9k, find 
the vector AB , and deduce the inclinations of its direction to the axes of reference. 

(19) Given three vectors OP « 2/-j i k, OQ = — i 4- 2) + 3k, and 

OR = 4/ + 5) - 2k, find the vectors PQ, QR, and RP, and deduce the lengths 
of the sides of the triangle PQR. 

(20) Masses m, 2m, 3m, 4m, 5m, 6m arc situated at the angular points 
O , A, B, C , D, E respectively of a regular hexagon OABODE of side a. Determine 
the distances of the centre of mass of the system of masses from OA and OD. 

(21) Masses of 4, 8, 6, 9 lb arc situated at the points (0, 2, 3), (3, - 4, 6), 
(l t 1,-1), (- 2, 3, 5) respectively. Find the co-ordinates X, y, z of the centre of 
mass of the given system of masses. 

(22) Find the cosine of the angle between the directions of the vectors 
a = 4/ + 3j + k and b = 2/ - J + 2k, and find also the unit vector perpendicular 
to both a and b. 

(23) Find the numerical magnitude of the vector product of each of the follow¬ 
ing pairs of vectors, showing the direction of the product by the aid of a rough 
diagram— 

(i) 430% 10m*; (") 1*5233% 0‘8oo*. 

(24) A force P = 3/- 6k passes through the point A whose position vector is 
4/ _ 2J 4- 9k. Find the moment of P about the point B whose position vector 

,S (25) Given that o = 2*5 i 4 5* and b = 4-8 7 i% find the scalar product a • b, 
and the numerical magnitude of the vector product a x b. 

(26) Express the vector ~AB in the form xl + >->_+ zk where A and B arc the 
points (5, - 3, 0) and (—2, 1, 5) respectively. If CD is a unit vector inclined^ 
equal angles to the axes of reference, find the scalar and vector products of AB 

and CD. . . . . ^ 

(27) A and B are points whose position vectors relative to a point O are 

OA = a and Ofl = b. A localized vector P acts at A. Show that the moment 
of P about B is P X (a — b). 
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(28) Show that the condition <hat the three vectors a, b. c are coplanar is 
(o. b. c) = 0 . 

(29) Show that 


(i) a ‘ (a x b) = b • (a x b) = 0 

(ii) (a x b) • (c x d) = (o x c) • (b x d) - (b x c) • (o x d) 

(m) (o x b) * (c x d) 4" (b x c) • (o x d) -f- (c x o) • (b x d) = 0 

(30) A point moves on the circumference of a circle with variable angular 

velocity to about the centre. Show that the point has component accelerations 
tor along the tangent and orr along the inward normal. 

(31) A rigid body is rotating at 2 5 radn/scc about an axis OR, where R is the 
point 21—2/ • k relative to O. Find the velocity of the particle of the body at 
the point 41 • j - 2k. (All lengths are in feet.) 

(32) A thin rod OA is at rest in a horizontal position and a slider of mass m 
on the rod is distant c from O. The rod is now rotated In a horizontal plane about 
the end O with uniform angular velocity to. Show that at the instant when the 
slider is distant r from O the horizontal reaction of the rod on the slider is 
2/nw , ' / r* — c*. 

(33) If a, b, e arc functions of a variable /. show that the derivatives of the 
scalar triple product (o. b, cj and the vector triple product a x (b x c) are 
given by 


7r l °' b ■ e| 


<1 

and-o 


x (b 


- [«•£•«] - [-•>•£] 
(?*•) 


tla 

—r x 
dl 


(b x c) -f a x 


x c ax 


(>*S) 


(34) A force P is given in terms of its rectangular co-ordinates by the relation 

P = P,l + PJ -f PM 

Show that the moment of P about the origin O is 

iyP; - 2 P v V + UP, - xP ; )l + (xP y - yP t )k 
where x, y, z arc the co-ordinates of any point on the line of action of P. Show 
also that the cocllicicnts of /, J, k in this expression for the moment of P arc the 
ordinary scalar moments of P about the co-ordinate axes. 

(35) A rigid body is rotating about a fixed axis which passes through a fixed 
point O. The angular velocity of the body is a vector u> and P is a point of the 
body such that OP is represented by the vector r. Prove that the velocity of P is 
the vector product of to and r. 

A rigid body is rotating at the rate of 5 rev per sec, about an axis through the 
origin whose direction ratios arc 2. — 1,3. 

Find the velocity (in ft/scc) of the point of the body whose co-ordinates arc 
(2. 4, 3), the unit of length being I ft. (U.L.| 
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ORDINARY DIFFERENTIAL EQUATIONS I 


52. Extended Use of Operators. In Volume I we used operators 
in the solution of differential equations and showed that powers of 
the operator D in combination with constants may be manipulated, 
in a limited way, in accordance with some of the rules of algebra. 
Other rules which apply depend upon the nature of the function 
operated upon as well as upon that of the operating function. In 
applications of these differential equations we shall usually be 
concerned with first and second order equations. The general linear 
differential equation of the //th order with constant coefficients is 

d n y . d n ~ l y , d— 2 y , , _ dy 

rfx" + an ~ 1 d^ + a dx"~- + ' ' ‘ + 1 dx 

+ a 0 y = X . . (VI.l) 


where a„, a„_„ etc. are constants and A" is a function of x. If we 

write D r for 4~r. where r = 1. 2, 3, . . .(«-!),«, (VI.l) becomes 
dx r 

(a n D n + a n _iD n ~ l + a^D— 2 + . . . + a,D + a 0 )y 


/\! I 


Without loss of generality we can divide through by a„, and we 
shall assume, therefore, that a, = 1. If, with this assumption, we 
write F(D) for the expression in brackets in (VI.2), then 

F(D) = D" + + a„_ 2 D"- 2 + . . . + a t D + a 0 

(VI.3) 

and (VI.2) may be written 

F(D)y = X . • • (VI.4) 

This tells us that, if the combined operation represented by F(£>) 
is performed ony, a function of x, the result is X. In the solution of a 
differential equation y is an unknown function and X a known 
function of x! so that the relation (VI.4) really asks the quesuon- 
what function of x isy if the performance of the operation F(D) on it 
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turns it into the function A'? Before attempting to answer this 
question we must first consider the operation F(D)y. 

We saw in Vol. I that, if y = F(D)y = e v F( oc), so that we 
have the following as a first rule. 

Rulf I F(D)e v = e**F( a) . . (VI.5) 

This is really self-evident since />'(<?") = e^x', so that the opera¬ 
tion a r D r e " gives and giving r the values 1. 2, 3. etc., in 

turn, substituting in the left-hand side of (VI.5), and taking out the 
factor e*' , we obtain e^F(x). 

r ulf II F(D)e nJ X = e v F(D + a)AT . . (VI.6) 

where X is a function of .r. This is known as the shift or shifting 
transformation and is very useful, as we shall sec shortly. 

By differentiation, 

De”X = c v (D + cn)X 

D-e^X = e~[D(D -f a)A' + a(D + a)A'] 

= e~(D + a) 3 AT 

D*c”X = e”[D(D -f a) 2 AT M(/) + a) 2 A'J 
= e”(D -f a) 3 A' 

and generally, 

tf'e^AT = e~(Z) + a) r X 
Now F(D)e**X = D n (e”X) -f- a„_, D f, - , (<^ r A') 

+ <*n-2D"-He''X) + . . . + a 0 e~X 
= l(D + *)”X +a n _ l (D + a )— 1 AT 

+ *n- 2 (0 + «)—*Ar + . . . + n 0 AT] 
i.e. F(D)e~X = e**F(D 4- a)A' 

Rule III F(D 2 ) sin (y>x -I q) = F(- yj 2 ) sin (px + ?) \ 

F(D 2 ) cos (y>* -f- ?) = /’(— y> 2 ) cos (px + q) ) * * V1 * ' 
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We established these relations in Vol. 1. They arc easily seen to be 
true since D- operating on sin (px + q) or cos (px -|- q) merely 
changes the sign of the operand and multiplies it by p 2 . In the case 
of the operator F(D 2 ) the operation merely replaces D 2 by — p 2 as in 
(VI.7). 


sin 


Rule IV a 4- bD operating on (px 4- q) has the effect of 


multiplying the function by Va 2 4- p 2 b 2 and increasing the angle 


px + q by tan 


-i P± 


In order to find the effect of F(D) operating on sin (px 4- q) or 
cos (j)x + q) we divide the terms on the right of (VI.3) into odd and 
even powers of D; thus 

F(D) = (a Q 4- a 2 D 2 + a A D A 4- . . . ) 4- (a x D 4- a 3 D 3 

4- a b D 5 4- . . .) 

i.e. F(D) = (a 0 — a 2 p 2 4- a 4 p‘ x — a 6 p« 4- . . . ) + (fl x — a 3 p 2 

+ a iP A — • • - )o 

which reduces to 

F(D) = a + bD . . . (VI.8) 

where a and b represent the quantities in brackets on the right-hand 
side. 

Then, 

F(D) sin (px 4- q) = (a 4- bD) sin (px 4- q) 

= a sin (px + q) + pb cos (px 4- q) 

i.e. F(D) sin (px 4 - q) = 4- P 2 b 2 sin (px 4-^4- tan- 1 ^ 

(VI.9) 

Similarly, 

F(D)cos(px 4 -q) = Va 2 4- p*b % cos ^4-^4- tan* 1 ^ 

(VI. 10) 

These four rules along with the rules for direct differentiation 
and integration are sufficient for our use in direct operations. 

example 1 

Show that y - Ae~** and y = Be-* 1 both satisfy the equation 

*y . O * A i — n 
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With D — —, we have 

(D 7 + 8 D + 15 )Ae- ir = A((- 5) 1 + 8(- 5) + I5J = 0 
and (D l •}- 80 4- l5)Bc = B(( - 3) 2 4- 8(- 3) 4- 15J = 0 

Hence both y = Ae~ and y = Be- 7 * satisfy the given equation. 


EXAMPLE 2 

d n 

Show that (d u cos bx) = Re** cos (bx 4* na), 

where R 2 = (a 1 • b 7 )" and * » tan" 1 - 

d 

With D -t - 7-, we have 

(IX 

D'^e** cos bx) * f"(D f «)’• cos bx (by Rule 11) 

Now (D t a) cos bx a cos bx b sin bx 

= \ a 2 b 7 cos (bx 4- a), where a =» tan -1 

Similarly, 

(D 4- a) 7 cos bx — \ a 7 + b 7 (D + a) cos (bx 4* a) 

-(Vfl‘ + b 7 ) 7 cos (bx 4* 2a) 

and (O + a) 2 cos h* - (Va r TT 7 ) 7 (D 4- <i) cos </>* 4* 2a) 

*• (V / <»* 4- b 7 ) 7 cos (hx 4- 3a) 

If this process is repeated n times in all. we have 

(D -|* a) n cos bx = (''a* 4- A*)" cos (6a- 4* /»a) 
Substituting in (I), we obtain 

D n (e a * cos ha:) = (v'o* + b 7 )" e** cos (bx 4- na), as required. 


EXAMPLE 3 
Show that x 


Re~ 61 cos (5r 4* e) satisfies the equation 
Jf+iof+50,-0 


• (l) 


O l> 
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With D — — \vc have 
at 

(D 2 -h IOD 50)x = (D- i 10D h 50)/**.'- 5 'cos (5r r e) 

= 5) 2 -i- I0(D- 5) -I- 50J cos (5r + e), 

by Rule II 

= Re~ i, (D- + 25) cos (5/ + <*) 

= /?<•-*'(- 25 + 25) (cos 5/ + c), by Rule III 
= 0 

Hence, the equation is satisfied. 

EXAMPLE 4 

Find the value of + 3 ^ -r \\x if x = A cos (3/ r 2) 

We have 

(D* + 3/)+ Il)/1 cos (3f t2) = (-9t 3D 4- IIH cos (3/ 4- 2), by Rule III 

- (3D + 2)A cos (3/ + 2) 

9 


= \'2* + 3 2 x 3 2 A cos 


( 3 ' 


4- 2 -I- tan 


- 5 ) 


Hence, 


^+3x+IU = 9-220,4 cos (3/ + 3-353) 
dr dt 


If we write pi instead of D on the right-hand side of (VI.3), 
where / = V— 1, that side reduces to a 4- bpi so that in place of 
(VI.8) we have 

F(D) = a + bpi . . . (VI.11) 

and if D is restored in place of pi (VI.8) and (VI.11) are identical. 
Thus if we look upon pi as equivalent to D we may simplify F(D), 
i.e. F(pi) by the methods of complex algebra. In Example 4 
above we could write 

( D 2 + 3D -f- 11 )A cos (3/ 4- 2) = [(3/) 2 -f- 9/ I 11] A cos (3/ I 2) 

= (9/ 4- 2)A cos (3/ + 2) 

= (3D 4- 2)/l cos (3/ 4- 2) 

= 9-220A cos(3/ 4- 3-353) as before. 

Here there is no advantage in making the substitution but, if we 
assume that when applying Rule IV, F(D) is not necessarily a 
polynomial in D, the substitution may greatly simplify the analysis. 
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EXAMPLE 5 

The voltage V applied at one end of a long telephone line is E 0 sin pi. The 

hD 

1/D ^ whcrc & = <//<//. 
01. c = 5, d = 0 005 and 


current C entering the line is given by C = J~ 


Find C as a function of / having given a = 2, b 

p => 8 000. 

Writing pi for D. 



a 4- hD 

a E hpi 

_ — * 'a n 

i( nutlmn ao tK<> 

c f i/D 

c + apt 

u puiiint: in me 

a hD 

2 - 80/ 

V 6 404 (tan ‘ 

c j i/D 

5 + 40/ 

V 1 625 (tan ' 


- 1 986(5 69 

I 


40) 


by complex algebra. 


.. la k hD —— f5-691 

HCnCC 1- r,ID ' l9W '[ 2 ] 

- I -409(cos 2 85° + / sin 2-854 

- I 407 + 0 0701/ 


and C = (I 407 + 0 0701/)£„ sin 8 000/ 

/ 0 0701 \ 

V I 407* -i 0 0701* E 0 sin I 8 000/ f- tan' 1 |4()7 J 

- I 41 E„ sin (8 (XX)/ I 0 0497) 

An alternative form of Rule IV is therefore— 

a 4 - bpi operating on ^ {px 4- q) has the effect of multiplying 

the function by V a 2 4 - b 2 p 2 and increasing the angle by tan -1 -- 
Writing a single symbol c in place of bp this simplifies to— 
a 4- ci operating on (px 4- q) has the effect of multiplying the 

function by Va 2 4- c 2 and increasing the angle by tan -1 - 

example 6 

Simplify (3 + 4/)6 sin 5/ whcrc i = \D and D ^ <//<//. By the alternative 
form of Rule IV the expression simplifies to 6V 3*-f 4* sin (5/+ tan" 1 $) 
= 30 sin (5/ + 0 9274). 
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We now consider the operator (D -|- a) (D |- fi). The expression 
D~ 4- (a 4- p)D 4- exp regarded as an algebraic expression can be 
arranged in factors in two ways, thus— 

& + (a 4- p)D + exp ==(D + <x)(D + p) = (D + p) ( D 4- a) 

(VI.12) 


We cannot assume, however, without further examination that 
these three operators are equivalent when operating on an operand X. 
Consider (Z) 4 - a) (D 4- P) operating on X. 

(D -f a) (D 4- p)X = (D 4- a) ( DX + pX) 

= D-X 4- DpX 4- cxDX 4- *pX 

= D 2 X 4- (a 4- P)DX 4- xpX 

s [/)2 4-(«4-ffl/)4-«flA' 

Similarly, (D 4- P) (D 4- a)* = [D 2 4- (a 4- P)D + <x.p]X 

Thus, we have proved that, if D = the three operators in 

(VI. 12) are equivalent when operating upon any function of x, 
and that any operator of the second order may be factorized and the 
factors taken in either order. The extension of this to three or more 
factors is clear. We see, then, that we may factorize an operating 
function and arrange the factors in any convenient order before 
applying the operating function to the operand. 


53. Inverse Operators. Each of two operators is the inverse of 
the other if, when they operate in succession in either order on an 
operand, the latter is left unchanged. The operation of finding a 
logarithm and that of finding an antilogarithm are inverse operations 
because log. antilog. x = * = antilog. log. x. The inverse operation 
of multiplication by 3 is division by 3. If we omit the added constant 
in indefinite integration, differentiation and integration with respect 
to the same independent variable are inverse operations. Thus, if / 
is the symbol for integration and D for differentiation, / may be 

written as and D as and DIf(x) = D x Jj/W =/(•*)• The 

inverse of the-operation F(D) is written and the meaning of 

operating on a function must be so interpreted that, if F(D ) 


1 


F(D) 

7 —(T.6«x) 
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and F(D) °P crale in succession, in either order, the operand remains 
unchanged. 


Rule V 


-- — _ -0 

HD) F(<x) e 


• (VI. 13) 


This is clearly true since 

f<D) • F U 


Rule VI 


, {D) U-X) c" nD + a) X . . (VI. 14) 


To prove this, consider Rule II which is 

F(D) c"X = c"F(D + a.)X 

Let X denote l-(D + a)X ; then X’ is a function of x and 


so that 


F(D)c ,xx X = e”X' 


** x —i m e ~ x ' • 


(VI.15) 


Again, F(D 4* *)X = X\ and, therefore, 


y —_:_ y' 

F(D + *) A 

Substituting this value of X in (VI. 15), we have 

^xr -!- Y‘ -I _„xr V" 

F(D + *) a F(D) a 
which is Rule VI with X' written instead of X. 


(VI. 16) 


RuLE vn F(7>=) cos ( P X + 0- F(~S) cos (P* + 1) • (VI. 17) 

This is clearly true as this operation cancels the effect of the 
direct operation. 
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RULE VIH IT+bD ° r 7+tp operating on (px H- q) has the 
effect of dividing the expression by Va 2 b 2 p 2 and decreasing the 


angle by tan 


-i b -R 


Again, this is seen to be true as in either case the effect of the 
inverse operator cancels that of the direct operator. 

example 1 

Find I x = Jc" sin {px + q)</x and /. = J c** cos (px + q)dx 
By Rule VI, ^ {^ x sin {px -F </)> = e" x D ^ q sin {px + q), and by 

Rulc VIII > cTi Si " (pX + ‘ J) " Si " ( PX + ? - ,an " ‘ a) 

Hence, =» ===== sin -f q — tan -1 -j, and by the same method 


vfc. cos ( /,x + 9 - ,an “») 


EXAMPLE 2 

Find the result of integrating x 2 e ax n times, leaving out the constants of 
integration. 

If / =s wc arc required to find l n {x 2 c ax ). Wc have 

/ n (*V“) - 


= 


I 


{D + a)" 
*“/. D\“" 


-so*?)- 

r /i(/r 4- 1) D 2 

= a n L* ” « + J2 a 2 

+ terms containing higher powers of D^x 7 
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Hence. /” (*V“) = [a-x'~ - 2nax + /i(/i + I)] . . . ( 1 ) 

In expanding (l -f —j we have performed an operation the 

validity of which we shall discuss below. We can easily verify the 
result by using Leibnitz’ theorem, thus— 

D n (e a 'x 2 ) = e a, [a n x 2 -f 2 na"- l x + n(n — I )a n ~ 2 ] 

D n (e ax x) = e»*(a n x -f no— 1 ) 

D"(e at ) = e** . a" 

Then, D n I*(c a 'x 2 ) = l<i 2 {a n x 2 + 2na— l x + n(n - I )a"- 2 } 

- 2na(a u x + na u ~ l ) -f- /i(/i + 1 )*”] 

i.c. D"l n (e aT x 2 ) = c a 'x 2 t which shows that (I) is correct. 

54. Solution of Differential Equations by the Use of Operators. 
The linear differential equation of the //th order is given in symbolic 
form by (VI.2) and (VI.4). The term X may be a constant or a 
function of x but docs not involve y or any of its derivatives. If 
X = 0, we have 

F(D)y = 0 . . . (VI. 18) 

which is called the reduced equal ion of (VI.4). We saw in Vol. I that 
the complete solution of (VI.4) is given by 

y = u+v . . . (VI. 19) 

where u is the complete solution of the reduced equation and v is 
any function of x which satisfies (VI.4). u is called the complementary 
function and v the particular integral. We saw also in a few simple 
cases how operators arc used to find particular integrals. We shall 
extend the use of operators to further cases of particular integrals, 
and shall also apply them to find complementary functions. 

example 1 

Solve ^ + ky - b . . . . (VI.20) 

where h and b arc constants. The solution of this equation can be obtained, as 
in Vol. I, by separation of the variables and also by the use of an integrating 
factor, and the reader should know both these methods. 
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>=Dl~i b 
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Note the device of introducing two factors of unity, e~* x and e kx , so as to allow 
us to apply Rule VI, thusy = — e kx b, and so transform the operator 

into — = / = J . . . dx. 


This gives 


y - be~ kx fe**dx 


—a 



i.e. 



(VI.21) 


This is the particular integral of (VI.20). To find the complementary function 
we write the reduced equation as (D + k) y ^ 0, from which 

y = d + k W 

ie - = 

Note that we introduce the factor e so as to be able to use Rule VI. 


Then by this rule. 




JO dx 


i.e. y = Ae~ kx t where A is an arbitrary constant. 

The complete solution of (VI.20) is 

y - Ae -** + - k .(VI.22) 

The reader should memorize this result and should be able to 
write down the solution of (VI.20) by inspection. It is clear that the 
two operations in the above can be carried out simultaneously as in 
the next example. 



+ by — c 9in pt . 


EXAMPLE 2 
Solve 


(VI.23) 
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Writing D for <//<// + = - sin pi 


and 


->=*• 


-_ sin/>/+ - 

D -r ~ D + - 


(0) 


By Rules VI and VIII, y = C —^ sin (/?/— tan-'^j H- —^ ^ 




D + a 


Now 


I fence. 


I 


»♦ 


(e* *'o) = e -'^(0)- 




“v^rP $in (*-“■-£)+ *' s 


where /f is an arbitrary constant. 

EXAMPLE 3 


<// 


Solve the dilTcrenti.il equation L +/?#*■£ . 
where /: is given by 

4 / . nr I . 3*/ I . 5n/ \l 

£ -T I 1 +;I s,n 7 + 3«n—+ j* ,n —+ • • •)) 


Writing the equation as *1 - / ^ and using operators, we have 

I /*\ 2£^ I (1 <2/» f 

w 10 ' : „ « I2/J ' WTZ . "SIS + i sm r 


° + I 0 i 


° + r 


where n = 0. I, 2, 3, etc. 


Now ——= (0) = —- 


„ R"" „ R 
D + j. D + I 


/ v n h 

(e '■ o) = <- L 1(0) = At L 


Hi*) 


d+ i 



(VI.24) 


(I) 


l)rr/ 


2 R 




and 


1 


»+f 
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R 

. (2// -F L ~ ° I . (2/i -I- I)tt/I 

s,n — 1 -*— i s >" T J 
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5— 


/? . (2/1 + I)rr/ (2/1 4- l)rr (2// + 1W 

T sin-cos- 

L T T T 


sin (<>L+>>!L'_ a 


/?- (2// + 1)-V- 


2n + 1 


/** . (2/i + I) 2 // 2 

aJ L* + t» 


where 

The complete solution of (I) is 


ou n + l = tan 


, (2/1 + I )nL 
= tan -1 --- 

/?r 




■ 


(3nt \ . (Snt \ 

sin ( —-ota ) sin y— -a s J 




T ... 


where 


, ttL , 3 -nL t 5nL 

a, = tan -1 a 3 = tan- 1 , a 5 -» tan -1 etc. 


/?T 


55. Determination of Complementary Functions. (1) Consider the 
equation 

<Py . ^ d y 


^+(a + b)f x + aby = 0 

where a and b are constants. 

By operators, [D 2 + (a + b)D + ab]y = 0 
i.e. (D + a) (D + b)y = 0 


. (VI.25) 


1 


y = 


(D + a)(D + b) 


( 0 ) 
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1 


(D + a)(D + b) 




[by Rule VI] 


y=DT-a Ae - b '' 

where A is an arbitrary constant. 

Again »* = /*•—-!—. *-«**<«-*>» 

w ' Z> + a 

= .4e—■ r ^e'— * ,x 


and by Rule V 



where B is an arbitrary constant. 



A k AB 


Hence 

y =-r e~ bx + - z e- ax 

a — b a — b 


• 

i.c. 

y = A,e—' + . 

• (VI.26) 


A x and B x being arbitrary constants. 

The reader should compare this result with that found by means of 
the auxiliary equation, as in Vol. I. A shorter method than the 
above is to use partial fractions. 

Thus ' = </>T4 »Wt) (0) 

= b-a [o + fl" Z> + t] (0) 

- rb [*"“ i> «>-*-** 5 H 

i.c. y = A t e- ax -f- B x e~ bx t as before. 
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(2) Consider now the following equation in which the auxiliary 
equation has a repeated root (compare Case 2, p. 396, Vol. I). 

d*v dy 

d.x* + 2a d7x + a2} ’ = ° • * (VL27 > 


By operators. 




(e~ ax 0) 


i.e. 


(D 4- af 

= e~~ ax J"J0 dxdx 
y = (Ax + B)e— x 


(3) Next consider the equation 

(D 4- a) r y 


0 


(VI.28) 


(VI.29) 


where r is a positive integer, the auxiliary equation having in this 
case r equal roots. 

1 


We have 


y (Z>4-a) f(0) 
1 


(D 


a) 

1 


<*- az o) 


= e 


;( 0 ) 


i.e. y = e'~ ax (A 0 4- A x x 4- A 2 x 2 4- • • • + ^r-i* r ') (VI.30) 

(4) To solve the equation 

(D + a)(D + b)(D + c) 2 y = 0 . . (VI.31) 

1 


We have y = ^TaHDTbHD T~c) 2 
and by partial fractions, 


(0) 


f A B C E ] 

y L/) + a D + b + D + c (D + c) 2 J 


(0) 


where A, B, C, E are constants whose values are found by the rules 
given in Vol. I. We shall see that their values do not need to be 
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found in determining complementary functions as they are absorbed 
into the arbitrary constants which occur on integration. 

We have then 


DTa™ + DT1> (0 )+ dT-c 


( 0 ) + 


F. 


(O + <■)■ 


5(0) 


' D + i le -"°> + D + b 


fi c 

(e~ b '0) + — ; ^ (*-" 0 ) 


1 


Ae -«r JL ( 0 ) + Be-*' (0) + CV?-~ ^ (0) + Ee-<* (0) 


D + c 
4- 

1 


(D + c) 2 


(e-'*0) 


1 


D 


D 


D 


D- 


A x e—* 4- B x e~ bx + Cie-" + (E x + £■**)<?- 


cx 


where A lt B t , C Xt E Xt E, are arbitrary constants. 

Wc combine the third and fourth terms, and obtain 

y = A x c~ nr 4- B x e~ bx + F x e~ <x 4- E 2 xe~ <x . (VI.32) 


where /•', is also an arbitrary constant. 

The reader should examine this result and should be able to 
write down by inspection the complete solution of an equation 
such as (VI.31). 

(5) Complex factors: To solve 

(D 2 4- a 2 )(D 4- % = 0 . . (VI.33) 

Using complex factors 

V = (/> + ia) (D — ia)(D + b ) (0) 
where i \S— I, and by partial fractions, 

y ~ ( /) 4- ia 4 D- ia } D 4* b) (0) 


Then 


y = A - oT7 fl (f - M ' 0) + B • oh-a (e ‘" 0) 

+ C D~. h (<r ‘' 0) 

= Ac-"'’ i (0) + Be 1 " I (0) + Ce-o- ~ (0) 
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or, since each integration produces an arbitrary constant, 

V = A x e~ iax B l e iax -f Qe’ 6 ' 

and by complex algebra, 

y = ^i(cos ax — # sin ax) -f B t (cos ax -f / sin ax) -f C>- 6x 
The solution is 

y = L cos ax -f M sin ax -f- C x e“* x 

where L, A/, C x are arbitrary constants. 

(6) Repeated complex factors: To solve 

g +2a .g +a .,_„ ■ 

d 

With D s —, the equation is 

(£> 4 + 2a-D 1 + a 4 ).V = 0 
i.e. (D 2 + a 2 ) 2 >- = 0 

and * “ (0 + 

Using partial fractions, 
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(VI. 34) 


(VI.35) 


(0) 


-t 


+ 


+ ia ^ (D + ia) 2 


+ D-ia + (D — /a) 2 ] (0) 


^ to + (i>T to? ( ^' ,,0) + oh-a ^ 


D 4- ia 


= Ae~‘" ^ (0) + Be- 1 " ^5 (0) + Ce‘“ ^ (0) + Ee<" -L (0) 

= Ae-‘"F + Be-'"(G + Hx) + Ce<"I + £*'“%/ + Ax) 

= Le~ iax + Mxe~ ,ax + Ne ,ax + Pxe iax 


where - L = AF + BG, M = BH, N = Cl + EJ, and P = EK are 
arbitrary constants. 
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By complex algebra, 

y = ( L + Mx) (cos ax — i sin ax) 4- (jV + Px) (cos ax + i sin ax) 
i.e. y = {L 4- N 4- (M + />).r} cos a* + /{AT- L + (P- M)x] sin a* 
i-e. >* = (0 4- Rx) cos or 4- (S' + Tx) sin ax . . . (VI.36) 

where Q, R t S t T are arbitrary constants. 

(7) To solve the equation 

cPy dv 

d£ + 2/7 tx + (fl2 + bi) y = 0 • • < VI - 37 > 


This is the case in which the auxiliary equation has complex 
roots. 

We have (D- + 2a D 4- a 2 + b 2 )y = 0 

ic. [(O + fl ) 2 + % = 0 

Hence 

} ' (D + aTlb) (D + a-ib) (0) 


D + a + ib (0) + D + a - ib (0) 


b + a + ib ,M, °> + D+ 1 -ib ' 6, '°> 


= Ae~ ia + ^ (0) 4- Be * <* - ib >* (0) 

= e- a *[ACe- ib * + BEe ib *] 

where C and E are constants of integration. 

Substituting F for AC and G for BE t 

y = q- Cc‘ 6 'J 

and by complex algebra, 

y = e—'[(F 4- G) cos bx 4- i(G - F) sin bx] 

i e. >> = c“ ar (Lcos bx 4- A/sin bx) . . . (VI.38) 

where L = F 4- G and M = i(G — F) are arbitrary constants. 
(VI.38) can be written in the form 


y-*e—™V>x + «). 


. (VI.39) 
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where R and a are arbitrary constants and sin or cos may be taken 
at choice. (VI.37) is the equation of motion for damped vibrations, 
and we shall deal with its applications later in this chapter. 

56. Justification of the Use of Partial Fractions and of the Use of 
the Binomial Expansion with Operators. Consider the relation 

F(D) = (D — tfj) (D — a 2 ) (D - a 3 ) 2 
where a l9 a 2 > a 3 are constants, real, imaginary, or complex. If 
j operates on X, we have 


1 


F(D) 


X = 


1 


(D-aJ{D-a 2 )(D-a 3 ) 2 

1 


and, assuming we may split u P^2jj ' nl ° P arl * a * fractions, 

m*'~ [oh, + sh- + + C5^]* (V, ' 40) 

If the use of partial fractions is justified, then operating on (VI.40) 
with F(D) will lead to the identity X =2 X. This operation gives 

\A.F(D) B.F(D) C.F(D) E. F(D) 1 
X= [ D-a x + D — a 2 + D - a 2 +(D-atf \* 

i.e. X = [A(D - a 2 ) (D - a 3 ) 2 + B(D - a x ) (D - a 3 ) 2 

+ C(D - a x ) (D - a 2 ) (D - a 3 ) + E(D - a x ) (D - a 2 ))X 

(VI.41) 

Now, the expression in the square brackets in (VI.41) is the 
actual expression we make identically equal to unity when evaluating 
A y By Cy Ey and (VI.41) reduces to the identity X a X. Thus we 
see that the use of partial fractions is justified in this case, and it is 
clear that the proof may be extended to cover the general case in 
which F(D) is any polynomial in D. 

In Art. 53. Example 2, we expanded the operator (> + f) W 

the binomial theorem, the operand being of the form x r , where r is a 
positive integer. Consider the case n = 1, and assume that we may 

expand ^ by the binomial theorem or by long division. 
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Wc have 


I r /. D\~ l / D D 2 


_D 3 

a 3 


-f ... to r -f 1 terms 


so that 

- n x ' ~ x ' ~- x r ~ l + — 5 — a:* 

i + - 

a 


y 


= X r-L x r-> + ') _ ffr- 0 0^2) 


+ . . . ± “ . . (VI.42) 


Now, if wc are justified in expanding ( I H-) in a series, the 

D \ a J 

operator I -|- - applied to both sides of (VI.42) should reduce it 

to the identity .x: r .^= x r . 

We have then 


I 


n 


a 


1 I 


n 


(2 


X 


( ,+ «) [ X '- r a Xr ~ 




a- 


• • • ± Tr 




.v r - .v r - 
a 


■_> -,- 2 


. - V - — -I — 


a a- 


r-2 




i.e. x r ^ x r , and the method is justified. 

Similarly, it can be shown that the expanded form of (1 -4- —\ 

/ D\ 2 \ a ' 

is the inverse of I 1 + — I * an ^ the proof may be extended to show 

, \ . ' / D \- n 
that for all positive integral values of /?, the operator ( 1 H-1 

may be expanded in series form before operating on an integral 
positive power of x. The expansion produces an infinite series in 
ascending powers of D t but as D n x r = 0 when n > r, the series 
terminates after r -f 1 terms. 



ORDINARY DIFFERENTIAL EQUATIONS I 199 

57. Determination of Particular Integrals and Complete Solutions. 

We shall first show the general method, which, however, is not 
usually the most convenient. To find a particular integral of (VI.4), 
we have 

y = j(D) x ■ ■ • < V1 - 43 ) 

where F(D) is a polynomial in D with constant coefficients and X is 
any function of x. Suppose that the polynomial is of degree //, and 
let its factors be (D— a x ) (D — a 2 ) (D — a 3 ). . . (D — a„_ x ){D — a n ) y 
where the constants a l9 o.>, a 3y etc. are real, imaginary, or complex. 
Then (VI.43) becomes 

y = (D- ai )(D-aJ ... (D-a„- l )(D-a H ) X ’ (VL44) 


or by partial fractions, 


y 




A n -l 

D-a n _ , 


An 

D-a n 


) X (VI.45) 


If r is any of the numbers 1 to n y we have for the rth term 



(VI.46) 


The value of A r is determined by leaving out the factor (D — a r ) 
from the coefficient of X in (VI.44) and substituting a r for D. 
Inserting the factors e** 1 and e ~ a '*, whose product is unity, on 
the right-hand side of (VI.46), wc obtain 

and by Rule VI, y r = AjF* ^ ( e~ X ) = A/** J e~ Xdx (VI.47) 

Substituting r = 1, 2, 3, ... up to n in succession in (VI.47) and 
adding the results, we have for the particular integral 

y = A t e“‘* fe~ Xdx + A*** Xdx + A 3 e"- C fe~ a - z Xdx 

+ . . . + AjP* fe- «-* Xdx . (VI.48) 
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The complementary function is found by putting X = 0 in (VI.48), 
and since JO dx is a constant, the complementary function is 

y = c i^ ,x + C*** + + . . . + C n e°^ . (VI.49) 

where C,, C 2 , C 3 , . . ., C n are arbitrary constants. 

The complete solution of (VI.4) is the sum of the values of y 
given by (VI.49) and (VI.48). This method of solving a differential 
equation is known as the method of quadratures. The integrals may 
be evaluated by direct integration, when possible, or by approximate 
graphical or numerical methods. 


EXAMPLE 1 

Find a particular integral of D*y + 2D*y — Dy - 2 = x* 

I 


(I) 


Wc have 


D * + 2D* - D - 2 


I 


(D- I ){D -f I)(D + 2)~ 

\ A D C 1 , 

ID - l + Z>+l + Z> + 2J* 


Evaluated by the usual method, 

*4 = 2 y j ~ & a 2 X | ™ 2* f = ^ ~ | “ j 

so that y = (| • —!-- • —-— a. I . —!— 1 r* (2) 

y 16 D-\ 2 D+l + ) D + 2J r 1 * W 

Using (VI.48), y - fx*e~*dx- |r*^Wx + JxWx . . (3) 

To simplify this wc integrate by parts \j^e c *dx\ 

thus \#t a dx = - xV* - - fxe^dx 


-£•**«“+ pl e ~dx 

= ^ (c*x> - 2ox + 2) 

Substituting c = — 1, I, 2 in succession, wc obtain for the integrals in (3), 
e-'U* + 2x + 2). *»<*• - 2* + 2). |**»(*• - x -P |). and from (3), 

T = “ *<•** + 2x + 2) - 1U* ~ 2x + 2) + i(x* - x + $) 
whence y = — 4a:* 4- Jar — * is the required particular integral. 
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This method is based on the general expression (VI.48). Otherwise, we can 

expand the operational expression 1 as follows. By the 

binomial theorem, or by division. u ' u 1 

=-*[> + (f-/>’)] 

(neglecting powers of D above the second, since D 3 x 2 = 0 ) 


-l[i-f+ />* + £] ** 


and 


y = — lx* + \x — J, as before. 

When the power of x is a larger one, the expansion must be carried 
further and may become involved. In such a case it is better to 
expand each of the functions of D in equation (2). 

The above methods of solution can be used when the terms of X 
are integral powers of x, or products of the type x r e v 9 where r is a 
positive integer. 

As sin (px -f- q) and cos (px + q) can be expressed in the forms 

1 [ e Hpx + q) _ e - Hpx + 7 )] and £ [ e n P x + q ) + e - hp* + 7 >] respectively, 

products of cither of these and a power of x may be dealt with by the 
methods of this section. 


.d*v 


EXAMPLE 2 

Find a particular integral of + Ay — x sin x . 

We have y = ^~ 4 

Wc-shall find a particular integral of 


x sin x 


1 


,tz. 


. ( 1 ) 
. ( 2 ) 

y - e " x . (3) 

and, as e <x — cos x + / sin x , the imaginary part of this particular integral will 
be the required solution of ( 2 ), 

By Rule VI, % + y+ 4 * 

1 


i.e. 


” * 3 + 2 iD + D 7 ~ 

= \e ix II + (VD + \D*))-'x 
= Je ,z (I - (i/7) + !/>*) + .. ■)* 

= $e"(l — $iD)x, since D 2 x = 0, D 3 x = 0. etc. 
= $(cos x + i sin x ) (x — §/) 
y = i(x cosx + $ sin x) + $/(x sin x - § cos x) 


(4) 
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The coefficient of i in this expression is a particular solution of (1). This is 

y = \(x sin x 5 cos x) . . . . (5) 

The complementary function of (I) is obtained by substituting a = 0 b = 2 in 
(VI.37) and (VI.38), 

)' = L cos 2x -f M sin 2.x . . . . (6) 

Then, the full solution of (I) is 

y = L cos lx f M sin lx 4* K* sin x - § cos x) 

If in (I) cos .v is substituted for sin x. a particular integral is the real part of y 
in (4), i.e. \{x cos x -t- 3 sin a). 


EXAMPLE 3 


*'y 


*/r 


Find a particular integral of — z t 3 + 2y -= xV 4 * 


(I) 


Wehave y 2 + 3 


— 

^ 1 t 3(0 r 3) f (0 t 3)* *** 

= 

^^ 
20 + 9D +D r 


1 , 

f / 9 1 \ 

l-« 

20 ^ 

h + Uo^ + S* 1 ) 

J * 

| 

r / 9 1 \ 

/ 9 

20 -’“ 

l' <20^'20^) 

+ U* * 



the expansion being earned as far as D* since D*x* — 0. 

y “ 20 ^ [' - To D + ioo D '~ 8 000 H ** 


I.e, 


y 6 


20 


U 3 


[■ 


27 

20 


183 


I 107 


200 r 4 non 


;i 


This is the particular integral of (I). The complementary function is easily seen 
to be y = Ac~ x -f- Be u , where A and B arc arbitrary constants. The complete 
solution of (I) is 


y = Ae~ x + 


20 ^ 1 '^ 20 * 200 X 


1 107 \ 
4 000 ' 


EXAMPLE 4 

Solve completely 


tPv dy 

S-2^6 y-*** 


. (I) 



We have 
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y = - - ^ 

} D--2D | 6‘ A 


and by Rule VI, 


y = 


(O F 2)-- 2(D -F 2) 


.v 


.2 
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I 


6 + 2D 




i *" [ i + 1 

r d 

n-\ 

1-* 


^i + t) 

J ** 



D 

D-\ 

/ D D 2 \- 

1 

1 + T) 

+ l3 + T) 

J, 2 


(no further expansion being necessary) 


i.e. 


J) . 


. ( 2 ) 


(2) is the particular integral. The complementary function is readily found to be 
y *■ e*(A sin ^5* + B cos V5x), and the complete solution of (1) is 

y - e*(A sin ^5* + B cos \ x 5x ) + lx - },) 

where A and B arc arbitrary constants. 


EXAMPLE 5 
Solve completely 


r / 2 


dy 


<12 . 4 

dx 2 ‘ * dx 


+ 4 y = 3#** sin (4x + 3) 


For a particular integral, 
and by Rule VI, 


y- 3 - 


i 


(D + 2) 2 


c 2 * sin (4x + 3) 


I 


y = *‘* x (DT4? sin(4x + 3) 

1 


3|“ 


£ 2 + SD + 16 


sin (4* + 3) 


3e“-g^sin (4* + 3) 


and integrating, y = — n ;, s e** cos ( 4x I 3) 

The complementaiy function is 

y = e -**(Ax + B) 
and the complete solution of ( 1 ) is 

y = er**{Ax + B) — e 2 * cos (4x + 3) 


(I) 
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EXAMPLE 6 
Solve 


PRACTICAL MATHEMATICS 


(Py dy 

Up + 2° j t + n ~y = c sin (p* + ?) 


(/* i' dy 

First consider the reduced equation -f 2 a ^ -f n 2 y = 0 

Putting D - ± we have y = DZ ^ D (0) 

Now Z> 2 -| laD + n 7 = (D + a) z - [a 2 - /i 2 ) 


(1) 

( 2 ) 


(Z> r a — \ a 8 rr)(D a + V'a*— /j*) 

I 


v = (0) 

(Z3 • ti n tr n*){D ■ a \ a 7 - n 7 ) 

- 1 r- 1 _ _?— 1 

2' «i 2 — /i 2 l D r a — \ a 2 — n 2 D 4- a + ' r-n’J 
2 ' a 3 — /r [ O l o — ' 


(0) 


a 3 - n- 


Vo, - n,w (0) 


.H 

. f,—^Icc-c—^. (0)] 


2\ a 1 - n 

Hence y ^== 


/I B 

or, if C is written for —- and E for 


2W-„*-2% a* - /i* 

>-e-*‘(Cf v 'i rTr 5 , -'+Br- v '! r= ^ s -0 ■ • . (3) 

(3) is the complementary function of (I), and, if a 2 > n 2 , it is in its simplest form. 
Case I, a 2 > n 2 . y = Ce<- « + + £r<- « - . . (4) 

and y is the sum of two decay functions. 

Case II, a 2 = n 2 . In this ease (3) becomes y = e~ al (C + E), which is not the 
complete solution, since C + E is a single arbitrary constant. 


We have 


1 


y = 


<°> 


1 


(D -F a) 2 (D + a) 2 

1 


(<r- x 0 ) 


and by Rule VI, y = e 1,1 (0) 

i.e. y = e~ ** (At + B) 


. (5) 
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Case III, 

< rr. Hero we write 

i\ rr 

<r for \ <r 

— //-. and (3) becomes 


y = e~ at (Ce' x "* - 

1- Ec 

i\ «•- 

•i ? /j 



= e~ a, ((C 1 E) cos \ /i- 

tr-r i 

/(C 

E) sin \ //--rrV) 

i.e. 

y = e~ at [L cos \ rr 

a-r | 

A/ sin 

\ rr 

<r/J 

or 

y = Re~ af sin (\ rr — 

a-r 4 

ft) 


• • 

or 

y = Re~ al cos(\ rr~ 

~a : r + 

y) 


4 


• (6) 


where L, M, R, ft, y are arbitrary constants. 

Thus we see that the complementary function of (I) may take any one of the 
forms (4), (5), and (6). We shall discuss these later in connection with damped 
vibrations. 

To find a particular integral we have from (I), 

y = c Di-+ 2 Si " ^ 

and by Rule VII, y = c - 2gD sin (pi + q) 

By Rule VIII, , - + where a - «.n- A . (7, 

The complete solution of (1) is the sum of (7) and the complementary function. 
If a = 0, (1) becomes + rfty = c sin (pt + q) . . . . (8) 

and its complete solution is 


y = ~ 2 _ ~~ t sin (pi + q) + R sin (nr + ft) . . . (9) 

where R and ft arc arbitrary constants, an alternative to the last term in (9) being 
R cos (nr -f y). 

58. Cases of Failure when finding Particular Integrals. Consider 
the equation 

+ n 2 y = a sin nt . . . (VI.50) 


With D = —, the particular integral is given by 

1 . . 


y = a 


D 2 + n 2 


sin nt . 


. (VI.51) 
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By Rule VII, 

which is infinite, and the method fails to give a particular integral. 
Since sin /// is the imaginary part of e iHt = cos nr -p / sin nt we can 
write e iMt instead of sin nt on the right-hand side of (VI.51) if we 
take the imaginary part of the resulting particular integral as the 
particular integral required. Thus we have 

y = " orn? <,,M '.(vi- 52 ) 


a ---— p iHl 

(D — in) (D inV 


i.e. y 
and by partial fractions, 

“I 1 - L-\ u 

} 2in \ D - in D + in) * 
By Rules VI and V, 


a / 

, 1 1 \ 



2 in \ 

/) ( > — 2//» * / 



ac iHt 

(, 1 \ 



2 in 

l 2 in) 



Y in ( cos ,u + / sin nt) y - 

2 in) 


a I 

1 1 . \ 


( . ,1 

2 in 

1 / cos nt — Y n s,n nt 1 

1 + / 

1 / sin nt -p Y n cos nt 

-r, 

f . 1 \ 


f I . \ 

2 n |J 

^ t sin nt -P Y n cos nt j 

+ 'l 

Y % sin nt — t cos nt J 


)] 


This is a particular integral of (VI.52), and the particular integral 
of (VI.51) is its imaginary part, i.e. 

•>’ = l;(i sin " / -' cos '" 


■) • 


(VI.53) 


The complementary function of (VI.50) is L cos nr -f M sin ///. 
a 

The term — z sin nt is contained in this, so that the complete solution 
of (VI.50) is 

y = L cos nt -f M sin nt — ~ t cos nt . (VI.54) 
where L and M are arbitrary constants. 



ORDINARY DIFFERENTIAL EQUATIONS I 


207 


Again, when finding a particular integral of' F(D)y - we have 
by Rule V, 


c 




v = 


Fix) 


and the method fails if ^(a) = 0, i.e. if a is a root of F(D) ^ 0. We 
deal with this case by using Rule VI thus. 


)' = 


1 


F(D) 






l 


(i) • 


. (VI.55) 


F(D + a) 

which leads to a solution, since, if F(a ) = 0, F(D + a) ^ 0. 

Consider the equation + (a + b) ~ + aby = e~ bI . (VI.56) 


We have 


y — 77 


1 


bx 


(D + a) (D + b) 

bx 


. (VI.57) 


By Rule V, y = 

and the method fails. By partial fractions (VI.57) becomes 

y = ^n> [fh tr_ ~dt~c e ~ **] 

= a—b \ eb ' ~D^~ — b + a e '"] 

= — —Axe-” 1 - l —r e~ fc 'l . . (VI.58) 

a — 6 L a — b J 

The complementary function is y = Ae~ ax + Be~ bx , and the part 

of (VI.58) not included in this is —xe 

a — b 


bx 


The complete solution is, therefore, 


1 


y = Ae~ xe 


bx 


. (V 1.59) 
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59. Simple Harmonic Motion. The definition of simple harmonic 
motion given in Vol. I limits it to rectilinear motion. Taking * as the 
displacement of the particle from its mean position at time / we 
proved the relations 

j > 

x = r cos (tat + a) and = — to 2 x . (VI.60) 

where r % o>, and a are arbitrary constants. The former relation may 

also be written x = r sin (tot + 
a). If the vibrating particle 
moves in a circular or curved 
path we still call the motion 
simple harmonic if the above re¬ 
lations are satisfied, x now being 
measured along the path and 
tPx/dl 2 being the component 
acceleration along the path. In 
general, if a rigid body or a 
rigidly connected system of 
particles in plane motion is 
such that its position at any time t can be specified by a 
single variable x, and x and / satisfy cither of the relations 
(VI.60), the motion is simple harmonic motion. Though the engineer 
often has to produce vibrations in machinery, as for instance, in 
the simple engine mechanism or in the sewing machine, he is also 
concerned with the reduction of vibrations and their cITccts caused 
by disturbances due to periodic forces or couples. Thus he designs 
the spring system of a motor-car so that vibrations of the chassis 
due to road inequalities, etc., shall have as little effect as possible 
on the car body, and he attempts to balance the moving parts of 
engines and machines which run at high speeds. We saw in the 
last chapter how periodic disturbances can be expressed in simple 
harmonic form and it appears, therefore, that a thorough under¬ 
standing of simple harmonic motion is a necessary part of the 
engineer’s equipment. Except in gravity systems like the pendulum 
and other similar cases in which there are fields of force, the import¬ 
ant properties of material vibrating systems are ( a ) the inertial 
mass of the vibrating body and (6) the spring force exerted on the 
body by its constraint, which tends to force the body back to its 
position of equilibrium. We refer to single mass systems only. The 
corresponding properties in an electric vibrating system are ( a ) the 
inductance of the circuit and (b) the reciprocal of the capacity in 


(a) 



(b) 


=±=C 


V 




Fig. 40. Vibrating Systems 
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the circuit. The electrical engineer is concerned with the production 
of vibrations as in generating and distributing alternating current, 
but he must also pay close attention to the elimination or reduction 
of unwanted vibrations. In Fig. 40 (<?) we show a mass of \V lb 
weight suspended from the lower end of a vertical spiral spring of 
which the upper end is fixed. In the stationary position the pull of 
gravity W lb is balanced by the tension in the spring. The mass is 
pulled downwards and then released so that it begins to vibrate. 
Consider the mass when it is at a distance .v ft below the position of 
equilibrium and, assuming Hooke's law to apply, let sx lb be the 
additional tension in the spring. In the figure OO is the position 
of equilibrium of the lower end of the weight and PP that when the 
time is t sec and the displacement .v ft. The unbalanced force is 
sx lb acting upwards and the equation of motion is 

Force = mass x acceleration 


i.e. 


or 


— sx 


W d 2 x 
g dl* 


d 2 x 
dt 2 


+ rr x 


0 


(VI.61) 


where n 2 


or 

where R and a or A and B are arbitrary constants and sin or cos may 
be taken at choice in the former expression, x varies continually 
with /, o scillating between the values x = — R and * = -f R or 
x = — VA 2 -F B 2 and +Va 2 +B 2 . The motion is simple 
harmonic. 

Now consider the system represented in Fig. 40 ( b ) in which a 
condenser of capacity C is connected in series with a coil of induct¬ 
ance L and a switch S. With the switch open the condenser is 
charged and the switch is then closed. Let q be the charge at time t 
sec after the switch is closed and / the current in the circuit at that 

instant. Then / = — The voltage drop across the condenser is 


CO 

= The solution of this is by comparison with (VI.60) 

x = R s,n (nt -F a) 
cos v 7 

x = A sin nt 4- B cos nt 


(VI.62) 
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The back electromotive force due to the inductance is L%, so that 
c at 

the voltage drop across the inductance in the direction in which the 

current is flowing is — L ^ = L The total voltage drop is zero 

because the outer ends of the coil and the condenser are directly 
connected by a perfect conductor, and we have 

l 2 + c = 0 • • • {VL63) 

or = • • (VL64) 

Comparing (VI.64) with (VI.61), we sec that q takes the place of x 
as the dependent variable, ^ takes the place of the spring constant s t 

W 1 

and L takes the place of the mass —. Thus ".can be regarded as the 

electric spring constant and L as the inertial mass of the circuit. 
From (VI.62) we see that the solution of (VI.64) is 


or 


9 = 9o go" ("' +“) 
q = A sin nt -f- B cos nt 


(VI.65) 


where // = -7-=, and q 0 and a or A and B arc arbitrary constants. 


The electrical oscillations die away because of slight resistances in 
the circuit just as the mechanical oscillations die away because of air 
resistance and internal friction or hysteresis in the material vibrating 
system. The above vibrations are known as free or natural vibrations 
as distinguished from vibrations which arc maintained by the 
action of external forces and which are called forced vibrations. 


60. The Energy Method in Elastic Vibrating Systems. In systems 
such as the above in which there is no gain or loss of energy by the 
system due to external forces or internal resistances the equation 
of motion may be readily obtained by first writing down the ex¬ 
pression for the total energy E in the system. Since the energy is 
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dE ^ 

constant, — — 0, and this is the equation of motion. In the elec¬ 
trical circuit above we have 


E - \U- + 



. (VI.66) 


and differentiating with respect to /, 


l!S , L i~ 
Cdt + u dr 


= 0 


But / = — ~ and therefore 
dr 


. di dq d 2 q 
1 dr ~ dr ~dt 2 


Substituting these and simplifying we obtain (VI.63). 

When we know that the motion is simple harmonic motion, we do 
not need to form the equation of motion, and wc use the energy 
equation in its simplest form. We shall show this in the case of the 
material vibrating system represented in Fig. 40 (a). The total 
energy in the system is constant. At the end of a swing the energy is 
all elastic whilst in the middle of a swing it is all kinetic. Thus, the 
energy equation takes the form 

Maximum kinetic energy = maximum elastic energy 

(VI.67) 


Now from (VI.62) we see that the amplitude and the maximum 
velocity are R ft and nR ft/sec respectively. The maximum kinetic 
W 

energy is — n 2 R 2 ft-lb and the maximum elastic energy is 
X R ft-lb. Substituting these values in (VI.67), we have 


so that 


Y g n * R2 = i R 's 



. (VI.68) 


s 
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W 12 W. . t 

Now — ft, or-in. f is the static deflection, i.e. the deflection 

s s 


which a force of W'lb weight would produce when at rest. Hence 

. (VI.69) 


n = 


\ \2g 


Vstatic deflection in inches 


2 7T 


The time of a complete vibration is — sec, and the frequency of 


n 


n 


vibration is P cr sec. n is called the angular frequency or the 

circular frequency. It is usual to calculate the frequency in vibrations 
per minute, so that, if N is this frequency, then 


N 


60// 

2tt 


30 V\2g 

n Vstalic deflection in inches 


188 


i.e. N — = vibrations per min (VI.70) 

V static deflection in inches 


EXAMPt.fi 1 

A light uniform horizontal beam freely supported at its ends carries a load of 
W lb weight at the middle of its span of L in. If £ is Young’s modulus of elasticity 
in lb/in. 1 and / is the moment of inertia in in. 4 units of the cross-section about 
its neutral axis, find the frequency of small vertical vibrations. 

WL* . 

From Sireneih of Materials the deflection under the load is in., and 

from (VI.70), ' 48E/ 


N = 188 vibrations 


per min 


Assuming the span to be 24 ft, E = 30 x 10* Ib/in.*, / = 210 in. 4 units, and 
the load I ton, we have 


N 


188 


/48 x 30 x 10* x 210 
^ 2 240 x 288 3 


i.e. 


N 


= 447 vibrations per min 


EXAMPLE 2 

A steel shaft 24 in. long and 2 in. diameter is fixed at one end and carries a 
mass of 600 lb weight at the other end. Find the frequency of the free axial 
vibrations. 
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Let A in. be the static extension due to an axial tension of 600 lb. The area of 

/ AA 

the cross-section of the shaft is rr in. 2 , so that the stress is - lb/in. 2 The strain 

• ^ v, stress ” 

is 24> Now $trajn = Young’s modulus of elasticity, which is here 30 x 10 fl lb/in. a 

„ 600 24 

Hence, - x T = 30 x 10 * 

rr A 

which gives A = = 0 0001528 

188 188 

From (VI.70), N = —= = .... - = vibrations per min 

VA \ O OOOI528 

Hence, required frequency = 15 200 vibrations per min 

The reader should work these two examples by writing down and 
solving the equations of motion. 

Systems such as those in this and the preceding section are known 
as undamped systems because the effects of friction and of other 
energy dissipating agencies are assumed to be negligible, and the 
vibrations, once started, are assumed to continue indefinitely. Such 
vibrations are called undamped vibrations. 

61. Further Examples of Simple Harmonic Motion. Consider the 
case of a heavy pulley of moment of inertia / engineers’ units about 
its axis mounted on the end S x of a light stiff shaft whose other 
end 5 is rigidly fixed (Fig. 41). Suppose that the pulley is vibrating 
freely about its axis and consider the motion at time / sec when a 
radius OA of the pulley is displaced from its position of rest through 
an angle 0 radians. If C is the couple in Ib-ft in the shaft when the 



Fig. 41. Torsional Vibrations 


angle of twist is 0, then C = C o 0, where C 0 is a constant which we 
call the couple per unit twist. The couple C acts in the opposite 
sense to that of the angular displacement and is, therefore, negative. 
From dynamics we have 


Couple = moment of inertia X angular 


acceleration 

(VI.71) 
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l.C. 


or 




(i 2 0 
dt 2 


4- /r0 = o 


(VI.72) 


where 


" S = T 


This is the same equation as (VI.61) with 0 replacing x , and the 
solution is 

0 = 0 o sin (/// -f a) . (VI.73) 

The motion is thus simple harmonic motion in which each 
particle of the moving mass traces out an arc of a circle. The angular 

frequency of the natural vibrations is n = which corresponds 

1 lc ** * 

to -vibrations per sec. 

The alternative procedure which uses the energy method is simple. 
We have, 

Kinetic energy -f Elastic energy = constant 

U (^) +• i c o° 2 = constant . 

By differentiating both sides with respect to f, 

0 


l.C. 


(VI.74) 


,d0 <P0 <10 

1 ~r • ”T7 + C o 0 “77 


dt dt 2 

do 


dt 


Dividing through by / we obtain the equation of motion above. 
If we wish to find the frequency only, we have 

Maximum kinetic energy = maximum potential energy 
i.e. lln'O* = JCoV 

C 0 

1 


whence 


n 2 = as before 


The vibrating system in Fig. 42 consists of a uniform horizontal 
bar of weight w lb freely pivoted at O and carrying a load of W lb 
weight at P. The bar is supported in a horizontal position by a 
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vertical spring SS, fixed to the bar at S,. Let OS t a ft, OG * /> ft, 
where G is the centre of gravity of the bar, and OP c ft, and let 
the spring constant be 5 Ib/ft. We shall assume that the bar is 
set vibrating with initial amplitude 0 o so small that 1 — cos 0 o can be 
ignored compared with 0 o . Let 0 radians be the angle through 
which OP is displaced downwards at time r sec. Then, if / is the 



moment of inertia of the bar with its attached mass about the axis 
of rotation through O, the sum of the moments of the acting forces 
about O is equal to the product of the moment of inertia and the 
angular acceleration. The stretch of the spring is aO ft, the force in 
it is saO lb, and the moment of this force about O is sa 2 0 Ib-ft. In 
addition to this there is the initial tension T 0 lb in the spring where, 
from the condition for equilibrium, T 0 a = \vb Wc. Thus, the 
turning moment about O of all the forces acting on the bar in its 
displaced position is given by 

Turning moment about O 

= — sa 2 0 — T 0 a cos 0 + wb cos 0 -f Wc cos 0 
and with the value of T 0 substituted, 

Turning moment = — sa 2 0 Ib-ft . . (VI.75) 

In forming the equation of motion in elastic vibrating systems 
with small amplitudes we can leave out of consideration the gravity 
forces provided that we also leave out the elastic forces in the 
equilibrium position. 

The equation of motion is 

Moment of forces about O 

= moment of inertia about O X angular acceleration 


i.e. 


-sa 2 0 



d 2 0 
dt 2 


+ 


n 2 0 = 0 


or 


(VI.76) 
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SO* 


is " = a J- r 


where n- = —. The angular frequency 

quency is ^ J S - vibrations per sec. 

The energy equation in its simplest form is 

Maximum kinetic energy = maximum clastic energy 
and with amplitude 0 o and angular frequency a, this becomes 

£/(" 0 o ) 2 = \scP0f 


and the fre- 


from which 


n 2 = ~— t as before. 


sa 


62. Forced Vibrations. Wc shall now assume that in addition to 
the spring force v.v lb a periodic force P 0 sin (pt 4 - q) lb downwards, 
where P Ut />, q arc known constants, acts on the mass in Fig. 40(a). 
The force in the direction of x increasing is P 0 sin (pt -f (/) — sx t 
and the equation of motion is 


P 0 sin (pt + q) — sx = 
which may be written 


W (Px 
g dt £ 


or 


d~x m 
+ n ' x 




w 


<P* .. »-P 0 

_ + n-x = — 


sin (pt + q) 
sin (pi + q) 


(VI.77) 


where n‘ = 

To find a particular integral of (VI.77), we have 

n-P„ I 

x = — 'D*Td iSin{pt + q) 

and by Rule VII, a- = 2^—37 sin (pt 4- q) . . (VI.78) 

S{/l" p~) 

The complete solution of (VI.77) is the sum of the values of .v 
given by (VI.62) and (VI.78), but, as we know that the free vibra¬ 
tions will gradually die away, the motion after a time will be 
completely represented by (VI.78) alone. 
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If/ 7 < ", i.e. if the frequency of the forcing vibrations is less than 
that of the free vibrations, the displacement a* and the force 
P o sin (pt -h q) will be exactly in phase at all times, i.e. they will 
increase together, decrease together, attain their maximum and 
minimum values at the same time, and so on. If p > //, the forcing 
vibration P 0 sin (pt -f q) and .v are opposite in phase. 



Fig. 43. Amplitudes of Forced Undamped Vibrations 


MJ 

Now x 0 = — is the static deflection due to a constant force P 0 lb 
in the direction of motion, and (VI.78) may be written 


1 


2 sin (pt + q) 


. (VI.79) 


1 - 


If x' represents the amplitude of the vibrations then — — 


1 


x f P 

Fig. 43 shows the graph of— plotted against — 


pV 

n. 


When the frequency of the forcing vibrations is very small, i.e. 
when^ i s near i y zero> so that j- = 1 , the mass vibrates very slowly 
with amplitude equal to the static deflection under a load P 0 . When 

8—(T.6xx) 
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Ihe frequency is very large, i.e. ^ is large, the amplitude is nearly 

zero, as would be expected, since the period is so short that the mass 

has not time to respond. When - = 1, — becomes infinite, but, as 

// x 0 

we have assumed the amplitude to be small and have neglected 
damping forces, which increase with the amplitude, we are not 

entitled to use portions of the graph near ~ = 1. Whilst the ampli¬ 
tude .v may not be infinitely large when p ~ //, it will evidently 
become large and may cause overstrain in the material and conse¬ 
quent breakdown in the elastic member. The condition in which the 
free and the forced frequencies are equal is known as the state of 
resonance. In the design of structures or machines resonance must 
be avoided. 

To examine forced vibrations in the circuit of Fig. 40 (b) we 
assume that with the switch open its poles arc connected to a source 
of alternating current of voltage E 0 sin (pi -f <y), and this opposes 
the sum of the voltages due to capacity and inductance. Equating 
the opposing voltages, we have 

. (Pq q 

L dP 4 C = ^ sm (/>/ + ?) 

i c. ^ ~ sin (pt + </) ■ • ( VI - 80 ) 


By comparison with (VI.77) and (VI.78) we see that the particular 
integral of this is 


'' = sin & + 0 • 


(VI.81) 


where n = rc P rcscnls forced vibrations, the fre¬ 

quency of which is ~ per sec. The voltage E c across the condenser 
is given by 171 


*-% 


LC 




sin (pt -f q) 


i.e. 


Eo 


Ec = i - Lcp* sin { p 1 + 
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The resonant frequency is ^ ^ c ^ c * cs P cr scc ’ 


Whilst the relations (VI.78) and (VI.81) indicate that the amplitude 
at resonance is large, they do not show how the amplitude increases. 
To see this, we must solve the equation (VI.77) or (VI.80) in the 
particular case p = //. By the method of Art. 58 the particular 
integral of (VI.77) is found to be 

x — ~ ' cos ("I + «) • • (VI.82) 



Fig. 44. Increasing Amplitude at Resonance 


Fig. 44 shows a sketch of the graph of this. The sloping lines are 

the graphs of x=± 2nW* 9 and lhe fuI1 Curve * S the gfaph ° f 

(VI.82). It is seen from the equation as well as from the graph that 
the amplitude increases directly with the time. As, however, friction 
increases with the amplitude, damping occurs, and the dotted lines 
show the more likely limits of the amplitude, which ultimately 
becomes constant at values which may or may not be excessive, 
this depending upon the relative magnitudes of the forcing vibrations 
and the damping effects. 


63. Damped Vibrations. Fig. 45 ( a ) and (b) show the vibrating 
systems of Fig. 40 (a) and (b) with the addition of frictional forces 
in the former and a resistance in the latter. In ( a) the mass is shown 
displaced downwards through a distance of x ft from its equilibrium 
position OO. This mass is shown sliding between two vertical guides 
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between which and the vibrating mass, frictional forces of total 
amount lb weight are supposed to act. /lb is the force when the 
dx 

speed ft/sec is unity. Putting this frictional force in the equation 
of motion, we have 

dx Wd 2 x 

sx +fY,=- 


g dt* 


i.e. 


<Px g/dx g_i 0 

dt* + Wdt + W X 


(VI.83) 


p j 

Substituting tr = ^ as before, and 2a = —, 


drx . dx 
— + 2a - Ii +,rx = 0 


(VI.84) 


n is the angular frequency of the free undamped vibrations of the 
system. 

Now 

D 2 + 2aD + n 2 = (D + a) 2 - ( a 2 - n 2 ) 

= (D + fl-V a 2 - /I s ) (/) + </ + \ a 2 -n 2 ) 

and there arc three cases to consider—(I) a 2 > /r, (2) a 2 = n 2 , and 
(3) a 2 < n 2 . 

Case (1), a 2 > n 2 . In this case the solution of (VI.84) is 

x = Cd~ a + -f Et*- a - % ' 5i3 ^ )< . (VI.85) 

which is the sum of two decay functions. C and E being arbitrary 
may be of the same sign or of opposite signs, and the value of x 
approaches zero for large values of /. Also, x is zero if 

Ce N a.^T-i + Ee - = Q 


i.e. if 



. (VI. 86 ) 


The equation (VI. 86 ) has no root if E and C have the same 
algebraic sign, and one root if they have opposite signs. Thus, if the 
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mass is set in motion, it will pass once at most through the equilibrium 
position, and then will swing slowly back to that position. This is 
the case of large frictional forces such as would arise if the mass 
were immersed in a viscous fluid. 



Fig. 45. Damped Vibrations 


Case (2), a 2 = n 2 . In this case the two decay functions in (VI.85) 
become the same, i.e. e~ at y and (VI.85) is not the full solution. 

From (VI.84), we have ( D 2 + 2 aD 4- a 2 )x = 0, and by (VI.28), 
the solution is 

x = (At + B)e~ at = (At + B)e~ nl . (VI.87) 


Since Lt. d£+* = Lt. d l + ^ 

7 , (e) 


= Lt ' —= 0 t sec Art * 


t-v ne 


63, Vol. I], and the only root of (At -f B)e~ nt = 0 is t — — we see 

that x may pass through the value zero only once at the most, i.e. if 
B and A have opposite signs, and that the mass will afterwards 
swing back towards OO. This is known as critical damping (the 
friction being just sufficient to prevent vibration) and also as dead¬ 
beat motion. _ _ 

Case (3), a 2 < n 2 . In this case Va 2 - n 2 = iVn 2 - a\ and 
(VI.85) becomes 


x 


= - a't + Ee- - «"0 

= e~ at [C cos Vn 2 —a 2 1 + E cos Vn 2 —a 2 t 

-|- iC sin Vn 2 — a 2 t — iE sin 
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where F and G, or R and x, are arbitrary constants, a = 

n = / ^ 

V W 


and 


From the latter of the two expressions in (VI.88) we see that the 
motion in this case may be looked upon as vibratory motion with 
amplitude Re~ al decreasing with time. Suppose that a particle is 

<1 

moving along the polar curve r = Re' ' »• - «• "((he logarithmic spiral) 
so that the radius vector through the particle rotates at \ rr—a 2 
radians per sec; then the damped vibratory motion may be considered 
as the projection on the initial line 0 — 0 of the motion of the 
particle. A graph of this kind of motion is shown in Fig. 75, Vol. I, 
this being the graph of y 2-2 e 0 11 sin (0-3 t -f- 0-7). n is the angular 
frequency of the free vibrations, and \ /r- a 2 is that of the natural 
damped vibrations. If ,v n and .v n+1 are the amplitudes of successive 

’Zna 

swings on the same side of OO , it is easy to show that —— = e 
2na -^n+i 

y/n 2 a- lhc h yP crbo,ic logarithm of this expression, is called the 


logarithmic decrement. 

I or the electrical circuit of Fig. 45 ( h) t which includes a resistance 
of R ohms, the equation corresponding to (VI.63) is 


or, since /' 
i.e. 



/ t,J</ R, L * 

'■ <tr- ~ *' + c 


L *S 

dt s 

d £ q 

dt* 


R ‘ , ‘l , <7 
* M 1 C 

, , 1 

L ill LC 


= 0 
= 0 
= 0 . 


(VI.89) 


| D 

With .v = q t n 2 = ~ and a = —, (VI.89) is the same as (VI.84), 

and the above solutions apply to the electrical circuit as well as to the 
material system. Critical damping occurs when a 2 = /r, i.e. when 

r 2 i n. 

4£2 — lc or R 2 v C’ R ls ,ess than ,his » the variations in q 
are given by 

q = e-°'(F cos Vrf-d 2 / -f G sin ViF^ d-t) 

a . sin -- 

cos ( x n± ~ art F a) 


or 


7 = <fo c ~ 


(VI.90) 
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64. Forced Vibrations Damped. Suppose that we introduce into 
the systems of Fig. 45 a periodic force P Q sin/>/lb acting on the 
mass in (a) and an alternating voltage E 0 sin />/ in (/>) acting across 
the poles of the switch, which is open. 

In (a) the equation of motion is now 

<n.x dx gP 0 . 

dis + 2a di + nx = lv sin/,t • • (VL9,) 

A particular integral of this is found by substituting c = and 
q = 0 in (7) of Example 6, Art. 57. 


This give 


x = 


sin (/?/ — a) 


gjo. 

w V(n 2 -p 2 ) 2 -F 4a 2 /? 2 


(VI.92) 


where 


« = tan- 

n*-p- 


The complete solution of (VI.91) is the sum of (VI.92) and the 
complementary function, but as the free vibrations are quickly 
damped out, (VI.92) represents the subsequent motion. Thus we 
see that the forced vibrations lag behind the forcing vibrations when 
p < n> the angle of lag increasing with p from zero when p = 0 
to 90° when p = n. As p passes through the value //, the angle 
suddenly changes to an angle of lead of 90° which decreases as p 
increases further and approaches zero as p approaches infinity. When 
p = n, the amplitude remains finite, though, if a is small, it may be 
large. For the circuit in ( b ) the relations (VI.91) and (VI.92) apply 

with — in place of and the appropriate changes in the values of 

Lt W 

a and n. The nature of the forced vibrations is the same in both 
cases. In each case the amplitude varies inversely as 


Now 


V(n* - p 2 ) 2 + 4a*p* 


(n 2 — p 2 )2 q- 4 a 2 p 2 =p 4 — 2p 2 (n 2 — 2a 2 ) -F (n 2 - 2a 2 ) 2 -f 4a 2 n 2 - 4a 4 

= Ip 2 ~ (n 2 ~ 2a 2 )] 2 -F 4 a\n 2 - a 2 ) 

and the least value of this expression as p varies is 4 a 2 (n 2 a 2 ), 
which occurs when p 2 = n 2 — 2a 2 . The amplitude is greatest, there¬ 
fore, when p 2 = n 2 — 2a 2 , i.e. at a lower frequency than for the 
natural undamped vibrations. The maximum amplitude is 

- g f° in (a), and - in (/>) 

2a WVri 2 — a 2 2 aLV n 2 — a- 
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65. Homogeneous Linear Equations. Equations of the type 


d n y d n ~ l v 


d n --v 

+/^ ) s rt 


+ • • • +f&x)y = x 


where /i(.xr),/ 2 (x),. . . ,/„(*), X are functions of x, are, in general, 
beyond the scope of this book. We shall, however, deal here with 
equations which can be put in the form 


d n v 

x n ~rz + a,x n - 1 . _ 
dx n 1 dx n 


d n ~ l y „ d n ~ 2 y 

—^ + V - 2 —x 


2 - ' i 

dx^ 


dy 


+ a»-i x f x + a n)'=X (VI.93) 


where a lt a 2 , etc. are constants. Such equations are known as 
homogeneous linear equations. 

In the particular case n = 2, wc have the equation 

* 2 % + a ' x dx + a '-r = x ■ ■ (V,94) 


To solve 
Then 


(VI.94) wc introduce a new variable 0 such that x 

dO _ \ 
dx x 


d v _ dy dO J dy 
(ix~ dO ' dx = xdO 


whence 


d 2 y 

and 5? 


whence 


dy _dy 
X dx ~ dO 


<L (\_dy\ _ </ /I dy\ <10 /I d*y _ dy 
dx \x do) ~ dO \xdo) dx ~ \xdO- x 2 <10 ' dOjx 

, <Py d*y dy 

X ~ dx 2 dO 2 dO 


With these substitutions (VI.94) becomes 

S +(a ‘ _i) ^ +<i2 >’ =/r(0) • • (V, - 95) 


an equation of a type dealt with in Vol. I and in this chapter. 

We may write the general case (VI.93) in the form 

( x n D n + a l x n - l D n ~ i + a 2 x n ~ 2 D n ~ 2 + . . . + + a n )y = X 
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Substituting x = e °, noting that ^ = e~° t and writing D 0 for ~ 
we have 

</v 

' — r/.x — r/0 dx 

i.e. Dy = e-°D 0 y 

Again D 2 y = D(Dy) = e~° D u (e~ 0 D 0 y\ 

and by Rule II, Art. 52, D*y = e~ 2 \D 0 - 1 )D„y 

Similarly D 3 y = D(D 2 y) = e-°D u [e- 20 (D u - \)D„y], 

and by Rule II D 3 y = <?~ 30 ( D„ - 2) ( D, - 1 )D„y 

In this way we can show that 

D*y = e-*\D 0 - 3) (A, - 2)(D«- 1 )D u v 

and so on. 

Generally, for all integral positive values of n, we have 
D n y = e-"°D 0 (Do - 1) (Do- 2) . . .(D,-n+\)y 
or by multiplying through by e nQ = x n , 

Do (Do - 1) (A> — 2) . . .(£>«,-«+ l)j» (VI.97) 

If now we substitute this in the left-hand side of (VI.93) we obtain 
an equation of the type (VI. 1) whose solution we have already 
discussed. 

This method of solution by operators can be applied, ot course, 
to (VI.94), which is a particular case of (VI.96). 


example 1 


Solve the equation ^ - ^ = 0, which occurs in finding the strain in a thin 

sphere under internal pressure. . 

When multiplied through by r*. the equation is homogeneous, tnus 



. (I) 
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With r = and Do 


d_ 

ilt)' 


the equation (I) becomes from (VI.97), 


Do (Do — I)// — 2u =- 0 
i.c. (Do*— Do— 2) ii =» 0 

so,ha ‘ "“ (Da— 2j'(D» + l) ,0) “ STTi]* 0 ’ 

Hcncc * 5 Lrrj r '-'“ x 0 - o„ '1 '■ ° x °] 

” 1 ^ < 0 , - <■ 8 7 , <°>] 

- JMe**- *-•] 

i.c. /i Ce i0 E £>*-•, where C and D arc arbitrary constants. 

Writing r for e°. we have the required solution 

u = Cr* -E y 

Another method of solving an equation such as (I) is to substitute 11 = Ar" 

This gives An(n - l)r" - 2 Ar n « 0 

so that — n — 2 ■» 0 

This is the auxiliary equation and is a quadratic in n. The roots of this equation 

arc n - 2 and /> I, and the full solution of (I) is u - /*r* + which is 
equivalent to that already found. 


EXAMPLE 2 


Solve the equation 

r ir+ + 3*,. 

and determine the constants of integration so that the solution satisfies the 
conditions + ckr * = 0 when r — a and r = b. (U.L.) 

ar 

Multiplying through by r wc have the homogeneous equation 

—U + W . . . •<» 

Substituting r = c° and using (VI.97), wc obtain 

[Du(Do- I) + Do - I ]y = - (I + 3 c)ke™ 
i.c. (/>«*- I )y = - (I E yoke* 0 . . . • < 2) 



Hence y = 
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BSnnW+SrrT *-* 1 1 - VW - :W ! 
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(0)-(l I 3<)A* 


D,r - I 


= * [_!__!_ 1 

- L Do — I Du I U 

= * [d 0 J =1 <e ° x °> - b7+“ (e ~° x 0) ] - (l 1 3f)A ' 3^. 

= 4 [^•F/°)-'- # i(0)]- ( - L ir^' M 


i.e. 


or 


y = i Me 0 — — 


(1 + Mk 
8 


.30 


Cr + £_ !i±w* f . 

r o 


To determine the constants C and E we have 

fr ~ C ~ £ ~ I (l + 3c)kr ' 

and, since ~ + ckr 2 = 0 , this gives 

Since (4) is true when r — a and r — b, then 


- 1 - 


1 

1 

Q 



and C -6»-U + 8 C M 6 ’- 0 

Solving these simultaneous equations in C and E, we find 

c _^+^ (3 + f ) andE _- w ( 3 + c) 


8 

The solution (3) then becomes 
(a* + b 2 )k 


y = 


8 


(3 + c)r 


+ eg * (3 + c ,_<i±i£*,. 


(?) 


(4) 


66 . Equations of the First Order but not of the First Degree. The 
operator D cannot be used in the solution of equations of this type as 

l d y\ n 

this would lead to confusion between D n y n meaning l-rl and 

d n ' ' . 

D n y n meaning (^ n ). Such . equations are of little practical 




228 


PRACTICAL MATHEMATICS 


importance, and only in a few special cases can they be solved. The 
general equation of this type is 

<K*.y.p) = 0 . . . (VI.98) 


, dy 

where P = ^ 


We give below examples of methods of solution, any general 
discussion of the subject being beyond our scope. 


EXAMPLE 1 
Solve 


P'=y + x 


(1) 

dy 


We first solve for y and then differentiate with respect to x, putting p for 

'-?■ - 


• dp dp 

Thus y = />*— x and, differentiating, p = 2p .— I, i.e. 
solution of which is ax 


x — 2 p - 2 log, (p + I) + c . . . . (2) 

From (I ) and (2). y = p 2 — 2p + 2 log* (/> + I) — c . . . . (3) 

We may look upon (2) and (3) as the solution of (I), giving x and y in terms of 
the parameter p. Otherwise, since p can be found readily in terms of x and y 
from the original equation, which is not usually the case, wc substitute 
P = ± VJT X in (3). obtaining the solution 

y - (y + X) T 2 y/y + x + 2 log, (I ± Vy + X) - c 
or x 2 log, (I ± \'y + x) - ± 2Vy + * + c 

Alternatively, wc can solve the given equation by expressing x in terms of 
y and p from (I) and differentiating with respect to y. 


1 dp 

Thus, x «* />* — y and. differentiating, - = 2 p — I, 
solution of which is P s 


£ 

dy 


U :P 

V' 


the 


y = p* — 2p + 2 log, (p + 1) — c 
which is the relation (3). The solution then follows as above. 


EXAMPLE 2 

Solve p a + (2x - y)p - 2 xy = 0. 

Here the method is to solve for p. Factorizing, wc have 

(p-y)(p + 2 x) =0 

dy dy 

from which ^ = y and = —2x, the solutions of which arc y = cc* and 
y = c — x*. 

Both these solutions arc contained in 

O'- c ^)(y + x*-c) = 0 

which is therefore the solution of the given equation. 
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EXAMPLE 3 

Solve y = a(/> + p 2 ) 

DifTercnlialing with respect to a, we have 

p = p \ p z + x(\ + 2p) 
dx 


dp 

dx 


l.c. 


2p + 1 , 

-7^^ = -T 


I 


the solution of which is a: = cp~*eP 

From (1) and (2), y = c ( ^ + 1 ) e* . 

(2) and (3) give x and y in terms of the parameter p. 


(I) 


( 2 ) 


. (3) 


EXAMPLES VI 

(1) If D a show that ^ = Ac “** + Be-** satisfies D 2 y 4- 5 Dy 1- 6y = 0 

y = (A + Bx)e-** satisfies D 2 y + 10 Dy + 25 y = 0 
and y = Re’ x sin (4* + q) satisfies D 7 y + 2Dy + \ly - 0 


(2) If D - show that y - *■"/>' + Csin satisfies 

+ ri*y — a sin /?/. . 

(3) Write down the rules for interpreting the results of operating with the 

polynomial F(D), where D = Jj, on the functions e^A', sin (/>a + <y) or 

If' P F{D) =*D 2 + 6Z> + 12, give the results of operating with F(D) on 7e 
Sc^a 6 , 6e“* sin 7 a, and 8e _lx cos 3 a. 

(4) SimpUfy D 2 s + 6Z>s- 16s where D m ^jands = + Be-* f + 18 sin 3/ 

— 25 cos 3/. Operate on sin 3a with Z> 2 — 4D + 4. r , , 

(5) Using operators integrate Je 4 * sin 2 xdx, fx a e X dx, fx*e dx , and 
sin />/ + b cos/>/)«//. 

(6) Write down the results of operating with D% + 6D + J2 on ,hc funct,ons 

d 

7e~ zx , Sxe**, 6e** sin 7 a, and cos 3a, where D = ^ 

(7) Simplify Z3[e“cos (2a + 3)], Z> 4 Ur* cos (2 a + 3)1 ZJ- , [ < r“cos (2a + 3)1 

cos 3a], !>-*[<?** cos 3a], £> 3 le“ cos 3 a], and J(a + 2a 2 ) cos 3 a</a. 


(8) Solve ^ = 2a — y, ^ = 6y + 7, 2.y = 6 sin 3a, + ay - 6, and 

</v 

— + ay = 6 sin (px + ?). 
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d : y e <y 


d '-y , c d y 


d'-x 


dx 


<9> Solve 5 ± + by = 0 ( ^i5^H; = 0,^-4-| I2x = 0, 


dx 


dx z 


dx 


dt 2 


d( 


S-2f + ,-*-5 + 2.4 + *,..a 

d 

(10) Using operators show that if D = (Z) + a)"/ = 0 has for solution 

y = (A + Dx f- Cx 2 -f . . . to n terms)e _ar , and write down the solutions of 

g + .* + *—.g-.g + »£-.,-a 

(11) Solve (Z) 1 + 6Z> 13)/ = 0. (Z) 3 + 2D 2 4- 9Z) + 18)/ « 0, and 

<Z> + 3) (D + 4) (Z> + 5)*/ = 0. where D 

./In //I y d*X d 2 X 

(12) Solve + 18 ^ T 81/ = 0 and - 13 ^ I- 36a: - 0. 

(13) Find the complete solution of 3^ i 5~ - 2* = 40c 3 ', and determine 

dx 

the constants of integration so that x =■ 10 and ^ ^ I when / — 0. 

(14) Obtain the general solutions of the equations— 


<•) S + 5 1 ‘;[ + 6/ = sin It 


<Z.t- 

</\v 

dx 1 


dx 

Jy 

dx 


(li) -rz t- 2a~± » a*y - arV'" 


(U.L.) 


(15) Solve the equations— 

(i) 0 ~ a a )^ + 2a;/ - x-x* 

t/y. 

(ii) (3 x-y)£ e - 2* 

<Z/ sin a; 

( "i,2 .t^- / -/ 

(16) Solve the differential equations— 

dy 

(i) “ + 2/ tan x - sin a: 

(ii) (5/ + 7ar) + 8/ 4- 10a: = 0 


(U.L.) 


(U.L.) 


(17) Solve the following equations subject to the conditions that, when 
// 


a = 0 , / = 2 and ^ = -1 

<"> 1 /S ' 2 ‘dx ' 2y ~ S,n 1 

ng-ti*'-- 


(U.L.) 
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(18) Solve (D- |- D i l)r --12 cos 2v - 8 sin 2.v - 3 sin v, where D - — 

’ </x 

d*y (/)' 

(19) Solve ^2 4- 10 -jp b 25 v = 12/V’*'. and determine the constants of 

integration so that, when / = 0, y = 1- 

(/y 

Also solve -f 4 “ = 6 sin /. 

(20) Solve (2D-— ID- 4).v - /V', where D - and (D= -i 5/> i- 36)^ 


c~ ix sin 5.v, where D = — 

dx 

(21) Solve 

d~y 

(i) j ^2 + 16y = 4 sin 4.v 

(ii) -F 4 ~ + 80 « 6 cos 2/ 

('») ^5 + 6 >* = 3*"‘ x + 4 ‘ ,x 

(22) Integrate the differential equations 

®S-f+5 

(ii) 0 - 4x + «* 

(iii) (3 ^ 2 4- 4*)J* 4- 2*y dy - 0. 

(23) Solve the differential equations 

(i) ^4-9y = ^4-x + 1 


(L'.L.l 


(ii) ( ~ — ylanx = e x 


(U.L.) 


d*x 


dx 


(24) (a) Find the solution of 4 - 2 ^ 4 - 17* = 5 sin 4 r for which * ■= 
when t = 0 and when t = \ 

o 

( 6 ) Find the general solution of —4^4 3 y = (x 2 4- 5)e- x (U.L.) 

(25) Solve the equations 

(i) ^ + 3 ^ + 2 >’ = e “ Isin2x 

(»S-2 ^ + » 


dy 

under the conditions that 7 = 0 and ^ = I when * = 0 . 


(U.L.) 
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(26) Solve the following differential equations— 

I when x = 0 


(i) g = 1 + f.y 


dy n 

(ii) + y cot x = sin 2x, y = 0 when x = - 

dy 

(iii) (1 +x)- + fixy = fie y = 0 when a: 


0 


(27) Solve any /ho of the following— 

sin x 


®2+«2—*■ 




do 


</x* 


— / = cos a: cosh x 


d*y dy 

<'»> d*i + 2a dx + a * r " 

dy 

with the conditions that / = I and ~ = 0 when x = 0 

(28) (i) Solve the differential equation 

<-** +*)g +/ = It 

(ii) Find a particular integral of the equation 
d'y d*y 

_Z + 8 _Z+ |6y> = sin 2x 


(U I .) 


(U.L.) 


(U.L.) 


(29) Solve the equation 

d*y 

— — 16/ = 15 cos x 

subject to the conditions that, when x — 0, / — 0 and y *■ 2, and, when 
x *» iir, / - -1 and ~ -1, showing that the solution is purely periodic in x. 

(U.L.) 

(30) Solve the equations 


<i)*g + 3. 


4x + 3 


(31) Solve the differential equations 

d y . y 1 


(U.L.) . 
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(32) Solve 

(i) g = 2x — 3y 


d 2 y dy 

(33) (i) Solve the equation ^ - 2 j- | y = e* cos * 

d 2 y (iy t/~y 

(n) If AT = cosh z, prove that (* 2 - D + a- J- -jr. 
Solve the equation ( x 2 — 1) + x — y = x 


(34) Show that the solution of the equation 

+ 2n^ + n 2 y ~ A 


for which y and ~ both vanish when / = 0 can be written 

A (cos (pt — <t>) — e~ n, (m -F cos 4>)\ 
y= ««+/>* 

where tan 4 = - 

n'-p' 

(35) Integrate the differential equations 


dt 2 


dr 


cos pt 




(36) Obtain the general solutions of the differential equations 

(i) S +7 S+ ,2 >’- ,oe “ i 

(ii) i&-*7u + A y = xl 
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(U.L.) 


(U.L.) 


(U.L.) 


(U.L.) 


(37) Solve the differential equations 
(0 + 3 ^ = e“* cos x 

00 Jr + y sec 2 * — 3 sec 2 * tan * (U.L.) 


(38) Find the period of vertical vibrations of a mass of W lb weight at one end 
of a light flexible cantilever, / in. long, built in horizontally at the other end. 
Let E be the modulus of elasticity in lb/in. 2 , b in. the breadth and d in. the depth. 
Find also the period of oscillation if the cantilever is placed in a vertical position. 
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(39) A straight uniform circular shaft of negligible mass carries a rotor of 
radius of gyration A ft at one end. the other end being fixed. If C 0 lb-ft is 
the couple to produce unit twist in the shaft and the weight of the rotor is 
IP lb. find the frequency of torsional oscillations. 

(40) If the fixed end of the shaft in the last example is freed and a rotor of 
weight IP, Iband radius of gyration A, ft is mounted there, show that the frequency 

30 /C,.( m* + IE',A, 2 ) 

of torsional vibrations of the system is now -- \y\y — P 01 " m,n - 

(41) A load rests on a light horizontal beam. Show that the periodic time of 
free vertical vibrations of the load is the same as that of a simple pendulum whose 
length is equal to the static deflection produced by the load at its point of 
application. 

(42) A mass of If*I lb weight is carried by the lower end of a light spiral spring 
the upper end of which is fixed. The spring stretches through 15 46 in. under the 
load. The upper end is then released and given a simple harmonic motion 
0-5 sin / ft downwards, where / is the time in seconds. There is a damping resis¬ 
tance of 30 » lb acting on the mass, where »• is the speed in ft see at time f. Find 
the amplitude of the forced vibrations after the free vibrations have died away, 
and find also the angle of lag between the forcing and the forced vibrations. 

(43) A spring of negligible mass which stretches I in. under a tension of 2 lb 
is fixed at one end and attached to a mass of M lb weight at the other. It is found 
that resonance occurs when an axial periodic force of 2 cos 2i lb acts on the mass. 
Show that, when the free vibrations have died out, the forced vibrations are 
given by x cl sin 2/, and find the values of M and c. 

(44) A spring supports a mass of 40 lb weight at its lower end. The stiffness is 
20 lb per in. of stretch. I ind the period of free vibrations with the upper end 
fixed, neglecting the mass of the spring. If the upper end is now made to vibrate 
axially so that its displacement at lime / see is 0-3 sin 7/ ft downwards, neglecting 
damping and assuming the mass to start from rest when / ” 0, find its displace¬ 
ment at time / see. Assume® 32. 

(45) Assuming that in the last example a damping force of 10 v lb acts on the 
mass, where v is the velocity of the mass in ft/scc, find the forced vibrations after 
the free vibrations have died away. 

(46) Write down the equation of motion for a mass vibrating under the action 
of a restoring force proportional to the displacement and a small frictional 
resistance proportional to the speed, and show that the ratio of the amplitudes of 
two successive swings on the same side of the equilibrium position is constant. 

(47) A 4-lb mass hangs at rest on a spring producing in the spring an extension 

of I ft. The upper end of the spring is now made to execute a vertical simple 
harmonic oscillation x *= sin 4/, x being measured vertically downwards in feet. 
If the mass is subject to a frictional resistance whose magnitude in pounds weight 
is one-quarter of its velocity in feet per see, obtain the differential equation for the 
motion of the mass, and find the expression for its displacement at time /, when 
/ is large. (U.L.) 

(48) The motion of a mass vibrating along a straight path is given by 

+ 12^ + 100)’ = 5 sin 3/ 

y being the displacement in feet at time / see. The term on the right is produced 
by a periodic force acting on the mass. If the mass weighs IF lb, what is the 
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periodic force? What is the displacement / sec after the motion has begun but 
after the free vibrations have died out? 

(49) A mass of IF lb weight makes vertical vibrations when suspended from 
the lower end of a light spring which stretches a ft under a load aL lb. the upper 
end of the spring being fixed. Write down the energy equation and obtain from 

it the equation of motion. Show that the frequency of vibration is P° r 

minute. Assuming that the spring is not light and weighs »»• lb and that the stretch 
at any point in it varies as the distance from the fixed end. include the energy of 
the spring in the energy equation, and show that in this case the frequency is 


30 / gE 
» v w + j 


w 


per minute. 


(50) Show that the frequency of free vibration in a closed electrical circuit with 

30 

inductance L and capacity C in series is per min. 


(51) A condenser of capacity C farads, a resistance R ohms and an inductance 
L henrys are connected in scries in a closed circuit. Show that, if / amperes is the 
current in the circuit at time / seconds when free vibrations are set up in the circuit, 


d 2 i , Rdi 
di* 4 L dt H 



Show also that, if v is the voltage across the condenser at time t sec, v> may be 
substituted for / in the equation. ( 1 ) Show that if CR* > AL, i passes once at most 
through the value zero and that for large values of /. i becomes very small. 
f2) Show also that if CR 1 = AL, i again passes once at most through the value 
zero and becomes very small as / becomes very large. What is the difference 
between cases ( 1 ) and ( 2)? (3) S how that if CR 2 < AL the solution of the equation 

is i = Re~ 2L sin ( ~ ) where R and a arc arbitrary constants. 

(52) An electrical circuit has inductance L henrys in series with capacity 
C farads. Find an expression for the forced vibrations if / amperes is the current 
in the circuit when a voltage V 0 sin att is impressed on the circuit. Sketch a graph 
showing the amplitude /„ of the current i plotted vertically against o> plotted 
horizontally and show on the graph the efTect on the amplitude of a slight 
resistance in the circuit. 

(53) Find the complete solution of ^7 + n*y = a sin {pt I q) where y ft is 

the displacement of a vibrating mass at time / sec. Show in a graph how the 
amplitude of the forced vibrations depends on p as p increases from zero to a 
value greater than n. Show on the graph by means of a dotted line the effect on 
the amplitude of a slight resistance. 

(54) A pulley is eccentrically mounted on a shaft which turns with negligible 
friction in horizontal bearings. The mass of pulley and shaft is M, the centre 01 
gravity G is distant h from the axis of the shaft, the radius of gyration about that 
axis is k t and the radius of the shaft is r. From a cord coiled round the snail 
hangs a mass m. and in equilibrium the line joining G to the axis is at anang e a 
to the vertical. Show that mr = Mh sin a, and establish the equation of motion 
when this line makes an angle 0 with the equilibrium position. Show tnai in 
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small oscillations about the equilibrium position the length of the equivalent 
simple pendulum is 

<*=//» + mr-/Mh) see a (U.L. Chem. Eng.) 

(55) An alternating electromotive force E sin pt is applied at time / = 0 to a 
circuit. Obtain, in the usual notation, the equation 

, d 2 ! <// / 

L dT* + r j, + c = p Eco% p‘ 

and hence obtain an expression for the current at time /, in the two cases 
(i) CR 2 > 4 L, (ii) CR 2 < 4 L. (U.L.) 

(56) A condenser of capacity C and initial charge Q 0 is discharged through a 
resistance R and an inductance L in series. Prove that, if R 3 C < 4 L, the current 
at time / is 

- (* + sin kt 

where — h + ik and - Ii — ik arc the roots of the equation 

CLx' + CRx +1=0 (U.L.) 

(57) An uncharged condenser of capacity C is charged by applying an c.m.f. 
of Esin(r/' LC) through leads of self-inductance L and negligible resistance. 
Prove that at time / the charge on one of the plates is 

\ EC f sin *— --= cos — L = ] 

l v LC \ LC y/LC J 

If. in addition, there is a small resistance, in what respect is the mathematical 
form of the above result altered? (U.L.) 


(58) A helical spring of such a strength that a force of p dynes extends it 1 cm 
hangs from a fixed support,and a mass of m grammes is attached to the lower end. 
From this mass another spring of the same strength hangs, and a mass of m 
grammes is attached to its lower end. Write down the differential equations for the 
vertical oscillations of each mass, and integrate the equations. The masses of the 
springs may be neglected. Discuss the nature of the motion of each mass. (U.L.) 

[Hint. Suppose that the first spring is stretched xcm from its length in the 
equilibrium position, and the second spring yem when the time is t sec. The 
force accelerating the first mass is p{y — x) dynes, and that accelerating the second 

is — P y dynes. The acceleration of the first mass is and that of the second 

(Px J 2 y dt 

is + ~jj r• Hence, write down the equations of motion.) 

(59) A spring which stretches an amount e under a force mk*e is suspended 
from a support P and has a mass m at the lower end. At time / = 0 the mass is 
at rest in its equilibrium position at a point A below P. A vertical oscillation is 
now given to the support P such that, at any time / (> 0), its displacement below 
its initial position is a sin nt. Show that the displacement x of the mass below A 
is given by the equation 

x + k*x = k*a sin nt 

Hence show that, if n * k, the displacement is given by 

ka 


k'-n * 


(k sin nt — n sin kt) 


(U.L.) 
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(60) A circuit contains an inductance L. a capacitance C, and a resistance R, 
and is acted upon by a periodic c.m.f. of amount V = ZT sin (/>/ J- r). The 
current i in the circuit satisfies the conditions 

; = __ fi A , fj R !Z> *1 - v 

dr L dt* ‘ R di f C " V 

Show that, if R is sufficiently small, the current consists of a damped harmonic 
term and a permanent harmonic Z whose amplitude becomes large if 

P = (ci)\ and that in this casc * / = ^ cos + f ] 

(61) Solve the homogeneous equations 


(U.L.) 


(62) If* - show that** = * and **g = ~ [%-/) 

The radial displacement u in a rotating disc at a distance r from the axis is 

given by r 2 u + kr 3 = 0. where A: is a constant depending on the 

velocity. Solve the equation and determine the constants of integration so that 
m = 0 when r = 0 and r = a\ the disc being assumed to be contained within a 
rigid boundary. (U.L.) 

(63) Find the complete solution of the equation 

when (i)/(r) = - 4r, and <ii)/(r) = 3r* + p 

In case (i) determine the constants of integration so that 4- r 2 = 0 when 
r •= a and when r = b. 

(64) Find the general solutions of the equations 

(ii) ** 5^ + 6x ~Jx + 4y ” logeX 
<iii)*»g-2** + 2, = *lo ge * 

<‘^S+3*.g-2** + 2, = 0 

(65) Solve completely the equations 
(') x 2 ~rz + y = 5x* 


dx* 

d 2 y 


dy 


<ii) x*-A+lx*^-- 8 x'y = x< - 1 


dx 2 


</x 


given that, when x ** I, ^ = J and y = iV 
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(66) Show that (here is a value of m for which y = x m is a solution of the 
equation 

0 

(IX 2 dx J 

and hence, or otherwise, obtain the complete solution of the equation. (U.L.) 

(67) Show that the constant n may be chosen so that, by the substitution 
y — x u z, the differential equation 




\ )d J x + (8.v 4- 2 )y - cos x 


dz 

a ■ 4 h: = cos x 
dx 


*** + 4x(x 
reduces to the form 

<Pz 
dx * 

where a and h are constants. 

Hence, or otherwise, solve the given equation. 

(68) Solve the differential equations 

(i) £ 
dx *»-Zr y-y* 

® *£->(£)■-v-« 


(U.L. Gen. Sc.) 


(U.L.) 


(69) The equation ^5+^-$"° in findin S !hc s,rains in a 

thick cylinder under internal pressure. Solve this equation (i) by substituting 
>' Ar "> and (ii) by substituting r = c°. 

Also give the complete solution of the equation 

*_ 3r ,. 4 
dr- rdr 3r * r* 

(70) 0) Solve the equation ~ ( t ^) " 6x > subject to the conditions that 
■* and both vanish when / = 0 . 

(ii) By means of the substitution x ** e\ or otherwise, find the general solution 
of Ihc equation ^ + 3* 0 + jj£ - ** log,* (U.L.) 

(71) Show that the equation y = p X 4- 5, where p = ^ and c is a constant, 
is satisfied by y = mx 4- where m is a constant, and also by y* = 4 cx. Show 


also that the latter solution gives the envelope of the family of straight lines 
represented by the former solution. 

(72) (a) Solve •* 4- y = x 3 , given that y is a minimum when x = 1 


( b > So,vc (*Y + *(*- 2 ) ~'l - 2 a* 


dy 

<Lx 


(U.L.) 
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(73) Solve the equations 

dy 

+ .vv--2r =0 
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»ar 

(74) (i) Solve the equation x ^ = I + (|y^) 

</.v s 

T ■» 1 and is always positive, and y = 2 when x *= 0 . 


(ii) Find that solution of the equation = y 3 — y for which is zero when 

(U.L.) 


(75) (i) By differentiating with respect to x. or otherwise, solve the differential 
equation 

dy 


y = x{p + p*), where p = 
(ii) Find a particular integral of the equation 

d*y 

--y = x sinx 


(U.L.) 


(76) The equation ~ + 2Z>^- c*5 = 0 occurs in an investigation of the 
plastic flow of solids. 5 = 0 when 0 =* 0. Show (i) using operators an<Mii)_by 
means of the auxiliary equation that the solution is 5 = 25 0 e~ 1,0 sinh ' b 2 + c 2 0 , 
b and c being constants. 

(77) By means of complex algebra simplify the following— 

(2 + 3D) (3 - 2D) sin (2/ + 1), cos (r + 2), VJ 4- 3D sin 4/ 


and 


/ 2To 

** 2— D 


2- D 

</ 

sin (3/ + 2) where D 


(78) Express as a function of 


/ 6 + 
'*4 + 


0-03 D 


0018D 


E,„ sin 500r, where D - 
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67. Numerical Solutions. In many practical problems in which 
differential equations occur it is possible to proceed without using 
any of the foregoing methods of solution. In beam theory the 

equation El -~ x load per foot run is often solved by students with 

no knowledge of calculus by a double application of the funicular 
polygon, each application giving the solution of an equation of the 
(f- 

type X t where X is a function of x. The use of a planimeter 

or of Simpson’s rule or of any other approximate method to find 
the area A under a curve can give the solution of an equation of the 

type = y\ where (x, y) is a point on the curve. In the finding of 

the critical speeds of vibration of crank-shafts a numerical method is 
the most convenient. Further, a solution in the form of tabulated 
values of the variables is what is required in many cases rather than 
a functional relationship in the form of an equation. Consider the 
first order equation 




(VII.l) 


of which we arc required to find values of y over the range x = 0 
to x = 0-5, having given that, when x — 0, y = 1. 

We take a small increment of .v, say Ax = 01, and evaluate y 

A y dy 

when .v = 0 + 01=01. To do this we assume that -r- ^ ^ 
Substituting in (VII.l) and transposing, 

A y ^ (5 — 3j)Ax . . . (VII.2) 

Putting y = 1 and Ax = 01, we have Ay = 2 x 01. Thus we 
see that, when * = 01, y =1+2x01 = 1*2. 

Again taking Ax = 01, y = 1-2 and substituting in (VII.2), 
A y = (5 - 3 x 1-2) x 01 = 014 and y = 1-2 + 014 = 1-34. 
These values are shown in Table II. 
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-V 

1 

A.v 

dy c , 1 . dv . 

£ = \ s > ,== 7Tx Ax 

y 

1 

0 

01 

20 0-2 

10 

01 

01 

1-4 014 

1-2 

0-2 

01 

0-98 0098 

1-34 

0-3 

01 

0-686 0-0686 

1-438 

0-4 

01 

0-479 0-0479 

1-507 

0-5 

0 1 

1 " 1 ~ 

1-555 


In the above it is not essential that the values of Ax should be 
equal. It is worth while plotting the graph as the values are found. 
Where the curve is flat, the values of Ax may be larger than where it is 
more curved. The method has the advantage of simplicity, the 
solution being readily obtainable by anyone who can do simple 
arithmetic. On the other hand, the method is not very accurate and 
there is no way of testing the degree of accuracy. The errors are 
cumulative if the curve is entirely concave upwards or entirely 
concave downwards. The main source of error lies in the assump¬ 
tion that the gradient at (x, y) is the gradient of the chord joining 
that point to (x + Ax, y + Ay). 

The solution of (VII.1) is y = i(5 - 2e" 3 '), and from this, when 
x = 0-5 y = 1-518 as against 1-555 in the table. Greater accuracy 
could be obtained by taking smaller values of Ax. The above is 
known as Euler's Method. In order to increase the accuracy we 
assume that the average gradient is half the sum of those of the 
tangents at the end points. As we do not know the gradient at 
(x + Ax y + Ay) we take an approximation to it, i.e. that found in 
Table III Thus for the first interval we have—average gradient 
= U2 0 -l- 1-4) = 1-7. This is entered in Table III as mean gradient. 
From this Ay = l-7Ax = 017, whence y = 101 + 0-17 = \ \1. 
This is a more accurate value of.y than the entry above it found as 
in Table II. Keeping to the first interval we repeat the calculations 
until two consecutive values of y agree, i.e. those at y — 

This is then taken as the starting point for the next stage x- 0-1 to 
x = 0-2. For comparison we give values of y = i(5 — 2e ) in me 
last column of Table III. 


The closeness of the results to the correct values rather flatters the 
method. The errors are still cumulative when ^ does not change 
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TABLE III 




Gradient at 


Ay 



X 


(x, v) 

dy . , 

Mean 

Gradient 

= A.r 
x Mean 

y 

y =. 

5 - 2e~ 3x 






dx 5 *>’ 


Gradient 


3 

0 

0 1 

20 

j 

02 

1-0 


01 


1-4 

1-7 

0 17 

1-2 


0 1 


1 49 

1-745 

0-1745 

117 


0 1 


I 4765 

1-7382 

0 17382 

1-1745 


0 1 


1-4786 

1-7393 

0 17393 

1-1738 


01 

| 




1-1739 

1-173 


0 1 

1*4783 


0-14783 

SSH 

mm 

0-2 


10349 

1-2566 

012566 

Bints 





1-2898 

0 12898 


1 

■Its 



1-2848 

0-12848 

1-3029 

1 

0-2 



1-2856 

0-12856 

1-3024 


mm 





1-3025 

IO 


0 1 

1-0928 


0 10928 

1-3025 


0-3 


0 7646 

09287 

009287 

1-4118 


0-3 


0 8138 

09533 

009533 



mm 


0 8066 

0 9497 

0 09497 

mSmm 


Bffl 


0-8075 

09501 

009501 

1-3975 







1-3975 

1-396 

53 

0 1 

08075 

- - 

0-08075 

1-3975 


04 


05651 

0 6863 

006863 

1-4783 




0 6017 

0 7046 

007046 

1*4661 


04 


0 5960 

0-7018 

0 07018 

1 4680 


04 i 


05969 

07022 

007022 

1-4677 







1-4677 

1-466 

0-4 

01 

0-5969 


005969 

1-4677 


0-5 


0 4178 

0-5073 

005073 

1-5274 


0 5 


0 4448 

05208 

005208 

1-5184 


05 


04406 

0 5188 

0-05188 

1-5198 


0-5 


0 4412 

05190 

0 05190 

1-5196 


0 5 





1-5196 

1-518 


sign and increase as the steepness of the graph increases. This is 
known as the modified or improved Euler’s method. 

A more useful method is known as Runge's method. It must be 
remembered that we are trying to solve an equation of the type 

Tx=n*>y) ■ ■ ■ ( m3 > 
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The expression on the right has values at all points of the xy- 
plane. We are attempting to find one only of the family of curves 
represented by (VI 1.3). fn Fig. 46 we show part of this curve of 

dy 

which we are given the point A and the value of - - at A. MN is the 


projection on the axis of .y of the straight line joining A to a point B 
on the curve. Let the co-ordinates of A 
be (.y 0 , y 0 ) and those of B ( x 0 ♦ //, y 0 -F 
k). AB 0 _L BN. For a first approxi¬ 
mation to the position of B we draw the 
tangent at A which meets BN at B x . Since A 
B 0 B = k y the first approximation to k, 
which we shall call k lt is 

k x = h X gradient at A 
i.e. k x = hf(x 0t y 0 ) . . (VII.4) 

The gradient at B x of the curve of the ^- h- - > 

family through B x is, by (VII. 3), Fig. 46. 

/<* 0 + A,* + *i> • • < VIL5 > Rage's Method 

This is a first approximation to the gradient at B. To find a closer 
approximation we assume the gradient at B x to be transferred to A, 
as this is nearer to the mean gradient, i.e. that of the chord A By than 
is the gradient at A. Let B 0 B 2 =J< 2 y where B 2 is the point in B 0 B 
such that the gradient of the straight line AB 2 is equal to the gradient 
(VII.5). Then k 2 is a second approximation to k t and 

k 2 = hf(x 0 + h t y 0 + kO . . (VII.6) 

The co-ordinates of B 2 are (* 0 + K y 0 + k 2 \ and by (VII 3) the 
gradient at B 2 of the curve of the family which passes through B 2 is 

f(x 0 + h t y 0 + k 2 ) . • (VII.7) 

We assume this to be a close approximation to the gradient of the 
curve AB at B. Let the ordinate through the mid-point of MN cut 
the curve AB at C and the straight line AB X at C v We assume that 
the gradient at C x of the curve of the family which passes through 
C x is a sufficiently close approximation to the gradient^of the curve 

AB at C. The co-ordinates of C x are (x 0 + ^y 0 + and lhc 
gradient at C x is by (VII.3), 

/(xo + ^o + |) • • • < vn -*) 
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The gradient at C is very approximately given by this. Thus we 
can find the gradient of the curve ACB at the points A, B and C 
with considerable accuracy. The value of k has still to be found. 
Integrating both sides of (VI 1.3) between the limits x 0 and .v 0 + h , 
we have 

fV. + * fU • h 

dy = f(x,y)dx . . (VII.9) 

Jv» Ju 

The integral on the left has the value k whilst that on the right is 

found by Simpson’s Rule to be ^ (first gradient + 4 x middle 

gradient f- last gradient), the three gradients being those at A, C, 
and B respectively. We have then, if y n is the ordinate at B , 

/ir / h k } \ 

yn = y a + 6 [/(**>. To) + 4/ yx 0 + + 7 / 

+/(*o + + * 2 )] • (VII.10) 

We shall apply (VII.10) to the solution of (VII.1). 


EXAMPLE I 
dy 

-j- =* 5 — 3 y and y = I when x = 0 

x,-0. A-0-1./(*„*) /(0.1) 5-3-2,*, -2x01 -0-2 

/( to + h.y , + *,) /(0-1. 1-2) -5-3-6 1-4. *, -1-4x01- 0 14 

/Uo + h.y, + * s ) = /(0 1. 1-14) - 5 - 3 42 1-58 

/(*. I- j.* + |) — /(0-05. 1-1) - 5- 3-3 - 17 


Then 


y* = y.« + 7 <2 + 4 x 1-7 + 1-58) 


y B — I + ^ x 10-38 = 1 173. When x - 0*1. y - 1*173 

This value found in one stage is practically the same as that found after five 
stages in Table III. This suggests that we may be able to increase h to 0-2. For 
the next stage then we have— 

* = o-i, v-o = 1173. h = 0-2,/ (.r„. >o) = 5- 3-519 = 1-481. 

k t = 1-481 x 0-2 = 0-296 

fix o + h.y 0 + k t ) = /(0-3. 1-469) = 5 - 4 407 = 0-593. 

k t — 0-593 x 0-2 =0-1186 

/(*o + h >yo + -/(0-3. 1-292) = 5 - 3-876 = 1-124 

f(*o + \.y» + y) =/««. , M| ) = 


5 — 3-963 = 1 037 
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As before, y B = y A + | (1*481 + 4 x 1 037 + 1124) 

y B = 1173 + ^ x 6-753 = 1-398 

When x = 0-3, y = 1-398 

By increasing h to 0-2 we have covered in one stage a range which required 
nine or ten stages in Table 111. We shall leave the reader to carry on the 
calculations up to x = 1 . 

EXAMPLE 2 

To start the solution of ^ = y given that x = \ t when y = 1 
Taking /i = 0-1 we have 

x - \,y - 1 , h - 0-1,/Cx**) = i = 0-5, - 0-1 x 0 5 - 005 

/(*, + A.J’o + *,) —/<1-1. 105) - £75 - 0-4884 . k, - 0 0488 

1-049 

fix o + + **) -/(!•!. »°49) " 2449 " °' 4881 

/(*. + + t) -/ (,os - , 024) - £§§ - 04938 

^ + ^(0-5 + 4 x 0-4938 + 0 4881) - 1 + ~ x 2-9633 - 1 049 

Hence, when x - 1-1 ,y - 1049 
Again, taking h - 0 - 1 , wc have 

1-049 

*o - M.* - l’ 049 * * = - 2449 " °’ 4881 ’ 

= 0-4881 x 01 = 0 0488 

fix o + A.* + *i) “/0-2, 1 098) - - 0-4779, 

- 0 1 x 0-4779 - 0-0478 

1-097 

fix o + A,y 0 + * 2 ) =/0-2, 1097) = 2^97 " 04776 

/(*.+ %y> + 3 ) =/(M5, 1 073) = ^5 - 0-4826 

Therefore = /, + ^ (0 4881 + 4 x 0-4826 + 0-4776) 
or y B = 1 049 + 0 048 = 1 097 is the value of^ when x = 1-2. 

As the two increments of v are practically equal, the curve is nearly straight 
in this neighbourhood, and the value of the increment Ax = A may be increased 
to 0-2 or 0-3. It is left to the reader to continue the calculations (Ex. 25, page 285). 
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Runge’s method is usually given in the following form. Let a: 
and y be known values of the variables, A.y a small increase in x 
and Ay the corresponding increase in y. The following quantities are 
calculated 

A'=-/<*,j)A.y . . . . (VII. 11) 

A" = /(.y -f A.y ,y -f A')A.y . . (VII.12) 

A'" - J (a* 4- A.y, y 4- A")A.y . . (VII.13) 

A ,n f{x 4- l±x t y -f J A') A.y . . (V1I.14) 

Then, as the reader should sec from the above. 

Ay = »(A' -I- 4A‘ 4 » 4- A"') . . (VII.15) 

which for convenience of calculation may be written 

Ay A m 4- J!J(A' 4- A'") — A“'j . (VII.I6) 

We shall use the latter relation to carry out the first step of the 
solution of Example 1 above. 


A' 

o iy( 0 . i) 

- 0-2 

A” 

0 1/(01, 1-2) 

= 0 14 

A" 

01/(01, 1-14) 

0 158 


{(A' 4- A'") 

= 0 179 

A<n ^ 

04/(0 05, I I) 

= 0 17 


1 x difference 

- 0 003 


sum 

= 0 173 


and y = 1173 as above 

68. Picard’s Method. This method of solution is one of successive 
approximation by iteration. An approximate value of y t a constant, 
is substituted on the right-hand side of (VII.3). The equation is 
then integrated, giving y in terms of jy as a second approximation. 
This is then substituted on the right-hand side and the equation again 
integrated. This process is repealed continuously until two successive 
approximations for y arc alike within the required limits of accuracy 
and this value of y is the required approximate solution. We shall 
use the method to find a series solution of the equation 

■ ■ 

having given that y — 0 when x = 0. 


. (VII.17) 
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Integrating both sides of this with respect to .v between .v 0 
and .v — .v. 


.e. 


or 


( (IV r 

7 j y <lx = (.*- + r>/.v 

I) %Ml 

y -_>•„ = | (v- + 

Ju 

y=y 0 + J'(** + fytx . . (VII. 18) 


where y 0 is the value of y when .v = 0. In this case y Q — 0. We 
approximate by assuming y = y 0 in the integrand. 


Thus 


)' 




(x 2 + 0 )dx 


= — is the first approximation to the solution. 

Substituting this for y on the right-hand side of (VII. 18) wc have 
as a second approximation 


y = 0 + [(■** + ^-) dx 


** * T 
> , = T + 63 


The third approximation is 

2x 10 . x 14 


or 


-f( 


^ } 9 1 189 


x“\ 

63 2 j 


x 7 2x u 


dx 


.15 


3 + 63 + 189 x 11 + 15 X 63* 


(VII.19) 
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Neglecting powers of at higher than the fifteenth, the fourth 
approximation is 


= I (** + T + W + TTx 63* * l *) dx 


.v 3 a : 7 


3 + 63 + 2 079 


* u + 


13a: 15 
55 x 63 2 


1 1 • • • • 


. (VII.20) 


The first three terms on the right of (VII.19) and (VII.20) agree, 
and 


x 7 2 
3 + 63 + 2 079 


.11 


. (VII.21) 


is an approximate solution of (VII.17) for values of x such that 
I x I < I- Values of y over the range x = 1 to x = 2 arc best 
found by Rungc's Method. 


EXAMPLE 

Find a solution over the range x = 0 to x = I of 

dx y 1 * 

having given y - 0 when x — 0 . 

We have y + J'(y + e*)dx 

and putting y 0 =* 0 and y — y 0 - 0 on the right the first approximation is 

y - (* e*dx = r*- 1 
Jo 

Second approximation, y= | (2e* — 1)<£* 

= 2 ^ r — x — 2 

Third approximation, y — f (3^ - x - 2) </* = ^ - lx - 3 

3 o 2 

= / 0 X(4eX -7-2x-3)«fc 


. (D 


Fourth approximation, y 


Fifth approximation. 
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tlx 


Sixth approximation, 


= f( 




i.e. 




( 2 ) 


When x = 1 the successive approximations calculated from the above are 
1-718, 2-437, 2-655, 2-706, 2-716, and 2-717 and since the fifth and sixth of these 
arc practically the same (2) gives the approximate relation between x and y over 
the given range. 

The actual solution of (1) is y = xe* and when x = 1, y = 2-718. The 

approximate solution is in error by less than ^ qqq ovcr l ^e w h°l e range. By 

obtaining more terms of the series we can find values of y for values of x > 1. 
The calculations become very laborious but can be made easier by taking a new 
origin at x — 1, V — 2-717. We shall write c for 2-717 in order to reduce the 
space taken by the expressions. If (AT, Y) arc the new co-ordinates we have 

dY dy 

x = x - l, v-y-'™*-ax~Tx 


- r + *0 + * x ) 


(3) 


From (1) 

Let Y u r 2 , Y 3t etc., be the successive approximations to the true value of Y. 
As before, putting Y Y 0 - 0 on the right-hand side and integrating 

r, - J*e(l + e*)dX 

Y l -e\x+t*} X Q -«eX + X- I) 

Y, = e j\x + 2e x )dX - t(2e x + \X* - 2) 

Y, - e J 0 A (3e- r + i x *~ '> dx = *<3« X + *■**- x ~ 3 > 

Y t = e + J X* - X - 2)dX = e(4e x + X* - iX* -2X-A) 

y s = * f* (S«* + i,X*- >X'~ 2X— Y)dX 

- 10 - *5eX + '„X>- X *- 3A"— 5) 




120 


~ X‘-3X-4 )dX 

, , X* X• X 3 3X* \ 

= e ( 6eA + 7 2 0 _ 24" 3 2 4X 6 ) 


9—lT.6xz) 
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Pulling X = 1 we have i\ - = 12 04. When X = I, i.c. * = 2,y = 2*717 

-f 12 04 - 14-76. This is a close approximation lo the corrccl value of y for 
when x = 2, y = 2e z = 14-78. Using the series (2) and (4) we can calculate 
values of y over the range x = 0 to x = 2. 


69. Solution in Series. Many differential equations do not permit 
of a general solution in terms of ordinary known functions. Some 
of these can be solved in terms of an infinite convergent scries of 
powers of the independent variable. We shall first find the scries 
solution of an equation whose solution we know in terms of known 
functions. 

. (t £ y 

Consider = nry .(VII.22) 

The solution is »• = Ac m * Bc~ mr 
or alternatively, y = C cosh mx 4- D sinh mx 

Assume the solution to be 


. (VII.23) 


y = <J 0 * + a 2 x 2 -f * 3 .v 3 4- ... + a n x n 4- . . . 

(VII.24) 
d 1 y 

1 hen = 21 a 2 4- 3 -2a 3 x 4- 4-3 a^x 2 4- 5-4* 6 .v 3 4- . . . 

4-(//4- 2) (/i 4- 1K + 2 x'* -f . . . 
and substituting in (VII.22), wc have the identity 
2’ I + 3-2 a 3 x + 4-3* 4 x* 4- . . . 4- (n 4- 2) (/i 4- l)«„ + 2 * n 4- • • • 
ss m 2 a 0 4- m 2 a x x 4- m 2 a 2 x 2 4- . • • +m 2 a n x" 4- . . . 
Equating coefficients of corresponding powers of x, we obtain 

2 »i 2 

21 a 2 = nra 0t i.c. a 2 = 2 .\ a o 
3 2*3 “ nfia l9 i.c. a 3 = —a l 


Generally, from a comparison of powers of a", 

+ 2) ( " + ie = (n + 2)i+ .)*• 

(VII.25) 
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From (VII.25) we see that any term in (VII.24) may be obtained 
from the next but one preceding it by multiplying by m 2 x 2 and 
dividing by (n -f 2)(// 4- 1), where n is the index of the power of 
x in the earlier term. 


Substituting these values in (VII.24), we find 

, •> l a «- x2 a »**\ , I ( a o x> , a l X& \ 

y = a 0 + a lX + m- ^-|j- + jy -f I m* + -| 5 ") + • • • 


/ m-x- m*x* w 6 * 6 \ 

l *y = a » [ l + - \2 + “F + ~|6" +■ ■ ■) 


a, I m 3 x 3 m s x 3 m 

+ «r + T “Ir 


?+■■■) 


(VII.26) 


(VII.26) is equivalent to (VII.23), for the scries in the brackets arc 

a x 

those for cosh mx and sinh mx respectively, and a 0 and — are 
arbitrary constants. 

The relation (VII.25) is known as a recurrence relation. 

An alternative method is to write the series (VII.24) in the form of 
Maclaurin's series given in Vol. I, thus 

y =/<*) =/(0) + */'( 0) + |/"(0) + |/"'( 0) 


+ ^/ , 4 , ( 0 ) + • 


t'- 


'(0) + . . . (VII.27) 


where/ tn, (0) is the value of when x = 0, and/(0) is the value of y 

when x = 0. . _ v 

We shall assume that the values of /(0) and / (0) are known. 

From (VII.22) by successive differentiation we obtain 


d 3 y _ 0 dy d*y 
dx 3 “ m dx' dx* 


2 d*y dy 

dx 2 ' dx'* 




d 3 y 


etc. 


so that with x = 0 in (VII.22) and in these, /"(0) = 
f"\ 0 ) = ntf\ 0), /“> (0) = mf"(0), /« s '(0) = m 3 f"\ 0), and so on. 
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Substituting these values in (VII.27) 

y=f( 0) + */'( 0) + p 2 '»y(0) + jj w 2 y '(0) + £ m */{0) 


+ jj m f\0) + . . . 


/( 0 ) 


r, mV w‘.v» 1 

l 1 |2 1 (4 + • • J 

//i L 


/n 3 v 3 


12 


+ 


//i 5 * 5 

|5 J 


i.e. y = Ccosh mx -f D sinh mx 


where C = /(0) and D 


/'( 0 ) 


m 


arc arbitrary constants. If/(0) and 


/'(0) are known, then C and D are known, and the equation repre¬ 
sents one of the family of expressions which satisfy (VII.22). 


EXAMPLE 1 
To solve 
Let 
Then 

and 


d*y dy 

dx* + * dx + >' ~° by SCnCS 


. (VII.28) 


y - a 0 + a x x + a^x 3 + a^x 3 + ... + a n x n + . . . 

d JL 


dx 

d'y 


a x x + 2a,** + 3 a^x 3 + . . . + na„x n + . . . 


- 2 . Ifl, -I 3.2a,.r • 4.3a,x* + 5 . Aa^x 3 + . . . 

+ in + 2) (n + I )o„ ♦ fX M + • • • 

Substituting these values in (VI 1.28), 

(a 0 -f- 2 . la,) + (2a, -f 3 .2a,)x + (3a, + 4.3a*)** + (4a 3 + 5 .4a s ).r> + . . . 

+ [<» + IK + <» + 2) (* + IK..I*" + ...■> 0 

Since this is an identity, the coefficient of each power of x must vanish. 
Hence, 


-S*i 


a 0 + 2 . la. 

= 0, 

i.e. a* = - \a 0 



2 a, 

2 a, -f 3.2a, 

= 0. 

•.€.<■, 3 2 

3a, A- 4.3a 4 

= 0. 

3a, 

,c - fl * — O 


and so on. 

Generally, (/1 + l)a n + (/1 + 2) (n + !)*„♦ s = 0, i.e. a 0 + . 


I 


n + 2“" 

(VII.29) 
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which is the recurrence relation. From this formula we sec that to find the 
coefficient of any term we change the sign of the one two terms before and divide 
by the index of the power of .r in the later term. The series is then 

y = <*o + ~ ” A"i* 3 + 2~4 V 1 I 3^5 a i x * ~ 2TTT6 a °** 

- y-j-j a t x 7 + . . . 

i.e. y = a 0 ( I — lx 1 + 2~4 ^ “ 2~4 — 6 X * 1 * * *) 

+ «, (*-J* 3 + 57777 Jr ’ + - • •) • < VI, - 30 > 


in which a 0 and a, arc arbitrary constants. The series in the first bracket is the 
expansion of e~l x \ 

We shall solve (VII.28) by the use of Maclaurin’s series. 

dy 


d~y 

dx* 


Differentiating successively, 


d^y r djy dy 
dx 3 + * dx 3 + dx 


d*y , x ^y , i d 2z 

dx* + X dx 3 + i dx 3 


0 

0 


dy , d"~ l y , , ,, d"- 2 y 

d£ + x d^ +(n X) dxr~* 


0 


Putting x = O in these and using the notation of (VII.27)— 

/"(0) = -/(0); /"'(0) = - 2/'(0); /“>(<>) = - 3/"(0) = V (0); 
*/(5)( 0 ) = - 4/'"(0) = 8/'(0); / (6, (0) = - 5/ (4, (0) = — 15/(0); and 

so on. 

Substituting in (VII.27) 

y =/( 0) + x/'( 0) - f/(0) - y/'(0) + 274/(0) 


+ 5 —j/ # ( 0 ) + 


which is the same as (VII.30) with/(0) in place of a„ and/'(0) in 
place of a x 
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d*y 

To solve ^ - xy = 0 by series . . . (VII.31) 

Assuming the relation (VI 1.24) and differentiating twice with respect to x, 
we have 
il~y 

= 2 . I a. I- 3 . la^x 4.3a,x 5 4* 5.4a** 3 4- . . . 

+ (/i + 2) (/i 4- I)<7„ 4 .a" 4- . . . 
Also xy = a v x 4- a,x* a.x 3 ... 4- a„_,.x" ■!■ . . . 

Substituting in (VII.31), 

2 . la. I (3.2t/j 4* a„)x 4- (4 .3a, 4- a x )x 2 -f (5 .4a s + a.Jx* 4- . . . 

+ ((a 4* 2)(/i 4* 1 )a„ + * 4- a„_, ]x n + • • • a 0 


Equating the coefficients of the powers of x to zero. 



a. = 0 ; 

3.2a 4 = - 

a 0 . 

i.e. a 3 = - 

_?JL. 

3.2* 


4.3a, a,, 

and so on. 

i.e. a, 

-— • 5 

4.3 

• 4a, 

4- a 2 — 0, 

i.e. a 5 = — 


Generally in • 

2) in 4- 

~ * 

a„ - 

i, which 

is put into 

the more 

convenient form 









nin — Da„ 

« — 

• 

• • • 

(VII.32) 


by writing n for n f 2. 

Thus, from the above values and from the recurrence relation (VI 1.32), wc have 

4a 0 a, 5.2a, a. a t 

"• '6.5’ |6 ; 7,6 |7 ; "* 8.7 — 8.7.5.4 

a, 7,4o. 

9.8 |9 * C,C - 

Substituting in (VI.24). wc obtain as the scries expansion for y. 



x 3 7.4** 10.7.4.* 1 * 13 . 10.7.4x ,& 

1 IT or~ 

Z** 5.1*’ 8.5.2x 10 11.8.5. Zr” 

|4 ! |7 III) [13 


- ...) . (VII.33) 


EXAMPLE 3 


A strut of uniform section, length / in., weight per inch run w lb, moment of 
inertia of cross-section / in. 4 , stands in a vertical position with its lower end fixed. 
Find the greatest value of / so that the strut will just buckle. (Sec Applied 
Elasticity by Dr. John Prescott.) 

Let y in. be the displacement from the upright position of a point x in. below 
the top end. It is easy to prove that — 4- wx = 0 where M is the bending 
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moment at that point. But from beam theory El M where E is Young's 

Modulus in lb/in.- 


We have then 


dy 


iPy </A/ _ <M/ */r 
= </* “ dy dx 
= — wpx 


where p — ^ . Dividing through by E/, writing c for ^ and transposing, 

Py 
dp 
d 2 p 




or 


. (I) 


. ( 2 ) 


</*» + ** - 0 • 

Assume that p can be expanded in the form 

/> = a 0 + + Oja : 2 + a 3 a j + o.at 4 + + 

then^ = 2. lo. + 3.2a,* + 4 .3a,** + 5.4a,** + 6.5a,x* + 7.6 a,* 1 + ... 

Substituting these in (1), 

2 . la 2 + ( 3 . 2 tf 3 + «j 0 )a: + ( 4 • 3o « + ^i)** f < 5 • Aa * + ca * )x3 

+ (6.5o e + cajx* + (7. 6a, + «j 4 )a: 5 -F ...» 0 . . . (3) 

As this is an identity, the coefficients of the various powers of * must be zero 
since no such powers occur on the right-hand side; hence 

a 2 = 0, o 3 - ~ 2^2°°' = “ 473 ” °* *• " “ 675" 6.5. 3~T2 a °' 

c c 2 <*a 5 _ 

° 7 “ — 776 a ‘ — 7T6T4T3 a " a> “ ~ % -1 9.8 

" “ 9.8.6.5.3.2 C,C - 

Substituting these in (2), # 

+ fll AT - 3^ ^ - 473 o.* 4 + ZTs 7172 **** 1 T. 67471 

c» - 


P = °o 


9.8.6.5.3.2 

c*x 4 


a ®** 10.9.7.6.4.3 


a,* 10 + . . . 


p = a 0 


( cP c* jc * " 

b-0 + 6.5.iT2 9.8.6.5.3.2 ^ ^ 

+ 12 71779.8.6.5.3.2 * ’ V 

/ ex 4 c 2 * 7 c3x> ° - 

+ l *~ r .'3 + 7 . 6.4 .1 10 . 9 . 7 . 6 . 4.3 

C 4 AT 12 ) 

+ 13.12.10.9.7.6.4.3 * * V 


. (4) 
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d*y (/- y 

Now — = 0 when x = 0, because M = El — = 0 there, and therefore 
dp tx “ x ~ 

= 0 when x = 0. Differentiating both sides of (4) and putting in these Values 

we see that a x = 0 and (4) becomes 

/ r.r 3 


r.r 

2 : 6 .5.3.2 


c*x 9 

9.8.6.5.3.2 


12 . 


c'x li \ 

.9.8.6.5.3.2 * ' V 


</v fp 

When .* » /, ^ = p = 0. Substituting in (5) and writing A' for 

Oo(l + I**_ 1 + j-L = 0 


(5) 


This means that cither a u — 0, in which case the strut does not buckle, or buckling 
takes place and the quantity in brackets is zero. Thus the least value of / at 


which buckling occurs is given by / 
number of roots of 


pf- 


where X x is the least of the infinite 


■~*+ 5*’-^+ H20 **-••• 


0 


( 6 ) 


To find the least root we only need retain the first few terms on the left and solve 
the equation by some approximate method. We shall retain the first four terms 
and solve the equation by the method of iteration of roots, Vol. I. 

If X lies between 0 and I the even terms in ( 6 ) arc each less than the preceding 
term so that the left-hand side is positive and there is no root between X «= 0 and 
A* — I. We shall assume X = 1*2 as a first approximation. Writing the 
equation in the form 

x >- l + l s x '-id x ' 

and putting X = 1-2 on the right we find for a second approximation 
X, = I + 0 2880 - 0 0288 - 1-2592, say X, = I 26 
Again putting X = I-26 on the right the third approximation is 
X, = I + 0 3175- 0 0333 = 1-284, say X x =» 1-29 
Putting X = 1-29 on the right the fourth approximation is 

X x = 1 + 0 3328 - 0-0358 = 1-297, say X, = 1-30 
The fifth approximation is 

X x = I + 0-3380 - 0 0366 = I-301 

and putting X = 1-301 on the right we have for the sixth approximation 
X, = 1 + 0-3386- 0 0367 = 1-302 
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The least root is therefore X x 


or 


1-302 from which we find 
/ 


/ 


: J^ 

= *jm E! 


(7) 


Retaining five terms of the series (6) gives 7-84 instead of 7-81. (7) gives the 
greatest length which will just not buckle. For a solid steel rod of 2 in. diameter 
l is about 50 ft. 


The reader must understand that the solution in series is not 
always possible, and, even when it is possible, that the series may 
diverge and prove useless. When the series converges, it may do so 
slowly and lead to very tedious calculation. When a series solution is 
found, the series should be tested for convergence by the methods of 
Art. 6 in Vol. I. Some of the above series represent known functions 
and the test is not needed. We shall test the series in (VII.33). The 
r th term of the series in the first pair of brackets is 


u. 


1.4.7.10. ... (3r — 8) (3r — 5) 
|3r — 3 


and 


u 


r+ 1 

w. 


3r(3r- 1) 


which tends to zero as r -► co. The series is, therefore, convergent 
for all values of x. For the series in the second pair of brackets 


u. 


( . \y-i 2 • 5 • 8 ; • * x >r ~ 2 


3r — 2 


and 


“r+l 

u r 


1 


3r(3r + I) 


; X s 


which tends to zero as r -> oo, so that this series is also convergent 
for all values of x. Thus (VII.33) is a satisfactory solution of the 
differential equation (VII.31), and the series converges fairly rapidly. 

The above recurrence relations are of the first order, i.c. they 
involve only two coefficients, and from them it is easy to obtain 
successive coefficients and to see the law connecting these. If the 
recurrence relation, or difference equation as it is also called, is of the 
third, or higher, order it is not always possible to find a general 
expression for the coefficient and, even if it is possible, it may be so 
difficult as not to be worth while. In practical cases of this kind it 
will often be sufficient to obtain just as many terms of the senes as 
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will give a solution with the required degree of accuracy, and to 
dispense with the test for convergence. A result so obtained must be 
used cautiously. As a final example we take an equation which gives 
rise to a second order difference equation. 


EXAMPLE 4 


J : y 


To find a series solution of -jp 4- (x — !)»• = 0 


(VII.34) 


Assuming the expansion 

)' = a» I o t x + a^x* i a 3 x* 4- a t x* 4- ... 4- a„x n 4- . . . (VII.35) 

J 3 v 

we have yj » 2 . \a 2 + 3.2 a 3 x 4- 4.3flj.x* 4- 5. 40^ 4- . . . 

l,X ‘ + 0 > + 2 )(/> + + . . . 

and (x — l)y = — a 0 P (o 0 — a t )x P (a, — a : )x* i ( a , - 4- . . . 

+ («n-l - a n)* n + • • 


Adding these last two relations and equating to zero, we have 

(2 . Iu* — <?„) I- (3. 2*/ a I- a 0 — a t )x 4- (4.3 a t 4- a t — a z )x * 4- . . . 

‘ ((/» 4- 2 ) (n P I )a n + t ! a n . x - a n ]x n 4* . . . ■ 0 

Equating the coefficients of the powers of x in this identity to zero, we obtain 


2 . \a t — a 0 — 0, 
3. 2a 3 4■ o 0 — a, *■ 0, 

4.3</, 4- a, — a. - 0. 
5 . 4 P a z - a 3 = 0, 
6 . 5o e 4- a 3 — a t = 0, 
7.6 a, 4- a t — a h = 0. 


i.c. a. 

i.c. a 3 


i.c. a t 


i.c. a 4 


i.e. a t 


i.c. a. 


a » 

\2 

Q\ ~ £o 

!3 

a 3 — a, a 0 — 2 tf| 

4.3 = (4 

fl|- fli fl| — 4</ 0 

5.4 = " [5 

a t - a 3 = So 0 - 6 a t 

6.5 J 6 

a i —a l I lo, — 9o 0 

7.6 ]7 


8 .7o $ 4- a 5 — = 0, 


i.e. a. = 


8.7 


29a 0 — \2a { 

!? 


and so on. 


(n 4- 2) (/i 4- Dfl n+ ! “ °nf-x 


Generally, 


(VI 1.36) 
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This is the recurrence formula. The general form of the //th term is not easily 
recognizable. Substituting the above values of the coefTicients in (VI 1.35), we 
have 


v* .v 3 .v» 4.v* 5.v* 9 a_ t 29 a- 

y °° [ 1 \2 13 4 5 6 17 |K" 

/ .v 3 2.v* .v 5 6.v* I l.v* lie" \ 

-I <i, ( v 13 4 |5 16 7 [8 ’•••)• 


(VII.37) 


in which a 0 and a x are arbitrary constants. In both these series the ratio of any 
coefficient to the preceding one appears to be less than unity and to be continually 
decreasing as we proceed along the series, but it would not be wise to assume that, 
because of this, the scries is convergent for values of x whose absolute values arc 
less than 1. It can be proved that equations of the type 

% +/.« % + - 0 • ■ < vl, - 38 > 


in which/,(*) and/ 2 (x) are power series in x (or polynomials), can be solved in a 
scries form, and that the scries is convergent over the same range of convergence 
as that in which both power series arc convergent. We can assume, therefore, 
that both scries in (VII.37) arc convergent for all values of x. 


In the above wc have assumed that the arbitrary constants a 0 and 

a x are the values of y and ^ respectively when x = 0. If, however, the 

values of y and are given for some other value of x , say x — «, 

the constants a 0 and a, would not be easy to determine. In such a 
case it is advisable to assume an infinite scries for>< in the form 


y = f(x) = a 0 + a,(x - a) + a 2 (x - a) 2 + a 3 (x - a) 3 + . . . 

+ a n (x-ar + . ■ ■ (VII.39) 


In this, a 0 is the value of>- = /(x) when x = a, i.e. a 0 =f(a\ and 

similarly, a t = which is the value of -J- =/'(x) when x = a. 

By differentiating successively and putting x = a in the resulting 
series we find that 


f'(a) f'"(a) 

a 2 = —r—, a 3 — . a * — |4 ’ ’ 


= 


|2 

/ (n| (a) 

1 1 




. . , and generally 
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Thus, the series (VII.39) takes the form 


/(*> -/<«> + (*-«)/» + 


|3 / ' 




(VII.40) 


This is an alternative form of Taylor’s Series [see Art. 58, Vol. I]. 
EXAMPLE 5 

Obtain an expression for the time of oscillation of the simple pendulum of 
Ex. 4, p. 388. Vol. I, when the oscillations are not so small that sin 0 may be 
assumed to be sensibly equivalent to 0 . 

The equation of motion was 


</*0 X . « 

</,’ + I s,n 0 - 0 


Multiplying through by 2 — we have 


ilQtl'O p . M 

2 <i,jr' + 2 i™ n0 ,ii = ° 


Hence, 


and integrating this with respect to /. 

(JOy 2 p „ 2r 

~ / cos0 / eos * 

the right-hand side being the constant of integration. 

Hence, (~) - y (cos 0 - cos a) . 

Now cos 0 = I - 2 sin* ? and cos a = I - 2 sin* |* Hence, 

%-Jj( sin*|-sin*?) . 

or M 

**'J~i-**\ 

and if / is the time of a quarter of an oscillation. 



. (4) 
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(IV/ 

The upper limit 0 = a is found by putting — = 0 in (2), when we obtain 
cos 0 = cos a or 0 = a. The time T of a complete oscillation is At. so that 


/[ p -*- 

“ 2 * * Jo / <x ,0 ■ 

V sin- z — sin 2 r 


. (5) 


In order to carry out the integration we introduce a new variable putting 

a 0 .... 

sin ^ sin <f> = sin By differentiation, since a is constant, 

a I 0 n 

sin ^ cos cos J 


Hence, </0 = 


2 sin 2 cos ^ 


cos 2 


2 sin j cos 


d *~ I a 

V 1 — sin 2 z sin 2 4> 


Also 


^sin 2 ^ - sin 2 - « sin ^ V 1 - sin 2 <f> = sin | cos 4> 


When 0 — 0, ^ — 0, and when 0 — a, sin 4> = 1 and ^ " 2' Subslilulin & 
these in (5), we obtain 


„ . n cl 2d+ 

T=2 *S Jo Vl-**sin** 


where k - sin The integral in (6) is known as an "elliptic integral." Its value 

may be found from tables of elliptic integrals, which give the values of the 
integral for different values of k. We shall, however, find a series from which 
the value of the integral, and therefore that of T, may be found with any required 

degree of accuracy when the value of * = sin \ is known with sufficient accuracy. 

Expanding by the binomial theorem, we have, since k sin 4- is less than 1, 


1 = (1 — ** sin* ‘ 

Vl - A* sin* 4 


1 + J ** sin* 4 + sin* * + *' sin * * 

+ ‘ ' * *• sin* 4. + ‘ ~ 3 y 5 Jj — "“ ,0 * + • • - 
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Hcncc, using the reduction formula (Art. 54), 

Gay--] 

and from (6), 

I . 3 v 2 



(s)*' (;:-$)* (Hfl)*- 


(7) 


The amplitude of the swing is 0 = a radians. 

it «* u ^ 

Also k 


. a a «■ 

sm 2“2-48 


approximately if a is sufficiently small (Art. 57). 
lienee, to the second order of small quantities, 

’ =-^[' :?] 

EXAMPLE 6 

Strut with Variable Cross-section. Assume the 
equation 

for the deflection of a strut pinned at both ends and 
acted on by a thrust P. Suppose 2 a is the length of 
the strut and let x be measured from the middle of 
the strut. If E is constant, and the cross-section 
varies so that 


d*v 

El dx’ " ~ F> 




Fig. 47 


show that the differential equation has a solution of 
the form 

/ ** X«\ 

y- A \ 1 +P* + *W 

provided that P has a particular value. Find this 
value of P and also the values of p and q. (U.L.) 


If we write m 2 = —, the given equation reduces to 

(- 5 ) 2 —* • ■ ■ • 

/ . ** X*\ 

Assume that >' = ' 4 V l+ / , ^i + ‘7^i/ • 

is a solution of (I). Then, substituting in (I) we have 

-(■ 5)(S+^)— 


(1) 

( 2 ) 
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or 




Equating coefficients of a 4 , a 2 , and a 0 , we have respectively 


12 ? 

a« 

?? “ 2 P 
a 4 

2 Z 

a 2 


qnP 

a T 

pnp 

~ Ip' 

- m* 


or 


m 3 = 


12 

a- 


or 12 ? — 2 p = — 1 2p 

?P 


or 


"■— ^ 


12 / 6a* 5 a 4 \ . 

From these p = — 6 , q = 5, and /w* = ^ 5 . Thus, y = A y I — + a » j ,s 

Pa- 


a solution of ( 1 ) if w* 


12 . f Pa* D 12EAT 

> ,e - lf £*“ 12 or P = - 5 - 


This value of P is only one of an infinite number of possible values of the buck¬ 
ling load, and it is not actually the value of the least buckling load, for as 

+ (l-p) 'VC sec Ihat y = 0 when 

a = ± a and when a =* ± ~ a -= ± 0 45a approximately^ Thus the strut 


EK 


bends to the form shown in Fig. 47, when the thrust P ■= where K is the 
moment of inertia of the central section. 

The above equations are also satisfied by ? — 0, a*/w* = 2, p — “I- These 
/ a* \ _ 2cAT 

values make y =» A ^ I — f and give the least buckling load P 


70. Simultaneous Differential Equations. In problems relating to 
two or more quantities which are functions of a single independent 
variable, we sometimes have two or more differential equations 
involving some or all of the variables and differential coefficients of 
the dependent variables with reference to the independent variable. 
Such equations are known as ordinary simultaneous differential 
equations. We shall solve three examples only. 


example 1 

Two numerically large parties of armed men arc fighting under the fo,, °*; n S 
conditions. A red army containing R individuals is fighting a bluej armyof B 
individuals. The armies are equally open to attack and arc: equally ski . 
attack and defence, as well as being equally well equipped. Assuming th 
R = 10 000 when B = 5 000, find the number of men left in the red army when 

the blue army has been reduced to 2 500. . ._ 

We shall assume that the rate at which either army is decreasing ,s proporuonal 
to the size of the other army. It might appear that the ra'cofdccreascofciher 
army would also be proportional to the number of men in it; this IS no ‘“ ,f 
assume that each shot fired is aimed at only one individual, that no shot hits 
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more lhan one individual, and that during ihe fight the combatants arc always 
close enough together for each man to fire his shot as soon as he has completed 
loading. The above assumption gives us the two equations 


dR 

dl 


- kB 


. (1) 


and 



( 2 ) 


These arc simultaneous equations, involving the two unknowns R and B and 
their differential coefficients with respect to /. Differentiating (I), we have 

d-R , JB 

di' ~ k di 

and substituting from (2), 

. 

The solution of this is 

R - C*** + Dc- kl .(4) 

where C and D arc arbitrary constants. Substituting in (1) we have 
Cke kl - Dkc~ kt = - kB 

or B -- Ce*' + De~ kl .(5) 

Since R = 10 000 when / = 0, 10 000 - C + D 

Also B - 5 000 when / « 0, 5 000 = — C + D 

From these D = 7 500 and C - 2 500, whence 

R - 2 500c*' + 7 500*-**.(6) 

and B = -2S00c kl + 7 500*-**.(7) 


When B - 2 500, 

2 500 
i.c. 

or putting x = c kt , 


or 

giving the roots 


- 2 500c*' + 7 500c"*' 
c*'- 3c-*' + 1=0 


x 


x-l+1-0 

•r» + x—3 = 0 
ZUftH = ,.303 


the lower sign being inadmissible, since c*' cannot be negative. Substituting this 
value of e** in ( 6 ), 

7 500 

R = 2 500 x 1-303 + 


= 9014 

The red army thus destroys 2 500 men of the blue army whilst losing less than 
1 000 of its own men. 
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This example is suitable for numerical solution. Assume the unit of time to be 
such that A A/ = 0 04 and tabulate values. 


R 

B 

A R = - BkAt 

A B = - RkAt 

10 000 

5 000 

- 200 

- 400 

9 800 

4 600 

- 184 

- 392 

9616 

4 208 

- 168 

- 385 

9 448 

3 823 

- 153 

- 378 

9 295 

3 445 

- 138 

- 372 

9 157 

3 073 

- 123 

- 366 

9 034 

2 707 

- 108 

- 361 

8 926 

2 346 

— 

— 


By proportion when B — 2 500, R — 8 926 + 108 x — 8 972. A closer 

approximation to the correct value 9 014 would be obtained by reducing the 
value of AAr. We shall show how to improve the accuracy of the values of 
R and B in the second and third lines in the above table by using Euler's improved 
method, R H and B M are the averages of the values of R and B respectively at 
the beginning and end of the interval. 


kt 

AA/ 

R 

B 

*, ; 


A R 

= - B^kAt 

A B 

= - R bl kAt 

0 

004 

004 

004 

004 

10 000 

9 800 

9 808 

9 807-92 

5000 

4 600 

4 604 

4 603-84 

9 900 

9 904 

9 903-96 

4 800 

4 802 

4 801-92 

- 200 

- 192 

- 192-08 

- 19208 

- 400 

- 396 

- 396-16 

- 396 16 

004 

004 

004 

004 

004 

9 807-92 
9 623-77 
9 631-61 

9 631-54 

4 603-84 
4 211-52 
4 215-21 

4 215 05 

9 715-85 
9 719-77 
9 719-73 

4 407-68 
4 409-53 
4 409-45 

- 184-15 

- 176-31 

- 176-38 

- 176-38 

- 392-32 

- 388-63 

- 388-79 

- 388-79 

004 

004 

9 631-54 

4 215 05 






The corrected pairs of values are R = 9 808, B = 4 604 and R = 9 632 and 
B = 4 215. By continuing the tabulation a more accurate solution of the problem 
may be obtained. 
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EXAMPLE 2 

Solve ihc simultaneous equations 

+ 3* - y = sin 2/ 

g-*+5, = 0 

and adjust the constants of integration so that x and y arc both zero when 
/ = 0. (U.L.) 

Write the equations thus— 

(D ; 3)-r — y = sin 2/.(1) 

(D + 5)/- * = 0.(2) 

Eliminate one of the variables x or y just as in algebra. Multiplying through 
by (D I 3) in (2), and adding to (I), 

(D + 5 )(D + *)y- y = sin 2/ 

i.c. (D 1 + 8/> + 14)/ = sin 2/ . . . . (3) 

an ordinary differential equation. Let the solution of (3) be y — u + vas before. 
Then 

5 + »J+l4.-0 . . . . (4) 

and ■’- S T #! T14 • ' • • <5 ’ 

Substituting u Ae kl in (4), the auxiliary equation is 

A* + 8A + 14 - 0 
or A - - 4 ± y/2 

from which u - A «*- 4 + v'sy + 4 - ^2X 


from which 
From (5), 


sin 2/ 10 - 16 / . _ 

V " 4i* + 16/ + 14 10* + 16* Sm 


- sin (2/ - tan - 1 s») 
* 356 


V356 


sin (2/- 1 - 012 ) 


Hence, ^ - Ae<~ « + ^ + ZM- 4 - + —^ 4 == sin (2/ — 1012) . (6) 

We can find x by eliminating y from (I) and (2) or by substitution in (2). We 
shall adopt the latter method. Thus, 

^ = (_ 4 + V2) Ac<~ 4 + ' if*- D (4 + V2)e<~ * ~ 

+ —4=cos(2r- 1012 ) 
V356 
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</y 

Hcncc, substituting for and ~ in (2). 


dy 

*-t, + 5 y 


= Ae<~ * + ' 2>'(l + V2) + Bei- * - '->'(l - \'2) 
+ ^={5 sin (2/- 1012) + 2 cos (2 /- 1012)} 


(7) 


(6) and (7) give the values of a: and y. Since both x and y = 0 when t = 0, the 
two equations give us 

0 = A + 5- ^== sin (1-012) 

and 0 = 2-414/1 - 0-4145 + (2 cos 1-012- 5 sin 1-012) 

\ 7 356 

Putting the values of sin 1-012 and cos 1-012 in these we have 

A + B = 0 0449 .(8) 

and 2-414/1 - 0 4145 = 0-169.(9) 

From (8) and (9) we find that A =» 0-0663, B — — 0-0214. 

The solution of (1) and (2) is then given by 

* «= 0-160e “ 2-59* + 0 0089c “5 4 + 0 265 sin (2/ - 1-012) + 0-106 

cos (2/- 1-012) 

and y — 0 066c - 2-59/ _ q- 02 14c - r * * » + 0-053 sin (2 1 - I 012) 


(U.L.) 


EXAMPLE 3 

Solve the simultaneous equations 

being given that x = 0 and y = a when / = 0. 

d 

Writing D for ^ the equations become 

(£> + \)x + 6 Dy =- 0 . . • • 0> 

- 3Dx + 2(D + l)y = 0 . . • • < 2 > 

Multiplying through by 3 D in (1) and by (D + 1) in (2), and adding, wc have 

{18D* + 2 (D + my = 0 

(10D* + 2D + l)y = 0 . • • • (3 > 

the auxiliary equation of which is, if y = Ae kt , 

10 k* + 2k + 1 = 0 

k = - 0-1 ± 0-3/ 


which reduces to 


from which 
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The solution of (3) is 

y - +03iK . Bc <-01 -03i* 

from which, by methods previously explained, 

y = e-o-i'(Ceos 0-3/ + £ sin 0-3/) . . . (4) 

where C and £ are arbitrary constants. From this 

Dy = e - o i' (0 3£ - 0 IC cos 0-3/ - 0 l£ + 0-3C sin 0-3/) 
and (D I )y = e ~ 0 ,f (0-3£ + 0-9Ccos0 3/ j 0-9 E- 0 3Csin0 3/) 
Hence, substituting in (2), we obtain 

~ - Dx = j <•-*”'(£ cos 0-3/ + A/sin 0-3/) . . (5) 

where L = 0-3 E + 0 9 C, A/ = 0 9£- 0 3C 

Integrating (5), 

* - j J * - ° cos 0 3/ + A 1 sin 0-3 t)ilt 

Integrating by parts and simplifying, 

20 

* = - 4 . 0 1/ {(0-3£ — 0 I A/) sin 0 3/- (0 3A/ + 0 \L) cos 0-3/} 

20 

or * - y e-° *'{0-3Csin0 3/- 0 3£cos 0-3/} 

or * - 2c 0 ''(CsinO-3/-£cos0 3/).(6) 

(4) and (6) arc the solutions of (I) and (2). 

Putting x « 0. / = 0. in (6), we have 

0 - - 2f or £ - 0 

Hence, the solutions arc 

x = 20“ u o sin 0-3/ 
and y = CV” 0 o cos 0-3/ 

Again, putting y = a, / = 0. 

a = C 

Hence, x = u s j n 0 3/ 

y = flf -011 cos 0-3/ 

are the values x and y which satisfy the simultaneous equations and the given 
conditions. 

71. Vibrating Systems with more than One Degree of Freedom. So 
far we have considered vibrating systems with only one degree of 
freedom , i.e. in which the state of the system at any instant of time 
may be fully specified in terms of a single variable which is a function 
of the time. Suppose we suspend a series of masses and springs so 
that each mass is supported by a vertical spring the upper end of 
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which is attached to the mass above it. the first spring having its 
upper end fixed. If there are n such masses, then in order to state the 
positions of all the masses at a given instant of time, n variables must 
be given, these being usually the displacements of the masses from 
their equilibrium positions. Because there are n variables, each 
depending on the time, we say that the system has n degrees of 
freedom. Where a vibrating body is con¬ 
tinuous, as in the case of a vibrating string 
or wire, or a flexible shaft or beam, the dis¬ 
placement of a particle at any distance x ft, 
say, along the wire, etc. is a function of the 
time t sec. Since the number of such particles 
is infinite, the positions of the particles at 
any instant require in general an infinite 
number of variables for their definition, and 
we say that the system has an infinite number 
of degrees of freedom. We treat of several 
such systems in Chapter VI. 

Consider the system of two masses M l9 M 2 
(Fig. 48). The mass A/, engineers’ units of 
mass is suspended from a spring s x of stiffness s l lb per foot. A 
second spring of stiffness s 2 lb per foot suspended from M x carries 
at its lower end a mass A/ 2 engineers’ units. Suppose that the 
system is making small vertical vibrations, and let x x ft and 
x 2 ft be the respective downward displacements of M x and M 2 
from their positions of rest. Suppose also that a periodic dis¬ 
turbing force F = F 0 sin pt lb weight acts on the mass M Xt /* 0 
and p being constants. The elastic restoring force acting on M x 
is s x x x — s 2 (x 2 — x x ) lb, and that on M 2 is s 2 (x 2 — Xj) lb. The 
equations of motion arc, since 

Force = mass x acceleration 
_ d-x x 

for mass M lt F — ($, jc 4 — s 2 x 2 — x x ) = M x 



Fig. 48. Two Decries 
of Freedom 


and for mass A/ 2 , — s 2 (x 2 — x,) = M 2 ^ 2 

Writing D for ~ and re-arranging the terms 

(A/j/) 2 4- 4* *2)*i — V* = F 

(Af 2 D 2 + s 2 )x 2 - 5 2 x, = 0 


. (VII.41) 
. (VII.42) 


and 
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Eliminating x lt we have 

[(A/,Z ) 2 + .vTTTo) ( M 2 D 2 + a 2 ) - s 2 2 ]x, = Fs 2 
i.e. -f (AZ.,5, 4 - a 2 4- .'/i* 2 )0 2 -f ^ 2 ].v 2 = F& sin pt 

(VII.43) 

Let a, /A/, — /i, 2 , sjM., - n 2 2 , M., = //A/, and Fo/sj = n x and 
n 2 radians per sec are the angular frequencies of the natural vibra¬ 
tions of the spring-mass systems A/„ .v, and A/ 2 , s 2 respectively, 
Art. 59, and a 0 is the static deflection of the upper spring due to a 
steady load of /*„ lb weight. Dividing through (VII.43) by A/,A/ 2 
and making the above substitutions, we have 

(/ 9 * + /)-(//, 2 / i 2 2 (1 4 - //)} 4 - //| 2 // 2 2 ]* 2 = n ^ n ^ a 0 s\n pt 

i.e. (< D 2 } //,-) ( D 2 4 - n 2 2 ) 4- {• D 2 n 2 2 ]x 2 = n 2 n 2 2 a 0 sin pt 

(VII.44) 

To find the free vibrations of the system we put F = 0, i.e. a u = 0; 
then 

[</>• ! »,-) (/>- + », 2 ) + /, Dh,*]x t = 0 . (VI 1.45) 

This may be written in the form 

(D- + <..,=) ( D- + = 0 . (VII.46) 


Comparing (VI 1.45) and (VI 1.46), we have 

o) t 2 io 2 2 = //| 2 / i 2 2 

and o>, 2 { o> 2 2 = /i, 2 -f n 2 2 4- pn 2 2 

Hence, <» x 2 — 2o> x o> 2 -f- o> 2 2 = n x 2 n 2 2 4- pn 2 ~~ ^i n 2 

i.e. (o>, — r/> 2 ) 2 = (/i, — // 2 ) 2 4- pn« 2 

which shows that the difference between to x and o> 2 * s g rcater l * ian 

that between //, and n 2 . But, since o> l (u 2 — n x n 2% this means that the 
larger of the values co, and to 2 is greater than, and the smaller 
of these values is less than, both //, and // 2 . We shall assume that 
o> 2 > o> j. Then (o 2 is greater than, and <o, less than, both n x and 
// 2 . To solve (VII.46), we have 


* 2 (D 2 + <o 2 ){D 2 + a > 2 )- 0 * 


. (VI 1.47) 
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where # = \'— 1. Thus, 

.-1 


£ 


-v.. = _ 0 x t* ' |- - -rOx 

D -f- /co, D — /co, 

C F 

4- V. --T- Oxr -I- — 0 x 

D -f /co 2 D — /co 2 

= (Ae~ iu, >‘ + Be"’'' + Ce~ *■* -f- £c' ,v “*') - • 0 


= F(/Ic?- -f £* lW -f O" ,a,/ 4- £*'“'■') 

where A . F y B . F y C. F, and E . Fare arbitrary constants. Simplify¬ 
ing this as in Example 7, Art. 55, 

x 2 = A l sin (co,/ 4- a,) 4- A 2 sin (co 2 / 4- x>) (VI 1.48) 


where A ly A 2 , a, and cc> are arbitrary constants. Substituting in 
(VII.42), we have 


A, (l — sin (<o,r 4- a,) + /4 2 ^ I 



4 * « 2 ) 
(VII.49) 


These two relations (VII.48) and (VII.49) represent the natural 
vibrations of the system. If A 2 = 0, they give 

x x = A x (l — sin (co,/ 4- a,) and x 2 = A t sin (co,/ 4- a,) 

V " 2 ; (VII.50) 


These are simple harmonic motions which are in phase, since 
co, < n 2 . In this case the motion is known as th e first normal mode 
of motion. If A x = 0, we have 


x, = A 2 (1 — sin (co 2 / 4- <* 2 ) and x 2 = A., sin (co 2 / 4- ou 2 ) 

V " 2 ’ (VII.51) 

These are simple harmonic motions which are out of phase, since 
co 2 > n 2t and the masses always move in opposite senses. This is the 
second normal mode of motion. In general, neither A x nor A 2 will 
be zero, and the natural motion of each mass will be a mixture of its 
two modes. If co, and co 2 are nearly equal, which means that [x is 
small and n x is nearly equal to n 2y the difference in phase of the two 
terms in (VII.48) and (VII.49) will gradually increase so that there 
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will be considerable intervals of time during which they will be 
alternately nearly in phase and nearly opposed in phase, thus 
producing beats. 

To find the forced vibrations due to the periodic force F = F 0 sin pt 
we have from (VI 1.44) 

¥iV__ • 

* 2 “ (D 2 4- n 2 ) (D- + n 2 ) -f ,iD 2 n 2 2 Sin pt 


i.e. 


x 2 = 


a 0 sin pt 




and from (V1I.42) 



. (VII.52) 


. (VII.53) 


The ratio of the amplitude of the forced vibrations of A/j to the 
static deflection a 0 produced by a force F 0 on M x is called the 
dynamic multiplier or magnification factor , i.e. 


Dynamic multiplier 



. (VII.54) 


The values of p which make the denominator zero, and the 
amplitude of M x infinite, are p = o> x and p = (o 2 . This follows by 
comparison with (VII.45) and (VII.46). If we put — p 2 for D- in 
these and equate the left-hand sides we have 

(w, 2 - pt) (<u 2 2 - pt) 3 (n, 2 - pt) (rt 2 2 - pt) - ppW 


i.e. 


(o) x 


2 _ 


P>)(W- P >) rt ( l ? W pt\ £ 

"|V V «1 2 / V «2 2 / "l 2 


o) l and oj 2 are the critical angular frequencies of the system. If 
the frequency of the disturbing force coincides with that of a normal 
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mode the amplitude of vibration of A/, will be theoretically infinite 
or, practically, very large. Now consider the case in which the 
forcing frequency coincides with that of the lower system A/.», s 2% 
which is 30//.,/7T per minute. Putting n 2 for /» in (VI 1.53) we find that 
.Y| = 0, and from (VI 1.52) 

• 

.v.» — — -«,* sin /i.,/ 

iin .»- 

These results show that A/, remains at rest whilst A/.» executes 
simple harmonic motion of amplitude 

_ F 0 M x M^s x Fq 

//// 2 “ S x S 2 M iA / 2 So 

The maximum tension in the lower spring is s 2 x amplitude — F 0 . 
Thus we see that, if the frequency of the lower system is equal to that 
of the disturbing force, the upper mass remains stationary whilst 
the lower mass vibrates with such an amplitude that the tension in 
the lower spring balances exactly the disturbing force F. I his is 
the principle of the tuned vibration damper which is an auxiliary 
vibration system fitted to an existing system subject to forced 
vibrations. The former, being tuned to the forcing frequency, will, 
if properly designed, neutralize the effects of the periodic force on 
the existing system. 

72. Torsional Vibrations. The system shown on the right in 
Fig. 48 has two rotors or discs I x and / 2 of moments of inertia /, and 
/ 2 engineers’ units respectively about their axes. These arc mounted 
on shafts C x and C 2 of stiffness C x and C 2 Ib-ft respectively. The 
upper end of C x is fixed, the lower end of C 2 carries / 2 and both 
shafts are attached to the upper disc. The upper disc is acted upon 
by a couple F = F 0 sin pt lb-ft about its axis. For a rotating body 
the acting couple is the product of its moment of inertia and its 
angular acceleration. If the system is vibrating and 0, and 0 2 arc 
the angular displacements of the discs at time / sec the equations of 
motion are 

F- (CA — C 2 0,-dj) = /, • ■ (VII.55) 

and -C 2 (0 2 -O^ = / 2 S‘ • ■ (VII-56) 

Allowing for the difference in notation these equations are identical 
with the equations of motion obtained for masses A/, and M 2 in the 
last article, and the reader is left to complete the solution. 
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Alternative to the above we shall show another method of finding 
the frequencies of the normal modes of vibration and the amplitudes 
of the forced vibration. Assumin'* that the discs vibrate with 
simple harmonic motion of angular frequency at then, if 0 X and 
0., are the amplitudes of vibration, the angular accelerations of the 
discs are — arO x and — ar0 2 . At the maximum displacement the 
restoring couples in the shafts are C l 0 l and C 2 (0, — 0,). Equating the 
couple to the mass-acceleration couple we have 

for disc f 2 C 2 (0j — 0,) = arlj) 2 

and for discs /, and / 2 C,0, = m 2 (/,0, -f !/) 2 ) 

Re-arranging these, ( — \\ 0 2 + 0 X = 0 . . (VII.57) 


and "c*°* + ')*, 0 • (VII.58) 

Eliminating 0, and 0 2 from these we have 

i <* t 

'°c~ —, 1 

2 I 0 (VI 1.59) 

atV 2 /.> 2 /, 

C\ C\ 


This is a quadratic in or whose roots r»>, 2 , at 2 2 arc the squares of the 
angular frequencies of the normal modes of vibration. For the 

forced vibrations the couple F = F 0 sin pt adds the term to the 
right-hand side of (VII.58). The equations are now 1 




(VII.60) 


and 



. (VII.61) 


p takes the place of at because the period of forced vibrations is that 
of the forcing couple. From these two equations the amplitudes 
0,, 0 2 of the forced vibrations arc found. 


73. Coupled Electrical Circuits with Inductance and Resistance 
and Negligible Capacity. Fig 49 shows two coupled electrical 
circuits with inductance and resistance in series. The inductances 
are L l and L 2 and the mutual inductance is A/, all in henrys. The 
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resistances are R l ohms and R 2 ohms. At time / = 0 there is no 
current in either circuit, and the switch 5 is then closed impressing 
a voltage E volts on the left-hand circuit. If E remains constant, the 
currents /', amp and /., amp in the circuit at time / sec can be found as 
follows. 


R, R 2 



Since the applied voltage must be equal to the sum of the back 
e.m.f. due to the inductances and the voltage drop across the 
resistance, we have 

// di 

for circuit (1), E — L, ^ H M -j* I /?,/, 

and for circuit (2), 0 = L 2 4- M 4- R 2 i 2 
cl 

Putting D for ^ and re-arranging 

(L X D + Rj)i\ + MDi 2 = E . . (VII.62) 

and MDi x 4- (L 2 D 4- R 2 )i 2 = 0 . (VII.63) 

Eliminating i 2 

[(L X D H- /?,) ( L 2 D 4- R 2 ) - M 2 D 2 ]t\ = (L 2 D 4- R 2 )E = R 2 E 

i.e. [{L x L 2 - M 2 )D 2 + (L x R 2 4- L 2 R>)D 4 T?,/^]/, = R 2 E 

(VII.64) 

L x L 2 is usually greater than M 2 t and ( L X R 2 4- L 2 R X ) 2 is easily 
shown to be greater than 4R 1 R 2 (L l L 2 - M 2 ). Thus the expression in 
square brackets in (VII.64) can be factorized, and (VII.64) may be 
written in the form 

(Z^ — M 2 ) (D 4- a) (D 4- /% = 

where a and p are real positive numbers. 
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From this /, = — 


R*E 


(Z) + a)(Z)+/*) L.U-M* 


+ 7TT 


1 


(/> + «)(/)+/?) 


0 




Now a/? = 


R x R 2 

^ " ^ 2 


so that 




+ Ae-* + Be-* . . . (VII.65) 


From (VI 1.63) i 2 


MD 

LtD + R t '■ 


MD 


MD 


L.D + * 2 /?, l 2 d + * 2 


Me—' + Bo-*) 


MD t £ , MxA 

*t l + «2 ) K, + K2- 




a t 


MpB 


+ - 1 


R2-L2P 

Since E is constant, the first term on the right is zero 


so that 


M<xA_ 

Xt-L *a 


al 


+ 


MpB 

R 2 -LJ 


,-fit 


. (VII.66) 


To determine the values of A and B , we have /, = / 2 = 0 when 
/ = 0. Substituting in (VII.65) and (VII.66), 


and 


A 



M<xA MPB 

R t -l^a + R t -L 2 p~° 
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Solving these equations simultaneously, we obtain 


A 


E/KR, - L,*) E*(R 2 - Ujf) 

*»**(«-0 *.*.(« - (i) 


(VII.65) and (VII.66) then become 

'i = + R lR f a -P) mR - ~ L -* )c ~ a(R * ~ L & e ~ *1 (VII-67) 


and 


/•> = 


MxpE 




R.R^-p) 


. (VII.68) 


(VII.67) and (VII.68) give i\ and i 2 in terms of /, the circuit constants, 
and the roots a and p of the quadratic equation 

(L^L 2 - M 2 )x 2 ~ (L X R 2 -f L 2 R x )x 4- R X R 2 = 0 (VII.69) 

Consider the case in which E = 1, L x — L 2 = 2, M = 1, and 
= ^2 = Substituting in (VII.69), we have 

3x 2 — \2x 4- 9 = 0 
i.e. x 2 — 4a: 4- 3 *= 0 

from which a = 3 and p = 1. 

Substituting in (VII.67) and (VII.68) and simplifying 

•i = i - i(«“‘ + . . . (VII.70) 

and i 2 - — $(*“'- *“ 3< ) • . . (VII.7I) 


We shall use the numerical method to solve the original equations 
in which the above values of the circuit constants are substituted, 
i.e. we shall obtain by the numerical method values of i x and i 2 which 
approximately satisfy the equations 


2 dt + dt + 3,1 _ 


I 


and 


dU di , 

d? + dF+ 3 ' 2 


0 


It is convenient to solve these for and Thus we have 

dt dt 


— § + *2 ““ 2/j and ^ — /, 2/ 2 — J 

We draw up the following table, putting in the original values 
= #2 = 0 . 
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Table IV 


/ 

A/ 

Ai, 

- (0 66667 + /, 

- 2J a )Af 

A/, 

- - (OJ33JJ + 2/, 
- /|)Al 

•i 

h 

0 


_ 

- 

0 

0 

005 

005 

003333 

- 0 01667 

003333 

- 0-01667 

0 10 

005 

0 02917 

- 0 01333 

006250 

- 0-03000 

015 

005 

002558 

- 0 01054 

008808 

- 0-04054 

0-20 

005 

002250 

- 0 00821 

0-11058 

- 0-04875 

0-30 

010 

003969 

- O OI253 

015027 

- 0 06128 

0 40 

010 

0 03049 

- 0 00605 

018076 

- 0-06733 

0 50 

0 10 

002378 

- O OOI79 

0-20454 

- 0 06912 

0 60 

0 10 

001885 

+ 0 00945 

0-22339 

- 0-05967 


These values of /, and i 2 are only roughly correct, and we have 
not carried them very far. The application of Euler’s improved 
method would give more accurate results after much laborious 
calculation. Fig. 50 shows the graphs of /, and /' 2 plotted on a time 



base from the equations (VII.70) and (VII.71), with crosses marking 
the values found by tabulation. After a short time /, and / 2 assume 
the values J and 0 respectively. The decay functions in (VII.67) 
and (VII.68) diminish rapidly and for this reason are known as 
transients. 

If the battery of voltage E is replaced by a source of alternating 
current of voltage E = E 0 sin (ot t the arrangement of Fig. 48 
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becomes a transformer in which we assume there is no capacity. 
The equations (VII.62) and (V1I.63) now become 


(VII.72) 
(VII.73) 


(L,D 4- /y/j 4- MDi 2 = E 0 sin cot 
and A/D/, + (L 2 D 4- R 2 )i 2 = 0 . 

Eliminating # 2 as before, 

[(L,Z, 2 - A/ 2 )D 2 4- (£,/?.> 4- L 2 R^)D + R 1 R 2 )i l 

— (^ 2 ^ ■+■ Wo s *n cot = EqVr* 4 - co 2 L 2 2 sin (cot 4- </») 

where 


. , o>L 2 

<f> = tan ” 1 - 


(VII.74) 


R. 


The particular integral of this differential equation is 


_ Eq 

1 (44 - + (4*2 + L 2 R,)D + R 2 R t S,n (ft " + 

__ EqVr j + oS-Q 

- o^LyLt ~ M*i\ + (4*a + 4*1 )D s,n + 


Hcncc >\ = E 0 J^-- 


* 2 2 + C0 2 L 2 


<o\L 1 L 2 - M 2 )} 2 + ut 2 (L l R 2 + L 2 R,) 2 
x sin (col + <\> - y>) . . (VII.75) 


where 


w _ lan -i_ °>(E t R 2 + L 2 R,) 

V — co\L t L 2 — A/ 2 ) 


Eliminating /\ from (VII.72) and (VII.73), 
we have \(L V L 2 — A/ 2 )D 2 4- (£,/< 2 + L 2 R X )D 4- R X R % ]/ t 


— ME 0 D sin w/ 


= ME 0 o) sin • • • (VII.76) 

The particular integral of this equation is obviously obtained from 

the expression just derived for t\ by replacing cot 4- </> by (ot — - 
and VR 2 2 4- <o 2 L 2 2 by Mot. 

ojME 0 

ence, i 2 =-^j= 

X sin fco/—. . . (VII.77) 

y> having the value already given. 
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(VII.75) and (VII.77) give the currents in the two circuits after the 
transient effects caused by switching on the alternating current have 
died out. The transient terms are found by solving (VII.74) and 
(VII.76) when E 0 = 0, i.e. they are the complementary functions 
of the above differential equations, and they are given in (VII.65) 
and (VII. 66 ). 


74. Coupled Electrical Circuits with Inductance and Capacity and 
of Negligible Resistance. In Fig. 51 we show two coupled circuits 



Fig. 51. Coupled Circuits 


with inductances L x and L, henrys and capacities C x and C 2 farads 
respectively. M henrys is the mutual inductance. We assume the 
circuits to be in a state of electrical vibration. We saw in Art. 59 
that, if the circuits arc not coupled, the angular frequencies of free 

vibrations arc respectively = .-- and // 2 = /T — When the 

1 y VLtC t VLzC, 

circuits arc coupled, the equations for the circuits are 

§ + M * + r, i'» dt - 0 • • < m78) 

and L, + ± j /, dt = 0 . . (VU.79) 

Writing D for ~ for J . . . dt , clearing of fractions, and re¬ 
arranging, we have 


and 


(1 + L l C l D 2 )i l + At C, D 2 i z = 0 
MC 2 D\ + (1 + = 0 
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In these put Af = k x L x = k 2 L 2t ZjC’i = 7, y and J. 2 C* = — r,, mid 

,7 1 “ “ n 2~ 

clear of fractions. 

Then (D 2 -f nf)i x 4- k l D% = 0 . . (VII.80) 

and k 2 D 2 i x + (D 2 4- // 2 2 )/ 2 = 0 . . (VII.81) 

Eliminating i 2 from these equations, we have 


[(Z> 2 + //r) ( D 2 + w 2 2 ) ~ k\k 2 D*)i j = 0 

i.e. [(1 - k x k 2 )D l + (//, 2 + n 2 2 )D 2 + WiWl'i = 0 (VII.82) 


Since AT 2 is less than then k x k 2 is less than unity. Now 

consider the expression in square brackets in (VII.82) as a quadratic 
expression in D 2 . Since (n x 2 4- /i 2 2 ) 2 — 4ai 1 2 /7 2 2 ( 1 — k x k 2 ) = (>/ x 2 — n 2 2 ) 2 
-f 4k l k 2 n 1 2 n 2 2 , which is essentially positive, and the coefficients of 
D\ D 2 and D° are all positive, the expression will split into the factors 
( 1 -^ 2 )(D 2 +w, 2 )(Z ) 2 + <« 2 2 ), where (o x and w 2 are real and 
unequal. Substituting these factors for the expression in square 
brackets and dividing through by 1 — k x k 2t we have 

(D 2 + <o 2 ) (D 2 -f <o 2 *)i x = 0 . . (VII.83) 

By (VII.46) and (VII.48) the solution of this equation is 

l x = A x sin (co x t 4 - ccj) 4- A 2 sin (aj 2 t 4- a 2 ) (VII.84) 


Substituting for i x in (VII.80), we obtain 

ryi _i_ m 2 D 2 4- n x 2 

/ 2 = — A x —sin (oj x t 4- ai) — A 2 —sin (« 2 f 4- <* 2 ) 


t.e. /, 


k x D 2 

Aiinf— coi 2 ) . v 

——- 2 sin (o) x t + aj 




k x a>y 


+ Sin <•* + 


. (VII.85) 


These last two equations give i x and / 2 each as the sum of two 
simple harmonic terms. As in Art. 71, we see that there are two 
normal modes of vibration, whose angular frequencies are oj x and 
co 2 respectively, and that, in general, the vibrations are made up 
of a mixture of these two modes. Now consider the expres¬ 
sions Z ) 4 4- (*! 2 4- n 2 )D 2 4- n 2 n 2 and (1 - k x k 2 )D* + (n 2 4* n 2 2 )D 2 
4- nfiif, the former of which is zero when D 2 = - n x and 

xo—(T.6xx) 
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D ~ = — " 2 2 and the latter when D- = - w 2 and D 2 = - to 2 . For 
real values of D 2 the former expression is greater than the latter by 
and, as the former is negative for values of D 2 between 
n Y - and — // 2 -\ so also is the latter. Further, the latter is positive 
when D- = 0 and when D 2 is a large negative number. It follows 
that the values of wp and co 2 2 must lie outside of the range //, 2 to /i 2 2 , 
one on each side of this range. We see then that the frequencies of 
the normal modes are such that one is greater than and the other less 
than both the frequencies of the separate uncoupled circuits. Forced 
vibrations are dealt with by the method of Art. 73. 

75. Numerical Solution of Second Order Equations. The general 
equation of the second order is 

=° • • < v,, - 86 > 

Willi = z , this becomes/ (x.y.z.^j = 0 . (VII.87) 

The simultaneous equations (VII.87) are equivalent to (VII.86), 
and their solution is that of the second order equation. 

Tam e V 


With 


5 
0 51 
0 5075 
0 50745 
0 50746 


0 50746 
0 51237 
0 50979 
O 50*780 
0 50981 


O 50981 
0 50959 
O 50705 
O 50713 


O 50713 
0 50199 
0 49960 
0 49974 


0-49974 
0 49010 
0 48799 
0 48817 
0 48816 



0 00218 
0 05307 
O 05151 
O 05143 


0 05143 
0 09-706 
0 09638 
0 09637 


0 09637 
O 13862 
0 13507 
0 13514 
0 13513 


0 02763 


007525 
0 07391 
0 07390 


O 11750 
O 11572 
O 11576 


dx “ 
-<2.*x f v) 




0 5173 
0 5113 
O 5089 
O 5089 


04225 
0 3515 
O 3529 
0 3530 


0 4933 
0 4925 




Ax - 



0 3870 
0 3877 
0 3876 


0 04225 
0 03870 
0 03877 
003876 
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Solve - 7-5 
tix* 


when x = 0 , y 

. d* 

and dx + 2x2 


dy 

i 2x - 7 - 4 y = 0 for values of x from 0 to 0-5, having given that, 
dy „ . _ . . .* dv 


= 0*5 and -f- = 01. 
ax 


The simultaneous equations are ~ = z 
y = 0. From these, Sy = zSx and Ar = — (2 xz 4- v)Ax. 
Using Euler’s improved method, we draw up Table V. 

The most accurate pairs of values of x and y are those marked by asterisks. 
In Ex. VII, No. 26, the reader is asked to find the value of y when x = 0-6. 
He should work this example. For a fuller treatment of this subject sec Numerical 
Studies in Differential Equations by Levy and Baggot. 


EXAMPLES VII . 

dv 

(1) Solve = x 2 4- \y by Euler’s method to obtain values of y for values 

of x from x » 1 to x — 1-5 in steps of 01, having given that = 2 when x — I. 

(2) Use Euler’s modified method in Ex. (I). Obtain a correct solution of the 

equation and compare the values of y when x — 1*5. _ 

(3) Find values of y for x — 11, 1-2, 1-3, etc. up to 2 if «= 2 ' s' xy and 

x = 1 when y = 1. Give values obtained by Euler’s method and by Euler's 
modified method. 

(4) Use Rungc’s method in the last Example, taking 0-2 as the interval between 
values of x. 

(5) Use Runge’s method to find y when x - 1-2, 1-4, 1-6, 1-8 and 2, if 
=■ x 1 4- \y and y — 2 when x — 1, as in Ex. (1). 

(6) Solve (1) by Euler’s method and (2) by Euler’s modified method, - 

^y 4- x from x = 2 to x = 3, having given that y *= 4 when x = 2. Take 
steps of 01 in x. j v v 

(7) Solve exactly ^-14- p having given that y - 2 when x - I. From 

the solution tabulate values of x from x — 1 to x 2 in steps of 0-1. Obtain an 
approximate solution over this range by Euler’s method and compare your 
solutions. 

(8) Use Euler’s modified method in the last example, increasing * by 0-5 at 
each step. Can we justify the use of steps of this magnitude? 

(9) Using Picard’s method, find an expression for y in a series of powers of * 
which satisfies the equation in Ex. (I), subject to the condition y = 1 when 
* ■= 0, and which will give three-figure accuracy over the range * = 0 to x - 1. 

(10) Find, by Picard’s method, y as a series of powers of x which will give 

three-figure accuracy between * = 0 and x = I if ^ “ 1 - xy and y = 0 when 

X = 0. Give the values of y when x = | and when x «= I. 

(11) Carry on the solution of (10) to cover the range x = 1 to x = 1-5. You 
will find it convenient to change the origin to the point (1, 0). Find y when 
x = 1-25 and when x = 1-5. Sketch the graph of y against x over the range 
x = 0 to x = 1*5. 
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(12) Using Rungc's method, find y in Ex. (10) for values of * from 0 to I in 
steps of 0 - 2 . 

d~y y 

(13) Find a solution of = — in the form of an infinite power series. Do 

this (a) by assuming a series expansion as in (VI 1.24) and (6) by the use of 
Maclaurin’s or Taylor’s series. 

(14) If/"* is the nth differential coefficient of y with respect to x and = xy 

show that y ,nt — xy ,n ~ sl f (n — 2)» ,n-3 '. Using Maclaurin’s series, obtain a 
scries solution of the given differential equation. 

(15) Write down the complete solution of n*y =» 0. Obtain a series 
solution of the equation and show that the solutions are equivalent. 

(16) Repeat the working in Ex. (15) for the equation + n*y = 0. 


tFy 


(17) Find y as a series of powers of x if + (x + l)y = 0. What is the 
recurrence formula if the (n f l)th term in the series is a H x" ? 

(18) Obtain a solution of the equation in Ex. (17) in the form of a series of 
powers of x *|- I, having given that, when x — — I, y — ^ — 1 . 

</*v 

(19) The equation — k — m*y occurs in connection with whirling of shafts and 

is solved in Ex. 2. p. 401, Vol. I. Obtain a solution in the form of an infinite 
series of powers of x and show that the two solutions arc equivalent. 

(20) Solve in a power senes x ^ + xy — 0. Show that if the term in 

x u is a n x n , the recurrence formula is o n _ t 

(21) Solve in a power series F 3* -£• + Ay = 0. and find the formula of 

recurrence. dx 

(22) Show that the solution of ^ — in a series of powers of x is 

dx I + x * 

y = O0 [ { + 


2 ! 


3! 

/*(/»- I)(/»— 2)(/» — 3) , . 1 

-F 4| * + • * -J 


Integrate the equation in finite form and show that the solutions arc equivalent. 

(23) Show that the series solution of (I — x s ) - xy = 1 is 
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dv 

(24) Using Runge's method continue the solution of + 3 y = 5 in Ex. 1, 

Art. 67, to cover the range x = 0 to x = I. and compare your results with those 
found by direct integration of the differential equation. 

(25) Repeat the working of Ex. (24) for the case of Ex. 2, Art. 67, over the 
range x = l to x = 2. 

(26) Taking the last line in Table V in Art. 75 to be correct, find an approxi¬ 
mately correct value of y when x = 0-6. 

(27) (i) Verify that y = (I — at)* 4 satisfies the equation 

d 2 v dv 

**'-*■&- 12 i + 4 ^ = ° 

(ii) Find the general solution of this equation in scries of ascending powers 
of x and identify one scries with the solution in (i). (U.L.) 

(28) Solve the differential equations— 

f-7* + l, = 0 


S -*-*-0 


(29) Solve— 


dx 

2^-4 6x - y = 2 sin 2/ 
dt 


2 x + 5y = 0 


(30) Solve 


g + fcr-9,-0 


(31) Solve 


d*x 


dt* 

d'y 


$ + '*? - 0 


3* + 2y = 0 


dt 2 


- 2 x + y 


(32) The rate of increase of y with respect to x is 4 z t and that of z is 3 y. If 
y is 1 000 and z is 500 when x = 0, find the values of * and y when z is 1 000. 

(33) Solve the simultaneous differential equations 




0 




subject to the conditions that x 


2y = 0 
I and y = 0 when / 


0 . 


(U.L.) 
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(34) Solve the simultaneous differential equations 

3 It + Xx + 2 y “ r '* 4x ~ 3 % + 3v = 0 


di 


(U.L.) 




(35) Solve the simultaneous differential equations 

£ + - 2 '=‘ 

given that, when / — 0. x = y = 0. (U.L.) 

(36) Solve the simultaneous equations 

dx 

-r- + 5*- 2 v = / 

dl 

dy 

dl + 2 * + ,-0 

being given that x — 0 and _y => 0 when / = 0. (U.L.) 

(37) Solve the equations 

<i 2 y - r/y 

W 2? - 2 * + ’ 2^cosZv 

<">£' -y- + < UL -> 

(38) Solve the simultaneous differential equations 

</** 

^r+x+,-0 

4%-x-0 
dl 1 

subject to the conditions that, when / = 0 . x ■= 2 tf,>- = - a, ~ = 2 b. & - - A. 
and show that the solution is then purely periodic. (U.L.) 

(39) Solve the simultaneous differential equations 

+ ISy + 3* + 30 - 0 

tPz 

+ 2y + \0z + 4 - 0 

(40) Solve the simultaneous differential equations 

d*y 

^+4(3/+r) = 0 
3 (6y+ 11*) = 0 

subject to the conditions that = 0. * = 27, ^ = 0 = ^ when t = 0. (U.L.) 


(U.L.) 
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(41) The co-ordinates (.v. >•) of a particle moving in a plane satisfy the 
differential equations 

d*x dy 

■77 a — — b 

dr- dt 


d\y 


dx 
dr- ° dt 


0 , x , y , ^7 and ~ all vanish, show that the path of the 


and — a -r = 0 

where a and b are constants and t denotes time. 

Given that, when t — ^ ^ 

b 

particle is a cycloid whose generating circle has radius 
(42) Solve the equations 

-3^ 


d 2 x 

6^ = 2(y-x) 


dO 


given that, when / — 0, ~ = V and x , y, and -jj all vanish. 

Find the smallest value of / for which (y - x) again vanishes, and the values 

of ^ and ^ 7 -then. (U.L.) 

dt dt 

(43) Solve the simultaneous differential equations 

s—i 

*ln + 2x = d di + 2y 

If x , y are the cartesian co-ordinates of a point in a plane, and if, when t = 0, 
^ - 0, v = 1, ^ - 2, prove that the point lies on the parabola (5* - 2 y) 2 
= My- lx). dt (UL) 

(44) The lengths of two simple pendulums are l x ft and / 2 ft and the weights of 
their bobs are l x lb and w 2 lb respectively. The second pendulum s atuchcd to 
the bob w lt and the coupled system then makes small oscillations inone'vertical 
plane. Show that, if at any time t sec the inclinations of the lint and the■ wcond 
pendulums to the vertical are 0 X radn and 0 t radn respectively, the equations of 
motions of the bobs are 


and 


5^/.^+ »*<«.- Oi) 

g dt 
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Show further that, if k = and D = —. these equations can be expressed as 

+ »(I + k)]0 x — gkO t = 0 
and /,D ? 0, + (/,D= + g)0 z = 0 

and that the differential equation resulting from the elimination of 0 Z between 
these last two equations is 

W l + (I + *)(*,* -f n*)D* + (I + k)n*n i *]O l = 0 

where ~ and ~ arc the respective periods of oscillation ol the uncoupled 
pendulums. 

Treating this equation as a quadratic in P 2 , show that its roots arc real, 
unequal, and negative, i.c. that the equation can be written in the form 

( P 2 -f a, 2 ) (D 2 + to*)0 l - 0 
and that and lie outside the range n, 2 to nr 
Deduce the solutions 

0| ■» A\ sin (<»#,/ q- a,) + A z sin (at 2 r q- xj 

and °‘ = •) A > Si " + “•> + n,Hnf-W) A ' si " (,U ’' + ** 


- 


CHAPTER VIII 


PARTIAL DIFFERENTIAL EQUATIONS 

76. Partial Differential Equations. A partial differential equation is 
a differential equation containing partial differential coefficients. An 
ordinary differential equation can be formed by eliminating arbitrary 
constants from a relation between two variables, such as /(x, r) = 0 
p r y = </>(x), and, in general, the order of the differential equation 
is equal to the number of arbitrary constants eliminated. A partial 
differential equation, on the other hand, can be formed by eliminating, 
not arbitrary constants, but arbitrary functions from a relation 
involving three or more variables—provided that such elimination is 
possible. In many engineering problems a dependent variable is 
connected implicitly or explicitly with two or more independent 
variables. If, for instance, a beam supported in a horizontal position 
is vibrating so that every point in it moves in a vertical line with 
amplitude varying from point to point, the displacement y of a 
point distant x from one end at time / is a function of both x and t. 
This relationship may be expressed in the explicit form y = /(x, t) 
or in the implicit form <£(x, y t f) = 0. x and t vary independently 
and they are the independent variables; y is the dependent variable. 
If we wish to find the shape of the beam at a particular instant of 
time / 0 , we substitute t 0 for t in the relation and proceed as if y is a 
function of x alone, so that any differential coefficients are found on 
the assumption / = constant, i.e. they arc partial differential 

coefficients Similarly, if we wish to examine the motion at 

any particular point x = x 0 , we substitute this value for x in the 
given relation and treat y as a function of / alone. In this case the 
differential coefficients which occur will be the partial differential 

coefficients ~Both sets °f differential coefficients will enter into 

the analysis of the motion of the beam. 

Partial differential equations arise, therefore, in cases where a 
dependent variable is a function of two or more independent 
variables. Consider the following functions— 


( 1 ) 


f(ax + by) 
289 


. (VIII.l) 
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Oz 

<\x 


df(ax -r by) ?(ax -f by) 

d(ax -f by) X Ox 


Here we have first differentiated /(ax by) with respect to 

cVc/.r -f- by) 

ax -f- by, and then multiplied by ^ . Since the first differen- 


d/(s) 


Ox 


tiation is of the type , where s = ax -f by, the differentiation 

is ordinary and not partial differentiation. We represent by 
f'(s) % \.t./'(ax f by), and hence 9 

(V 

-J- = /'(ax -f by) x a 
Oz 

^ = af\ax + by) 

^ = b/\ax + by) 


i.e. 


Similarly 


Eliminating f'(ax |- by), wc obtain the partial differential equation 

. (VIII.2) 


or 


( 2 ) 


Oz Oz 

Ox ° dy 

, Oz n 

b ^-o — = 0 

Ox dy 

z = /(ax 2 + by) 


(VIII.3) 


Writing /' for/'(ax 2 4- by 2 ), we have ^ = lax/' and ^ = 2 by/'. 


Ox ^ ~~ By 

Eliminating /', wc obtain the differential equation 

Or 0 z 


(3) 




0 


. (VIII.4) 
. (VIII.5) 


Writing/' for/' (j). we have ^ = - £/' and ^ = j/'. 


Eliminating/', we obtain the differential equation 

Oz _ x 2 Oz 
X 3y~ y Ox 
Oz Oz 

,e - x oi + >'5; = 0 • • 


. (VIII.6) 
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The reader should memorize the above results in the modified 
forms given in Tabic VI. and he should corfVince himself that the 
alternative forms of each solution are equivalent. 


Table VI 


First Order Partial 
Differential 
Equation 

Solution 

dz dz 

■ flr + /»r = 0 
c*x Oy 

a yr x + bx r y = 0 

dz dz 

x r x + y^-° 

z = / (bx - ay), f( x ~ 
z =f(bx i -ay-),f{x 2 

-/©»/(;) 

ly),n a y-b.r),f(y-^ X ) 

- 1 y*) - f lay 1 - b X ") 


We have used throughout the same symbol /to represent ‘'func¬ 
tion.Because we have written and /(^) as cc l uiva,enl » we do 

not imply that any function of - is the same function of - (that is 

x y 

manifestly incorrect), /is used in every instance simply to denote an 
arbitrary function whose form is unknown. 

The order of a partial differential equation is the same as that of 
the highest differential coefficient in it. The above are first order 
equations, and their solutions each involve an arbitrary function. 
Now consider the relations (4) and (5) below, each of which contains 
two arbitrary functions. 

(4) z=fix)+fiy) . . . (VIII.7) 

We have and on differentiating this with respect to y, 


- = 0.(VIII.8) 

oy ox 

which is a second order equation. 

Note that differentiation of (VIII.7) first with respect to y and then 
with respect to x gives the same result (VIII.8). 

(5) r = f{x + ct) + fix - ct) 


. (VIII.9) 
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Here gj = f (x + ct) + f 2 '(x - ct) 

Dz 

and = c/,'(x + c/) - c/ 2 '(x - <7) 

From these we can find expressions for/,'(* -f ct) and/ 2 '(x — ct), 
but we cannot yet eliminate these expressions from the above 
relations. 

Differentiating again, we have 

=/r(T + C/)+/,%V-C/) 

and ~ = **//'(* + ct) + c%"(x - c/) 

The elimination is now simple, giving 

• • • (VII,|0) 


In (4) and (5) we have eliminated in each case two arbitrary 
functions and have obtained second order partial differential 
equations. 

77. Solution of Partial Differential Equations. The solutions of 
some of these equations may be found by inspection or from a 
knowledge of the above results. Thus the solution of 

Dm Dm 

(l > 6 5i +ll ^ = ° 

is readily seen to be u =/(l \x — 6y) 

By inspection or by reference to Table VI, we find that the solution 

< 2 > * 1 +*!-° 


r=/(x*-6y*) 


(3) The solution of 


Dz Dz 

+ b y*z = ° • 


. (VIII.ll) 
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is more difficult. Comparing it with the third line of Table VI, we 

might be inclined to try as a possible solution r =/^~j, but, 

as this is a function of-, we see from the table that the corresponding 

. . 3z 3z / x b \ 

equation is x ^ 4- y = 0. Instead we try the solution z = f I — I, 

for we know that partial differentiation will produce coefficients 
a and b. Thus, writing/' for the first derivative of the function with 
x b 

respect to —, we have 

dz 
dx 


ax' 


~~ y* ~ f and /', and eliminating/' we obtain 


y a dz 
bx b -' dx 


ax b dy 


i.e. 


dz dz 

ax s- x + b yTy = 0 


The solution is, therefore, 


Note that z = 1S an equivalent solution. 

(4) Consider the equation 

3 2 z 

dx dy “ ° * 


(VIII.12) 


(VIII.13) 


The complete solution will contain two arbitrary functions. 
Integrating both sides of (VIII. 12) with respect to y , keeping x 
constant, we have 


!-**>• 


.(VIII. 14) 


the arbitrary function <ft(x) being the constant of integration. Now 
integrating both sides of (VIII. 14) with respect to x, keeping y 
constant, we have 

z = S<f>(x) dx +f 2 (y ) 

f t (y) being the constant of integration. $<f>(x)dx , being the integral 
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of a function of x, is itself such a function f l (x) t say. The solution of 
(VIII.13) is, therefore, 

* =/iW +/2OO • .(VIII. 15) 

where f x (x) an df x (y) are arbitrary functions of x and y respectively. 
(5) Now consider the equation 

0 2 z . 0 2 z 

. (VIII.16) 


0/- ~ ^Ox 2 


This is an equation of great importance in the study of vibrations. 
The solution can be written down by inspection and the reader 
should attempt this. We shall change the independent variables from 
t and .v to r and s by means of the relations r=.\:+ ct and s = x — ct. 
Since r is now a function of r and . 9 , then 

Or Or Or Or 0.9 , 

Tx = Yr Tx + Ys Tx ( sce P- ,53 > Vol. I) 


Or 0.9 
But = 5- 
Ox Ox 


1 , so that 


Or Or Or 
Ox — Or * 55 


0 0 0 

Thus, we may look upon the operators j- and v- -f y 
equivalent. dx or cs 

DifTerentiating again partially with respect to .v, we have 


as 


Ox 2 Ox VOr 


_i 

ds) 


/ 0 0 \ / Or Or \ 
tS' + di) [& + Ts) 


.c. 


Os 2 


Similarly 
and, since 


cVr O^r o 0 2 : Fz 

Ox* ~ cV- + 2 dr ds + ' * 

Or Or Or Or 0.9 

0/ — Or 0/ O 5 0/ 


.(VIII.17) 


Or 

0/ 


O 5 

- 5 ? ,hcn 


Or /Or 0r\ 

0/ c \0r 0.9/ 

In this case we may look upon the operators -=r and c ( S-57) 

equivalent. 0/ \0r 0 j/ 


as 
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Differentiating again partially with respect to /, we have 

a 2 z 
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i.e. 


/a _ a\ /dz ?z\ 

St 2 c \c> Ds) c cV 

a 2 r , /a 2 z „ , a 2 r\ 

ar 2 _ c ' (ar 2 2 a/-ai + aj 2 j • • (VIIU8) 


Substituting in (VIII.16) from (VIII.17) and (VIII.18), we have 


a 2 z 


- 2 


a 2 z 


\ar 2 - ar a* 

which reduces to 


+ 


= C 2 

a^v c \ar 2 


+ 2 *L 

ar 2 f z ar a* 


+ 



a 2 z 


= o 


ar ds 

the solution of which is 

:=/,W+/ 2 W (see (VIII. 15)) 
and on substituting the original variables, this gives 

^ = /i(* 4- ct) + A(x - cl) . . (VIII.19) 


z-f(x-ct) 


Velocity C 



Fig. 52. Travelling Wave 


Let us consider the function z = f(x — cl) in which z and x are 
rectangular co-ordinates (Fig. 52) and / is time. If t = 0, z ==/(x). 
Let the full line in the figure be the graph of z = /(x). At the instant 
l x seconds later, i.e. at time l lt z — /(x — ct x ). As x varies whilst t 
remains constant at / = t lt the values of x will be greater by ct x than 
the corresponding values of x—ct v Values of z =/(x) will 
correspond to values of z = /(x + ct x — ct x ) for given values of x, 
and any ordinate of z = f (x) will correspond to the ordinate of 
z =/(x— ct) whose abscissa is greater by ct. Thus, the graph of 
z = f {x — ct) shown dotted in the figure is an exact copy of the 
graph of z =f (x) displaced to the right through a distance ct. Now 
suppose / to increase continuously from t = 0. The dotted curve will 
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emerge from identity with the full curve at t = 0, and, as t increases 
uniformly, will move to the right with uniform speed c. Thus, 

- =/(x — ct) represents a wave travelling with velocity c along the 
axis of x in the sense of x increasing. In the same way we see that 

- = /(' v + ct ) represents a wave of the shape of z = f(x ) travelling 
with velocity c along the axis of .v in the sense of .v decreasing. The 
solution (VIII. 19) above represents the sum of two travelling waves, 
the first of the shape z = /,(.v) travelling to the left and the second 
ol the shape z / 2 (.r) travelling to the right, both with wave velocity 
c. These waves are known as progressive waves or travelling waves. 

Under certain conditions the two waves will combine to form a 
single stationary wave. 

If, for example 

fi(x + ct) = a sin //(.v -f ct) 
and f,(x — ct) = a sin n(x — ct) 
then z = a[ sin n(x -f ct) + sin n(x — ct)) 

i c. z = 2a sin nx cos net . . . (VIII.20) 


which we can look upon as a sine wave z = A sin nx whose ampli¬ 
tude A 2a cos net varies harmonically with time. Whatever the 
value of /, z = 0 w henever nx is an integral multiple of n, i.e. when 

7T 377 . 

X = 0, , —, etc. and these points, called nodes , remain un¬ 

disturbed during the wave motion. Thus, the two progressive waves 
moving in opposite senses merge into a stationary wave of varying 

amplitude whose frequency is This type of wave often occurs in 

electrical and mechanical vibrating systems. We shall see later how 
to solve (VIII. 16) by separating the variables and thus to obtain the 
solution in a form similar to (VI11.20), which we shall find easier to 
apply to problems on vibration. 

(6) The equation 


0 2 z . t 0 2 z . D 2 z 
° dx 2 a.xrc> + c ay 2 


0 


. (VIII.21) 


where a, />, and c are constants, is often called a homogeneous 
equation of the second order, each term being of that order. The 
term “homogeneous" has already been used with two different 
meanings in Art. 132, Vol. I, and in Art. 65 of this book, and is also 
used to describe differential equations in which there are no terms 
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which contain only the independent variable or variables. In order to 
avoid confusion the reader must interpret the meaning of the word 
from the context. To solve (VI11.21) we assume that the method of 
operators developed in Chapter VI may be extended to cases where 
there are two or more independent variables. 

If D x denotes />., denotes etc., (VIII.21) becomes 

c’.xr c' v’ 

(pD£ + bD x D, + cD.r)z = 0 

Factorizing the left-hand side as in algebra, we have 

(" 1^1 + m i D 2) (»2 D i + ”h D 2 )z = 0 
which is satisfied by 


(n 1 D 1 -+■ m x DJz = 0, i.e. by n x ~ + m x 0 

<>z 3z 

and by (n 2 D x 4- m 2 D 2 )z = 0, i.e. by n 2 ^ + m 2 ^ 


0 

0 


We sec from Table VI that the solutions of these equations arc 
z = f x (nt x x — n^) and z — f 2 (m 2 x — n^y) = 0 
so that the general solution of (VIII.21) is 

z = f x (m x x - nrf) + f>(ni 2 x - . (VI11.22) 


(7) Consider the equation 


3 2 z 3 2 z D 2 z 

Dx 2 Bxdy c> 2 


0 


By the use of operators as above 

(D x 2 — O x D 2 — 2D^)z = 0 
i.e. (D x - 2 D 2 ) (D x + D 2 )z = 0 

This is satisfied by|^-2^ = 0orby^ + ^ 

i.e. by z = /,( 2x + y) or by z = f 2 (x — y) 

and the general solution is 

z =/(2x + y) -f fix — y) 

(8) Consider the equation 


= 0 


. (VIII.23) 
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By operators (a 2 Df 4- 2abD l D 2 4- b 2 D 2 2 )z = 0 

i.e. (aD, -f b D 2 ) 2 z = 0 

Since both factors are identical, the only solution this gives is that 
of 


(aD t 4- bD.,)z = 0 


.e. 


c'z ?z 

a =- 4- b 5 - 
ox dy 



The solution of this equation is r = /,(/>.* — ay), which is seen to 
satisfy (VI 11.23) on substitution but is not the general solution as 
this must contain two arbitrary functions. Let us assume that the 
general solution is 


z = f x {bx — ay) 4- xf 2 (bx — ay) . . (VI11.24) 


Since z = /,(/>.* — ay) satisfies (VIIL23), we have to examine 
if z = xj 2 (bx — ay) also satisfies (VIII.23), in which case the sum of 
these two arbitrary functions will satisfy the given differential 
equation. 

Putting r = x/ 2 (bx — ay), we have 

~ =f 2 (bx - ay) 4- bx/ 2 '(bx - ay) 
fa 

fy = -axj 2 (bx-ay) 

5^2 = bf 2 (bx — ay) 4- bf 2 (bx — ay) 4- b 2 xf 2 \bx — ay) 

^ “ a/iibx - ay) - abxf 2 \bx - ay) 

b* 


and = a 2 xf 2 \bx — ay) 


This may be simplified by the omission of the bracket after each/, 
thus— 

fa —fz + bxfz* 

S = 2W + Sky 

and dp = 


*z 

dy = ~ ax/ * 


= — af 2 — abxfk 
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By substitution of these values in (VIII.23) 
left-hand side = 2 a 2 b/ 2 f + a-b-xf," - 2 d*bf>' - 2a 2 b 2 xf," 4 - a 2 b 2 xf," 
= 0 


Hence, both terms on the right-hand side of (VIII.24) satisfy 
(VIII.23), and (VIII.24) is the general solution. 

The general solution of 

(aD l + bD i ) r z = 0 . . . (VIII.25) 

is 


r =f x {bx — ay) 4- xf 2 (bx - ay) 4- *%(bx — ay) 4- . . . 

4- x r ~ l f r (bx-ay) . . (V11I.26) 


(9) By the use of operators solve the equation 
D 4 z 3 4 z 3 4 z D 4 z D 4 z 

s? 1 - 4 mr y + 13 ~ 36 sap + 36 a? - 0 • (V,,,27) 


We have 

(D l *-4D 1 *D 2 4- \3D t *D t *-36D x D 2 * + 36 D 2 4 )z = 0 
i-e. (D, - 2Do) 2 (D x 2 + 9 D 2 )z = 0 

or (D, - 2D 2 ) 2 (D l + 3/Z>*) (/>! - 3/ZX>)z = 0 

where / = V— 1 

The general solution of (VIII.27) is, therefore 
z = /x( 2x 4- y) 4- */ 2 (2x 4- j) 4- / 3 (3/x - y) 4- / 4 <3/x 4- /) = 0 

(VIII.28) 


The partial differential equation (VIII. 16) may also be solved by 
the use of operators. Thus, if in = c 2 ^| we P ul for di and 
D 2 for we have 


i.e. 


( D 2 — c 2 Z> 2 2 )z = 0 
(D, - cD 2 ) 4- cD 2 )z = 0 


This is satisfied if ff — c ^ 


3z 3z 

0 or 57 + c 5x 



From Table VI we see that the solutions of these equations are 
respectively z = f x (ct 4- x) and z =f 2 (x- ct ), the general solution 
being their sum as in (VIII. 19). 
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78. Particular Integral. 

section are of the type 

°dx n T 1 


All the equations considered in the last 

c' n z tV'r 

r • • + A '"^ = 0 

(VIII.29) 


where k 0 , k lt etc. are constant coefficients. 

If in (VIII.29) the right-hand side is not zero but contains a func¬ 
tion of one or more independent variables, we proceed as in the case 
of ordinary differential equations by finding a particular integral of 
the equation and adding it to the general solution obtained by 
equating the left-hand side of (VIII.29) to zero. 


example 1 


Solve (he equation 

+ ■ ■ • • (V1,, - 30) 

where a, b, J arc constants. 

If we put 2 = A(x + y), where A is a constant to be determined, (VIII.30) 

reduces to .Ha t b) d, from which A ~ ——r, so that x — (x + y) 
is the particular integral. a ' 0 

We have seen that the solution of 


a l~ x + * - 0 is 1 ~ f(bx - ay) 


Oy 

Hence, the complete solution of (VIII.30) is 


r =/(bx - ay) + (x + y) 


. (VIII.31) 


The first and second terms on the right of (VI1I.3I) correspond respectively 
to the complementary function and the particular integral in the solution of an 
ordinary differential equation. 


EXAMPLE 2 
Solve the equation 


Consider first 


3^-4 — + 

Ax* *dxDy^dy* 

3^-4 *£- + ££ 

dx* dx ?y r Dy* 


3x>y 


(VIII.32) 


i.c. 


(*S- 4 )(e- 5 ) — 




the solution of which is the sum of the solutions of 3 — — — 

Dz Bx By 

= 0 , and is, therefore, 

2 -fx(* + 3 y) + /*(* + y) 


0 and 
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In finding the particular integral we note that the term on the right-hand side 
of (VI1I.32) is of the third degree in x and y. and as the degree is reduced by 2 in 
second order differentiation, we assume that the particular integral is of the 
fifth degree, i.e. of the form 

r = A'o.v 5 + k x x A y + k~x*y* f *,* s y 3 4- k 4 xy « 4- k b y A 
Substituting in (VI11.32), we have 

3 ( 20 * 0 ** + 12*,* 2 y 4- 6 k 2 xy 2 I- 2A 3 » J ) - 4(4* ..v 3 4- 6 k z x'y 4- 6 * 3 *y 2 + 4k 4 y*) 

+ ( 2 * 2*3 4- 6 k*x*y 4- \2k t xy : 4- 20* s y 3 ) ^ 3* 2 y 

i.e. *3(60* 0 - 16*, 4- 2* 2 ) 4- **y(36*, - 24*. 4- 6 * 3 ) 

4- xy\ 1 8*2 — 24* 3 4- 12*,) 4- )*(6k 9 - 16* 4 4- 20* 5 ) * 3* 2 y 

Equating coefficients of corresponding terms on the two sides of this idcniity, 
we have 

60* o — 16*, 4- 2 * 2 ^0 | These are four equations involving six un- 
36*,— 24*2 4- 6*3 = 3 knowns, and they can always be satisfied. 

18*2 - 24*3 4- 12 * 4 = 0 Two of !hc constants can be given any 

and 6*,— 16*. + 20*, = 0 convenient values. 

If, for simplicity, we assume * 4 — 0 and * s *= 0 , we find successively * 3 = 0 , 
* 2 = o, *, = and * 0 «= 4 V Thus, as a particular integral, we have 
z «= * 5 4 - ^ ~x*y, which on substitution satisfies (VI11.32). 

The complete solution is. therefore, 

2 = /,(* 4- 3 y) 4- f t (x 4- y) 4- 4- X*y . . (VIII.33) 

Note. Had we taken other values for k A and * 5 , we should have obtained a 
different particular integral. This is to be expected, as any functions of * f 3 y 
and * 4- y may be taken away from the particular integral and assumed to be 
included in the corresponding arbitrary functions. 

79. Operators e x%1> and e**" 1 + * D '\ The operator e x%,> is a short 
way of writing 1 4- xa.D -f- ^ x 2 a. 2 D 2 + ^ x 3 a 3 /) 3 + + . . . 

If D = and /O') is a function of ^fthe effect of e” v operating 
on/O') is 

e*“ D f(y) = (1+ xa.D 4- |4 + p x 3 «. 3 D 3 

4- ji x 4 a *D* + . . ■ )/00 
=f(y) + xaf'(y) + y 2 x?a?f"(y) 4- p x 3 a?f"'(y) 

+ p xvy«‘"0’) + 


• • • 
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where /'(>’)» /"O')*/' '()')> etc. are the first, second, third, etc. 
derivatives of f(y) with respect to y. 


Thus 


e' xD f(y) = f(y + a.r) . . . (VIII.34) 


by Taylor's Theorem, Art. 58, Vol. I. 

Similarly, if D x represents y and D 2 represents then e **” 1+ 
operating on f(y, z) gives c V t2 

***"• + 2 ) = <**’>. €***>•/(y t z) 

= *”*•/(. y> 2 + M 

+ flu>l f(y, Z) =f(y + olv, z + /?*) . (VIII.35) 


EXAMPLE I 


Du Oh 

Solve 6 :r- + 11 =- 0 

Dx Dy 

This equation is solved in Art. 77 (i). 
0 

Writing /> for^, we have 

Du 
Ox ~ 


Here we shall use the method of operators. 


- V Du 


and treating D as a constant while integrating with respect to x , 

M - A € - V xD 

A is a function of y, so that writing/(y) for A and placing it after the operator, 

IT -*-V «*/(,) 

From (VIII.34) we have // = /(y — y *) 

which is equivalent to the solution u = /(Mat— 6v) already obtained. 


EXAMPLE 2 


Solve 


Dm 

5a: 




Here we write D t for ~ and D z for ^ 


and obtain 


Du 

•vj = + *0*)". 


the solution of which is u = Ae*l aI) i + where A —fiy, z) 
Thus, u = eXaD, + bD t )f(y 2 ) 

i e ‘ " —/O' + ", * + for) 

The reader should verify by substitution that this result is correct. 
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EXAMPLE 3 

0 , Or 

Solve ax c- H - 6 y =r- = 0 
Dx + Dy 

This equation is solved in Art. 77 (3). Here we pul x — c° and v = e* as in 
Art. 65. 


Then 


so that 


Or _ Or 00 1 Or 

Dx DO Dx x DO 
Or Or 
x dx~ W 


Dz Dz 

and similarly y ^ ^ 

Substituting in the given equation, we have 

Dz Dz 

_ a 

Dividing through by a and writing £> for 


from which z = e a f(4>) 

jlog,x) 

■'("*3) 

i.e. r = /, (£) or/, (^j), as before. 

EXAMPLE 4 

We have already solved this by a direct method [Art. 76 (5)J and by the 
use of two operators [Art. 77 (5)]. We shall now solve it by means ol the 
operator 

Writing D for we have 

and treating x and D as constants, we have on integration 

y = Ae ctD + Be~ aD t where A and D are functions of x . 
Thus, y = e**>f x tx) 4- e~ 

i.e. = yf x (x + c/) + f t (x - cr), as in (VIII.19). 


Dz b 
dO~~a Dz 
- - 0 /> 
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EXAMPLE 5 

B*y By 

So,VC 57* = ^Br havin § S ivcn «hat y = 0 where a: is infinite and y = a sin pt 
where x = 0 . 

B B*y 

Writing D for we have = c*Dy, the solution of which is 


y = e- i> . A + e+ " v ^ . B 
where A and B are functions of /. 

[ Now y = 0 when x = cc at all times, so that B = 0 and 


y = A 

Substituting x = 0. y = a sin pi, we have A — o sin pi, and hence 
y — ae~ " v ^sin/>/ 

In Chapter VI we saw that the operator D when operating on sin pt could be 
replaced by pi, where i = \ — I, if the result of the operation were afterwards 
properly interpreted by the given rules. 


We have then \ D = \ pi = Vp . \ / - J r - (| + /), since (I + /)* = 2i. 
Substituting in y =* ae » sin pt, we obtain 

_ ae ~“VS 


2 . e ’ 2 sin pi 
ae ^ x . 7 V *P sin pt 


ae 


y = ae 


(p<- c f\ x ) 


“ Xsin ( / ’(' _ ^)) by (V,,, - 34) 


2 sin 


80. Transverse Vibrations of a Uniform String. Consider a string 
stretched taut between two points A and D (Fig. 53) and making 
small transverse vibrations in which every point of the string moves 
along a line perpendicular to AB. Let AB — lt t. Suppose the 
string to be perfectly flexible, i.e. to offer no resistance to bending, 
and to weigh w lb per foot run. Let Tib, the tension in the string, 
be so large that it is not appreciably changed by the slight alterations 
of length which occur during the motion. We shall neglect the 
effects of gravity. 

Fig. 53 (a) shows the string in the position APB at time / sec, 
the vertical scale being greatly exaggerated for clearness. Let 
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(*, v) be the co-ordinates of P % as shown, and let Q be a neighbouring 
point of the string whose co-ordinates are (.v + A.v, r + Ar). 
Consider the motion of the element PQ of the string. This element 

is moving vertically upwards with acceleration The forces 

acting on it are the two equal but not opposite forces T exerted by 

rib 



the other parts of the string on PQ. Let y» be the angle between the 
tangent at P and the straight line AD. The vertical component of 
the tension T at P is T sin y > downwards, and the vertical component 

of the tension T at Q is T sin y> -f s * n V’)-^ v upwards. The net 

vertical component is thus sin y>)A.v upwards. Hence, by the 
Second Law of Motion, Force = Mass x Acceleration, we have 


f Axx § l S = ^ (7 ' sinv)A * 

2Py gTd 

= (sin V’) 

3/ 2 w r 


. (VIII.36) 


gT 


Bxp 


= — cos XI) • ^— 

w Y dx 


Since xp is small, we may neglect xp 2 f etc. in comparison with unity, 

, . , Zv <?y 

and write cos xp = 1 and -~y- = tan xp = y», whence ^ 


Thus 


dt 2 ~ w 


. (VIII.37) 


w 


where 
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In An. 77 we obtained the general solution of (VIII.37) in terms of 
two arbitrary functions representing waves travelling in opposite 
directions along Ali with wave velocity c. In order to determine the 
motion of the string at any time we must know its position and 
motion at the beginning. Thus, suppose that we are told that the 
string is held displaced in the shape y = /(x) up to time / = 0 and is 
then released. The general solution of (VI11.37) is 

y =f(x t ci) + / 2 (.v- cr) 
and we have the conditions— 


(1) y -= 0 when x 0 for all values of /, 

(2) y 0 when .v / for all values of /, 

Dy 

(3) — 0 when / = 0 for all values of x, 
dr 


and (4) y — f (x) when t = 0. 

The fitting of the general solution to these conditions is difficult, 
and we shall use an alternative method of solving (VIII.37) by 
separating the variables. 

Let us write y = AT, where X is a function of x alone and T is 

D 2 y ,.&T . ? 2 y _&X 


a function of t alone. 


Then = X and 

cV cV ?x 2 ?x 2 


Substituting these in (VIII.37), we have 

X ¥I =C 2 T — 

* <V ft** 


and on dividing through by crXT 

i *2* 

c*rD/ 2 “ xdx* 

The left-hand side of this equation is a function of / alone and the 
right-hand side is a function of x alone, and, since the two sides arc 
identically equal, i.c. equal for all values of x and f, each side must 
have the same constant value, say — p 2 . Thus, instead of (VIII.37) 
we have the two ordinary differential equations 

d 2 T 

tLi. +/ >VT=0 • • . (VIII.38) 


cPX 

dx 2 


+ r 2 x = 0 


and 


. (VIII.39) 



PARTIAL DIFFERENTIAL EQUATIONS 307 

The solution of (VIII.38) is T = A sin per -| /i cos pa 
and that of (Vlll.39) is .V C*sin px ! D cos px 

where A , B s C, and D are arbitrary constants, and /> is also arbitrary. 
Since r = AT, a solution of (VI11.37) is 

v = (A sin per -f B cos /><*/) (C sin />.v -I- /) cos px) 
which can be written in the form 

v = R sin (per A- a) sin (px -I /?) . . (VI11.40) 

where R y a and ft are arbitrary constants. By varying p we can 
obtain an infinite number of solutions of (VIII.37). and the complete 
solution is the sum of all these. In the case of the vibrating string 
the conditions (1), (2), (3) and (4) must be satisfied by each term in 
the solution, i.e. by (VIII.40) for all values of p. Condition (1), 
y = 0 when x — 0 for all values of /, is satisfied if p — 0, and 
condition (2), y = 0 when x = / for all values of /, is satisfied if 
p! + P = nir y i.e. pi = nn (since p = 0), where // is any integer. 
Thus (VIII.40) becomes 


y = R sin t 4- aj sin x . .(VIII.41) 
in which n is any integer. 

Now from (VIII.41) ^ = R cos ^ 1 + a ) sin ~J x 
By condition (3), — = 0 when t = 0 for all values of .r, so that 


cos a = 0, i.e. a = anc ^ (VIII.41) becomes 

„ nnc . nn 
y = R cos —j~ t sin -y x 


. (VIII.42) 


This relation satisfies (VIII.37) and the conditions (I), (2) and 
(3) for all integral values of n. Adding these solutions, we have for 
the most general solution which satisfies the conditions 


n — co 


nnc 


nn 


. (VIII.43) 


v = 2 R n cos —r- t sin -y 

»i - l * * 

We have still to satisfy condition (4) that y = f(x) when / = 0. 
Substituting y = /(x) and / = 0 in (VIII.43), we have 

n - ® . nn 

f(x) = S R n sin y AT . 

n - 1 * 


. (VIII.44) 
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Now, this is the expansion of f(x) in a Fourier sine series, 
and by (III.14), 



from which, when f (x) is known, the values of R n can be found for 
all integral values of n. 

Suppose that the string is set vibrating by the vertical displacement 
of the point S at x = - through a small distance It ft [Fig. 53 ( 6 )] 


and it is released from that stationary position at time t = 0. The 
shape of the string at the instant of release will be that shown in 

the figure for which /(*) = y * from .v = 0 to x = ^ and 


f(x) = — (/ — x) from x = ^ to x = /. 


Then R„ 


2 f 3 /j . n7T r 7 3/i ^ _ nn 1 

/ [ J 0 7 x sin T x dx + J, 21 (/ - x) s,n 7 * dx \ 


which reduces to 


„ 9h • nn 

«n T 


Substituting in (VIII.43) and giving n the values I, 2, 3, etc. in 
order to obtain the scries for/, we have 

9 x^5h f 1 7tc . n 1 2ttc 2tt 
y = - 2 "r [ja cos ~i 1 sm j x + cos — / sin y x 


1 47 tc . 4n I 5nc . 5n 

— To cos — 7 - / sin - 7 - x — cos —r t sin -7 x 

4 2 / / 5 2 / 


/ 


. (VIII.45) 

which gives the position of any point in the string at any time. 
Actually the vibrations would die away fairly quickly owing to the 
damping effects of internal friction in the string and the resistance 
of the air neither of which have been taken into account in the above 
investigation. If we assume the total damping force on the small 

element PQ of the string to be — k ~ Ax , which is proportional to 

the product of its length and the first power of its speed, k being a 


I lire 

4- y cos — 1 sin 


l7T . 1 
in — x -f . . . I . 
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side'of JVl'lAV'' b H deduc ' ed from "> e force on .he right-hand 
will be ' d ° f (V1 "- 37) the «qua«on of motion 

a# 2 + 2A a/ = ■ • . (VI 11.46) 

We Shall try to separate the variables by putting y = Tsinnx 
here Tis a function of t alone and p is a constant. 

Then ^ - 3 * r c - a ->’ 3T • 3 2 v 

n a/ 2 - a/2 sin P x ' di = a7 s,n P*> and = - 7> 2 sin px 

haSubstituting these in (VIII.46) and dividing through by sin px, we 

a 2 r ar 

+ 2Ar a7 + p2 * T = 0 

and since 7* is a function of the single variable /, this is an ordinary 
differential equation J 

d 2 T dT 

W + 2k *+?* T = 0 

whose solution is from (VI.84) and (VI. 88 ) 

T = Re- kt cos ( Vp 2 c 2 — k 2 1 + p) 

where R and p are arbitrary constants. 

^!tA ave se parated the variables. Substituting this value of T in 
y = T sin px, we have 

y = Re -« cos (Vp 2 c 2 — k 2 t -f- /?) sin />* 


and putting ~, as before 

(V 


n 2 7T 2 c 2 


k 2 t + 


o\ • ,77r 

S.n - 


7 = Re~ kt cos 

and, if /? = 0 

= -Re" *» cos 7^ — A: 2 / sin —j x . (VIII.47) 

This in place of (VIII.42) satisfies conditions (1), (2) and (3), and 
e corresponding general solution is 


n — co 


7 = 2 COS 

n — 1 


— k 2 t sin x . (VIII.48) 
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When t = 0, e~ kl = 1, so that the determination of R n to suit 
condition (4) is carried out as before. The expanded form of (VIII.48) 
is, therefore 


1 2 —- ]2 cos V > " “/sin jx 


I M^c 2 ,, . 2 tt 

+ 2 2COS V ~~P ~~ k,sm T * 


1 

/l 6 w*c* 

. 4 77 

42 cos A 

Ip ' 

k -1 sin -j x 

1 

IYStt-c 2 

... . 57T 

52 cos A 

/ P 

- k z / sin —j x 

1 

/ 49n 2 c 2 

„ 777 

v cos a 

J /* 

— k 2 t sin -j x -F . 


. (VI 11.49) 


Thus the elfect of friction is to introduce the decay function 
e~ kl as a factor of each amplitude and to slightly reduce the frequen¬ 
cies of the components. 


81. Small Transverse Vibrations of a Uniform Rod. Let APB be 
a thin uniform rod of length / ft and weight w lb per foot run which 
is vibrating about its mean position AMB t so that each point on it 
moves on a line perpendicular to AB (Fig. 54 a). Let APB be the 
position of the rod at time / sec, and let the co-ordinates of the point 



<-/ 


Fig. 54a. Vibrating Rod or Beam 


P be AM = x ft and MP = y ft measured along and perpendicular 

, 2Py 

to the mean position respectively. The acceleration of P is 
upwards. From beam theory we have ol 


Elg 


load per foot run 


. (VIII.50) 
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where E and / have llieir usual meanings and the units of length and 
force are the foot and the pound respectively. In this case gravity 
forces can be neglected, as we measure deflections, i.e. values of y, 
from the equilibrium position of the beam, and the forces acting are 
inertia forces. These arc equal and opposite to the product of the 
mass of each small portion and its acceleration, and are called reversed 
mass-accelerations. The mass-acceleration of unit length of the rod 
n» 3 2 v 

at F 1S F Jt 2 u P wards » and the equivalent load per foot run is equal 

and opposite to this, i.e. is equal to-so that from (VIII.50) 

we have 8 c 1 


El 


a* 4 


if D*y 

g <>l 2 


. (VIII.51) 


or 


d 4 y w d 2 y 

3x* jElSi* ■ .(VIII.52) 


Wc can solve (VIII.52) by substituting^ = XT, where X and 7'arc 
functions of x and t alone respectively, and separating the variables, 
but we shall shorten the analysis by assuming T = sin (pt q- a) 
and trying the solution y = X sin (pt -f a), in which p and a arc 
arbitrary constants. 


By differentiation 


B 4 y v 

5P= aps.„ (,/ + «> 


and 


St 


—■ p 2 X sin (pt q- a) 


Substituting these values in (VIII.52) and dividing through by 
sin (pt q- a), we obtain X, or writing m A for and 

replacing the symbol D by d 


d x X 
dx A ~ 


m'X 


. (VIII.53) 


the complete solution of which is 

X = A sinh mx q- B cosh mx -4- C sin mx q- D cos mx 
Thus, the complete solution of (VIII.52) is 
y = sin (pt q- a) (A sinh mx -f- B cosh mx 4- C sin mx q- D cos mx) 

(VIII.54) 



312 PRACTICAL MATHEMATICS 

in which />, x, A, B , C, D arc arbitrary constants whose values are 
fixed by the constraints at the ends of the rod and the initial distur¬ 
bance which sets up the vibration. We shall consider three cases. 

Case ( a )— Rod Freely Supported at the Ends. In this case the 
end conditions are 


(1) y = 0 when .v = 0 for all values of / 
and (2) y = 0 when .v = / for all values of t 

Since the bending moment M = 0 at the ends, and M 
then 

d 2 y 

(3) 2 = 0 when x = 0 for all values of / 


= El 


dry 

dx 2 


and (4) 


ePy 
dx 2 


= 0 when x = / for all values of / 


Conditions (I) and (3) when applied to (VI11.54) give B + D 0 
and B — D =0, whence B = D — 0. Substituting these values and 
applying conditions (2) and (4) to (VI11.54), we have 

A sinh ml *h C sin ml = 0 

and A sinh ml — C sin ml = 0 

from which A sinh ml = 0 and C sin ml = 0 

Since sinh ml # 0, then A = 0, and (VIII.54) reduces to 

y = C sin mx sin (pi + a) . . (VIII.55) 


Since C = 0 would mean that the rod is at rest, we sec from 
C sin ml = 0 that ml must be an integral multiple of tt, i.e. ml = mr , 
where n is a positive integer. 

Since 


nn \vp 2 n 4 n 4 zEI 

m = —j— and m 4 = -f-, then p 2 = -£— and p 

l gE/ ‘ wl 4 1 


and (VIII.55) becomes 

. N7T (n 2 n 2 IgEl \ 

y = C s.n T A:sin J — ‘ + «) 


IgEl, 
/ 2 V w 

. (VIII.56) 


For any positive integral value of n this represents a possible 
state of motion of the rod under the given end conditions. The 
constants C and a depend on how the motion is started. At any 
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given instant of time the shape of the rod will be that of a sine 
— of £ wave-lengths. The motion of any particular point * = 
in the rod is given by 



First normal mode 



Second normal mode 



Third normal mode 

Fig. 54b. Normal Modes of Vibration 


Thus, all points in the rod move with simple harmonic motion in 
the same period and with the same or opposite phases but with 
different amplitudes. This is known as a normal mode of motion. 
Fig. 54 b shows the first, second and third normal modes for which 
n — 1, 2 and 3 respectively. 

Since (VIII.56) satisfies the equation (VIII.52) for all integral 
values of n , the sum of these solutions 


» - «> . tm 

y = ±J C n sin -y X sin 

n — 1 ' 



) .(VIII.57) 


will also satisfy it. This is the complete solution of (VIII.52), and 
by suitable choice of the arbitrary constants C„ and a n it can be 
made to represent any possible state of vibration of the rod under the 
given end conditions. 


p = is l ^ e angular frequency in the //th mode, and the 

time of a complete vibration in that mode is —. 


ix—(T.6xi) 
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Casl (/>>—Rod Built-in at one end and Free at the Other. In 
lhis case the end A is fixed horizontally and there is no support or 
constraint at the end D. The end conditions are, for all values of t 

(1) y = 0 when a = 0, 

dy 

(2) = 0 when x = 0, 

<Py 

^ = 0 when * = A because bending moment Af = 0 

when ,x = /, 

c>»v 

and (4) ^ = 0 when .v — /, because shearing force 

s = — El ^3 = 0 when a* = /. 

Applying these conditions to (VIII. 54) in turn, we have 

B + D = 0 . . . (j) 

■4 + C = 0 . . . . (ii) 

A sinh ml + 5cosh m/— Csinw/— £> cos ml = 0 .(iii) 

and A cosh ml + A sinh m/— Ceos ml + Z> sin »i/ = 0 .(iv) 

From the two equations (i) and (ii) we have D = - Aand C = — A 

and by substitution in (iii) and (iv) 

-4(sinh ml -|- sin ml) A(cosh ml + cos ml) = 0 

/l(cosh ml + cos ml) + A(sinh ml- sin ml) = 0 

Eliminating A and B, we obtain 

(sinh ml -|- sin ml) (sinh ml — sin ml) = (cosh ml + cos ml) 2 

i.c. sinh 2 ml- sin 2 ml = cosh 2 ml + 2 cosh m/cos ml + cos 2 ml 

whence 


and 


2 cosh ml cos ml = — 2 

or cos w/ = - scch ml .... (VIII.58) 

Fig. 55 shows the graphs of y = cos a and y = — scch a. Since 
^ * numcricalI y very small for values of x > rr (e.g. sech 

o ^ 0 005), then, except for the first root which is approximately 
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x = 1-88, the successive roots arc very approximately, 

etc. These are values of ml for which the equation of motion is 
satisfied by (VIII.54), and substituting C = — A y D = — B y and 

p = m 2 in (VIII.54), we have 

y = sin (m 2 Jt + {4(sinh mx — sin mx) 

4- #(cosh mx — cos mx)} 
(VIII.59) 



Now from the equation (iii) 

>4(sinh ml -|- sin ml) = — Z?(cosh ml 4- cos ml) = say 
and substituting for A and B in (VIII.59), we obtain 

[ sinh mx — sin m x 
sinh ml 4- sin ml 

cosh mx — cos mx 'I 
cosh ml cos ml J 
(VIII.60) 

as a solution of (VIII.52) which also satisfies the end conditions. 


y = R n sin 
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1 *88 

For the first normal mode m = — - and for the second, third, 
fourth, etc. normal modes the values of ml are very approximately 
~ 2 > — > ~ 2 > etc., respectively. 

Case (c). A Rod as in Case (a) but Subjected to a Pulsating 

Load of Magnitude n - 0 sin ~ sin pi per Foot Run. This will add 

a term of the given amount to the right-hand side of (VIII.5I) and 
the equation of motion is 

f *y , w »•„ . 7tx . 

9x* + gE/5r- = £/ s,n 1 sln P'- • (VIII.61) 

To find^a particular integral of (VIII.6I) we use operators, putting 
D i* for and Dp for — 


Then, 


mv 


y = W 


i 


w 


. ttx . 
sin —r sin pt 


D '+Wi D '- 


»»o 

El * Sm 


TTX 

T 


^—V~ sin ^ 

1* + gFi D * 



TTX . 

sin — sin pt 


, c - y = ~<E^l W[{t p sin y sin pt . . (VIII.62) 

is the particular integral. 

This represents the forced vibrations, the amplitude of which 
becomes very large when p = ^ J that is, when the angular 

frequency of the pulsating load is equal to that of the first normal 

rviifin V,b . rat,on - The complementary function, i.e. the solution of 
(VIII.61) when the right-hand side is zero, has been found above. 
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The complete solution is, therefore 


V /i • * l 

}' = - C n sin - 

n - 1 


7T.V . / H - 7T - /" E / \ 

T s,n \ /rVV ,+ «- 


. 77 V . 

: i a -on sin - 7 - sin nt 

7T A gEI — WfrP l 1 

(VIII.63) 


82. Vibrations of a Shaft. Torsional Vibrations. Let AB (Fig. 56 («)) 
be a uniform shaft of length /ft which is in a state of torsional 

(a) 

<*>) 

Fig. 56. Torsional Vibrations and Axial Vibrations 



vibration in which all its particles move in planes perpendicular 
to the axis of the shaft at fixed distances from the axis. Let the 
dimensions and the elastic properties of the shaft be such that to 
twist one end of the shaft through an angle () 0 radians relative to the 
other end requires the application at the ends of equal and opposite 
couples of magnitude C o 0 o Ib-ft, C 0 being the couple to produce unit 
twist. Let I a engineers’ units be the moment of inertia of the mass 
of the shaft about its axis. Consider the slice PQ between sections 
distant x and x + Ax ft from A. Let 0 be the angle of twist at P at 
time / sec. At the same instant the angle of twist at Q is 0 4- Afl, 


i.e. 0 4- Ax, and the section at Q has twisted through an angle 
dQ ^ X 

— Ax relative to that at P. To produce this twist the couple C,* 
3x 


at P is 




IC a ^ 


and the couple C Q at Q is 
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Now consider the motion of the element PQ of the shaft. The 

■\ y 

moment of inertia of its mass is — I 5 engineers' units. The resultant 
couple acting on it in the sense of 0 increasing is 

C u - Cy = IC 0 25 A.V 
From dynamics we have 

Couple = moment of inertia x angular acceleration 




Ax = 

Ax a 2 o 

i.e. 

/C °D? 

/ 'D/ 2 

Hence 


0*0 

DJO 


cV 

^x 2 

where 

c* = C «? 

or 

c = 


. (VIII.64) 


-J C T 


This equation is identical with (VIII.37), and its solution is given 
in (VI11.40) 

i.c. 0 = R sin (pet + a) sin (px -f- P) • . (VIII.65) 

If we assume the shaft to be fixed at A as in the figure and set in 
motion by holding B displaced through an angle <f> and releasing it 
at time t = 0 , the conditions arc 

( 1 ) 0 =0 when x = 0 for all values of f, 

( 2 ) ~ = 0 when x = / for all values of /, 
ox 

(3) 0 = * </» when / = 0, 

and (4) ~ = 0 when / = 0 for all values of x. 

Ot 

Substituting condition (1) in (VIII.65), we find ft = 0. From 
condition (2) we have cos p / = 0 , whence pI = ...» 


( 2 /i — \)n 


Condition (4) gives cos oc = 0, and, therefore, sin (pet + a) 
= cos pet.. Making these substitutions in (VIII.65), we have for the 
nth normal mode 

0 m = /?„ cos for 1 ** sin <??■- *>*? 


2 / 


21 


. (VIII. 66 ) 
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and the actual motion being the sum of the normal modes is given by 

0 - ■ 5 *ii„cos l- 2 '!»„ < 2 "^/)™ . 

M ™ 1 


27 Sm 2/ 


The values of /?,, /? 3 , . . . , /?„,. . . are determined from 

condition (3). Substituting condition (3) 


7 n - 1 U 


. (VIII.68) 


d>x 

which is the expansion of in a Fourier sine series. Multiplying 

both sides of (VIII. 68 ) by sin ^ -j--* and integrating from x = 0 

to .y = /, we have ~ 

4<£ f (2/i- I)tty f (2//- I)irx . V 

= - @r^i)S L x 905 —2i -J cos 2 / dx \ 0 

= - 4 * T_ 21 sin {2n ~ 'H 1 

(2n— l)Ar L (2/i — l)w 2/ 


8<f> 

(2/1 - 1) 2 7T* 


[sin ©LzJJf] 


-(-v +, 3B =-^ 


v ’ (2/1 — 1) 2 7t 2 

Substituting this value of in (VIII.67) we obtain the value of 0 
for the general motion, namely 

e = ir -£cos (2n - ./tef gin (2 ” r..'tef . (VIII.69) 

7 r 2 X , (2 n — lr 21 21 

n — 1 


If the shaft carries a wheel of moment of inertia I at its free end 
conditions (1), (3) and (4) remain unchanged. Instead of condition (2) 
we have the condition that the couple in the shaft where x = / 
must be that necessary to accelerate the wheel. We shall consider 
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only the normal modes of motion and shall therefore ignore con¬ 
dition (3). Condition (1) makes fi — 0 in (VIII.65) as before, and 

0 = R sin (pet -|- x) sin px 
0=0 

from which =^2 = — p-c*R sin (pet -| x) sin px 

?0 

ond = pR sin (pet + x) cos px 

The couple exerted on the wheel by the shaft is 

I Co ^ = — /C 0 pR sin (pet -f a) cos p! 

negative because it is in the direction of 0 decreasing. 

But Couple = moment of inertia x angular acceleration 

lC 0 pR sin (pet - 1 - a) cos pi = Ip 2 c 2 R sin (pet a) sin pi 
/C 0 cot />/ = /pe 2 


or 


cot pl = - pi 
•• 


. (VIII.70) 


The values of pi which satisfy this arc the roots of cot x = j x. 

•• 

If the reader will sketch a graph he will sec that the least root of this 

is less than If, as is usually the case, l, is small compared with 

/, the roots beyond the first are very nearly tt, 2tt, 3tt, etc. The 
angular frequency of the rth normal mode is, therefore, very nearly 

cp r = “i“ (r — 1)- A graph covering the range x = 0 to x = ^ would 

give the frequency of the first normal mode for any given value of j. 

Writing (VIII.70) in the form p! tan p! = j and expanding tan pi in 
powers of p! 1 


p , (p' + E T+- ■ •) =7 


Neglecting higher powers of />/, which is small compared with 
unity since I, is small compared with /, we have 


^ -7 
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As a first approximation we neglect the second term in brackets 

and have p 1 ! 1 = -j 

Substituting this in the bracket 

pV* = h -— = — ll— 

h 3/ 


is a second, and closer, approximation to the value of p-l-. The 
angular frequency of the first normal mode of vibration is therefore 


p c = J r+\i, J% a PP roximate, y 


or 


Frequency 


2rr 


J 


/ + 4 A 


vibrations per second 


from which it appears that in calculating the frequency of the first 
normal mode the shaft may be treated as massless if Jrd of its moment 
of inertia is added to that of the wheel. 

Longitudinal Vibrations. Now consider the axial or longitu¬ 
dinal vibrations of the shaft. Let \v lb be the weight of the shaft per 
foot run, and iTIb be the force per foot stretch of the whole shaft. 
Let (a). Fig. 56, represent the undisturbed position of the shaft and 
(b) the position when vibrating at time t sec. P'Q' is the position of 
the slice originally at PQ. Let A'P' — x -f- u; then P’Q' = A(x + w), 
and the stretch, or increase in length, of PQ is A(x + u) — Ax = Au. 
The tension in PQ is, therefore 


/ 

Ax 


Au 


El£ 


If T v lb is the axial tension at P , then 


Au 


Du 


7V = limit El-r- = El 


l AAA V AVI A 

4i —. o Aa: 

Let 7q lb be the tension at Q; then 

Tq = T P -+- 


Dx 
dT P 


Dx 


Ax 
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But 7" Q — T v is the resultant force on the slice PQ t and — 
is its acceleration to the right. Hence from 

Force = mass x acceleration. 


we have 


02 // 


or, since v is independent of / 

0 -// 

St* 


wAx 0' 2 (// -f x) 
g Si 


gEI 0 2 // 


(VIII.71) 


or 


where c 


V »»•■ 


o 2 « _ 0 a 2 « 

0/ 2 ” o* 2 


—• This is the same equation as for torsional vibra¬ 
tions. If, with the end A fixed, the vibrations are set up by holding 
the end H displaced and releasing it at time t 0, then with appro¬ 
priate changes in the symbols the two solutions arc identical. 


83. Flow of Heat. In Fig. 57, OX , OF, and OZ arc rectangular 
axes. I* is the point (at, y t z) and Q is the point (x -F Ax, y -F Ay t 

z 



z -F A z) in a space supposed to be filled with homogeneous material, 
and the parallelepiped shown has its faces parallel to the co-ordinate 
planes. If u is the temperature at P, the rate of increase of the tem¬ 
perature with distance in the direction O F is ^r. This is the tem- 

dy 

perature gradient at the face PRST in the direction OF. The 
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temperature gradient in the same direction at the face QWVU is 
2m 3 /3m\ 3// 3-m 

3 y 3 y \3>-/ ' — 3 y - Heat flows in a direction opposite 

to that of increase of temperature, so that heat will flow outwards, 
i.e. in the sense of y decreasing, through the face PRST at a rate 
equal to the continued product of the area of the face, the tempera¬ 
ture gradient, and k t the coefficient of conduction. Thus, we have — 


Rate of outflow of heat through the face 

3m 

PRST = A: — Ax . A z per sec 


Similarly, rate of inflow of heat through the face 


QWVU-hfe + 

3 2 m \ 

By* Ay) ^.Az 

Net rate of inflow through the faces 



PRST and QWVU = 

/ du A 

Ay. 

Az 

Also, net rate of inflow through 

the faces 



PRWV and QUTS = 

. 

k Ax 

3x 2 

■Ay. 

Az 

and net rate of inflow through the 

faces 



PTUV and QSRW = 

, 2 2 m 

k gp Ax . 

Ay. 

Az 


The sum of these three net rates is the rate at which the heat in 
the parallelepiped is increasing. 

But the rate of increase of heat in the parallelepiped is the con- 
3m 

tinued product of ^ (the rate of increase of the temperature with 

respect to the time), the volume Ax . Ay . Az, the density w, and 
the specific heat s. 


3m 


— /3 2 m 

Thus wsAx . Ay . Az = k I 


Hence 


-J; 


3m 

37 


= c 2 



2 2 m 3 2 m\ ... 

+ a*.a,.a 2 

3 2 m 3 2 m\ 

5?+ 3?)- (VII,72) 


where c = ./ — 
ws 
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We shall apply this to the case of a slab of homogeneous material, 
one boundary of which is the whole upper half of Ithe plane y = 0, 
with a parallel boundary which is the whole upper half of the plane 
y = d, and a third boundary which is the plane z = 0. Thus the 
slab is J units thick, rests on the horizontal plane r — 0, and extends 
to infinity in the directions of the positive and negative axes of x 
and also in the direction of the positive axis of z. Fig. 58 shows 
the elevation of the slab on the plane ZO Y. Both vertical faces are 

kept at zero temperature and the base 
is kept at temperature 0. We have to 
find an expression for the temperature u 
at any point in the plate. Since the slab 
extends to infinity on both sides of the 
plane ZO Y, there will be no temperature 
gradient in the direction of OX, and 

<) 2 U ^ 

cV = ° 



Fig. 58. Heat Flow 
in Infinite Slab 


Equation (VI11.72) becomes 


We shall consider the case in which 0 = 0 o = constant, and shall 
assume that a state of steady flow has been attained. In this case 

0, and (VIII.73) becomes 


du 

Ft 


Fu 


D 2 w ^ 

57 2 = 0 


(VIII.74) 


Substitute u = YZ , where Y is a function of y only and Z is a 
function of z only. Then on separating the variables we have 


I 0 2 T 1 3 2 Z „ f 

-p = ~ 7 3T5 = “ P~> where p is a constant 


zaz 2 


a 2 r 

Thus 3^2 + fPY = ° 


and 


a 2 z 

FT 2 =/ * Z 


. (VIII.75) 
. (VIII.76) 



PARTIAL DIFFERENTIAL EQUATIONS 


325 


The solution of (V1II.75) is Y = A sin (py 4- a), and that of 
(VIII.76) is Z = Be pz 4- Ce~ p: y where A y B y C, a are arbitrary 
constants. The general solution of (VIII.74) is, therefore, 

u = A sin (py -f- a )(Be pz + Ce~ pz ) 
i.e. u = (Re p: -f Se~ p: ) sin (py 4- a) . . (VIII.77) 

where R = A x B and S = A x C. 

R y S and a are determined from the given conditions, which arc as 
follows— 

(1) u = 0 when y = 0 for all values of t y 

(2) u = 0 when y = d for all values of /, 
and (3) u = 0 o when z — 0 for all values of /. 

First we conclude that at z = oo the effect of the temperature 
0 Q at z = 0 will not be apparent, and as e ps becomes infinite there, 
we see from (VIII.77) that R = 0. Substituting in (VIII.77) we have 
from condition (1), sin a = 0, whence a = 0, and then from con¬ 
dition (2), sin pd = 0, whence pd = nn y i.e. p = ~ y where n is any 
positive integer. Thus (VIII.77) becomes 


- . nny 

u n = S n e ' sin -j- . 


. (VIII.78) 


which satisfies (VIII.74) and the conditions (1) and (2) for all values 
of n. The sum of the solutions u ny n = 1, 2, 3, etc. 


i.e. 


n — v> 

= ZS„e 

n — 1 


nrtz 

~d 


sin 


nny 


. (VIII.79) 


also satisfies (VIII.74) and the conditions (1) and (2), and it will 
satisfy (3) also, if 

nny 
d 


0 o = Y.S n sin 

n = 1 


. (VIII.80) 


This is the Fourier series for the constant 0 O , and by (III. 14) 

*-Sf' 


_ 20p — cos W77 .j 

nn 


. (VIII.81) 
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If // is even, cos //tt = 1 and S,, = 0; if is odd, cos nir = - I 
40 o 


and S n = 


hit 


The solution of (VIII.74) which satisfies all the conditions is 
therefore, from (VIII.79), 

40 o T -5? • n y , , . 3 ny 57tv 1 

" = TT + d i*" 2 / +. . .J 

(VIII.82) 

If the temperature when r = 0 is not constant but is given by 
u - /O'), then we substitute/^') for 0 o , and obtain for the value ofS n 

5 n = J | /O’) sin rfr . . . (VIII.83) 

II, lor example, /(v) = y 9 i.e. the temperature varies uniformly 
Irom zero at O to d degrees at A , we have on integrating by parts 

2 f d tiny d 2 . wry]* 

• s " = r/[-„.> cos /-+ * 


«v s,n T L 


i.e. 


c 2(1 

o,, --COS I ITT 

mr 


If n is even, S n = — ~ 9 and if // is odd, 5- = —, so that from 
(VIII.82) n7r 


2d f . rry _r«5 2 ttt Ittv 

“ = “ [e " sin - Ae * sin sin 

- }e" V SI n + . . .] . . (VIII.84) 


84. How of Heat in One Dimension. If a slab of material such as 
that in l ig. 58 is assumed to extend to infinity in the directions ofy 
positive and negative and of z positive and negative, and the tem¬ 
peratures on the opposite faces .r = 0 and * = d are constant but 
unequal, heat flows only in the direction of the axis of .r, and the 
relation (VIII.72) reduces to 

du <> 2 u 

37 = cl S^ • • (VI H.85) 



PARTIAL DIFFERENTIAL EQUATIONS 327 

This relation applies to the flow of heat along a long uniform 
rod whose lateral surface is covered with heat insulation material, 
or to the flow through a small area of a uniform finite slab of 
material whose thickness is small compared with its other dimensions, 
provided that the area is well away from the edges of the slab. 


example 1 

Two opposite sides of an infinite slab of thickness / arc kept at temperatures 
0 o at a: = 0 and 0, at a: = /. Find the temperature distribution inside the slab. 
From elementary considerations it is easily seen that the distribution is 

u = — t-Oq + jO^ We shall obtain the result from (VIII.85). Since the 

dii d~u 

conditions are steady, ^ = 0, and (VIII.85) becomes = 0, from which 

u = ax ~F b. Since u = 0 o when x — 0 and u = 0, when x ^ /, then b — U 0 
0, — 0 o 

and a =-;— , and for the temperature distribution we have 


/ 


0,- 0 o 

u = - —j — x U u 


(VI11.86) 


which agrees with the above result. 

Du 

When — 0, the flow is not steady, and it is necessary to solve 

(VIII.85) subject to certain conditions. In some cases the solution is 
best obtained by separating the variables. As in Art. 80 we assume 
that u = XT y where X is a function of x alone and T of t alone. 


Thus 


DT 

Dt ~ * Dt 


and 


D*u —D 2 X 
Da:* “ r Dx* 


and substituting in (VIII.85) 



c*T 


D 2 X 

Dx 2 


1 DT 1 D 2 X 
(?T Dt ~ XDx 2 


which express the equality of a function of / alone and a function of 
x alone. This equality can hold only if each side is constant. Let 
this constant be — p 2 , so that 


_I_ DT 
<?T Dt 



. (VIII.87) 
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. 1 &X 

and xYx* = ~~r • • • (VIII.88) 


The solutions of these equations are respectively 

T=Ae-*' cH . . . . (VIII.89) 

and X = B sin (px -fa). . . (VIII.90) 

Since u = AT, a solution of (VI 11.85) is 

" = Re-**'' sin (px + a) . . (VIII.91) 

where R, /\ and a are arbitrary constants. 


EXAMPLE 2 

A large iron plate of thickness d is at a uniform temperature 0 o , and its opposite 
faces are suddenly cooled to 0 C. and kept at that temperature. Find the tem¬ 
perature distribution / see later. 

Assuming that x is measured perpendicular to the parallel faces of the plate, 
we have as on page 323 


a 

Si " c 57* 


(VIII.92) 


and the conditions arc 


(1) // =» 0 when x » 0 for all values of r, 

(2) u « 0 when x — </ for all values of /. 


and (3) // = 0 o when / =» 0 for all values of x. 


Substituting from (I) in (VIII.91), we have 0 = Re - P' e '< sin a for all values 
of /, whence a * 0. Substituting from (2), we have 0 ■* Rc~ sin pd for all 

values of /. whence sin pd = 0. i.c. p = where n is any positive integer. With 

these values of a and/> substituted, (VIII.91) becomes 

iiV»* nnx 

u n -R n e--#~ t sin^ . . . (VIII.93) 


where R n is written for R. This satisfies (VIII.92) and conditions (I) and (2) for 
all integral values of n, and so also docs the sum of any number of terms on the 
right of (VIII.93) obtained from n = 1,2, 3, etc. The most general solution which 
satisfies the two conditions is, therefore. 

• • • (VIII.94) 

n - 1 d 


Substituting condition (3), we have 


n — <r> 

»o = Z 



sin 


rmx 

~d~ 


. (VIII.95) 
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which is a sine series for 0 O , and by (111.14). 

2 r' . iittx 
R„ = ~ d | o 0. sin — dx 

2 0„ r nnxi d 

= — I — cos — 7 - I 
tlTT l a Jo 

= — - (I — COS nrr] 

HIT 

4 0 

Thus, R„ = 0 when n is even, and R, = —- when // is odd. 

tlTT 

Substituting these values in (VIII.93), we have 

40 o r _£i!L\ . irx I . 3nx 

U = — e sin — T r-e <r sin —7- 

w l d 5 d 

+ sin +...]. (V..I, 

EXAMPLE 3 

Assume the thickness </of the slab in Ex. 2 to be infinite. If the face at x — 0 
is given a fluctuating temperature u =* u 0 sin p/ % determine the temperature 
distribution throughout the slab. Assume that // =» 0 when x is infinite. 


.96) 


We have 


c)« 


y,4 


§7- f \v“ 0 ' 


with the conditions (I) u = 0 when x is infinite for all values of /, 
and (2) u «= u 0 sin pt when x =* 0 . 

We shall assume that u — Re - ** sin (/>/ — < 7 *),the factor e - « being suggested 
by condition ( 1 ) and the factor sin {pt — qx) having the form of condition ( 2 ) 
when x — 0 . 

<)u 

We have = Rpe - ** cos (pt — qx) 

and = Re- ** [(a a — q 2 ) sin {pt — 7 *) + 2 xr/ cos (/?/ — «/-*:)] 

t)// D*// 

If our assumption is correct, these values of =j- and ^5 should satisfy the cqua- 
du 

tion zf—c 2 ^5 =* 0 identically, so that 

Re “ « [(/> — 2c 2 <xq) cos {pt — qx) + c*ty 2 — a 2 ) sin (/?/ — ?*)] es 0 

I JP 

c« r 


It follows that - 2c 2 aq = 0 and q 2 - a 2 = 0, which give q = a = 
The solution is, therefore, 

u = e^'sin 

or, since u = // 0 sin pt when x = 0, so that R = i / 0 , 

« - «oe“e “^I'sin (pt-\J\ x ) 


(VIII.97) 
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The solution (VIII.97) satisfies the differential equation and the given condi¬ 
tions. It represents the temperature distribution in the slab. It also represents 
the llow of heat along an infinitely long uniform insulated rod under the same end 
conditions. (An alternative method of solution is shown in Ex. 5. Art. 79.) 

85. Flow of Electric Current. Suppose that an electric current is 
flowing through a long wire such as a telephone wire with an earth 

A P Q B 

» ii. __• 

/ miles 

vTrrmmTrrrTl, vmrnv 

Fig. 59. Flow of Electricity in a Tllephone Wire 




return or twin wires one of which is the rctlirn wire. Suppose also 
that for each mile of wire there is resistance R ohms, inductance L 
henrys, capacity C farads, and Icakancc G mhos. We show such a 
wire in Fig. 59. Consider a small length of the wire PQ = A.v miles, 
P being distant x miles from the sending end A. 

0V 

The fall in voltage difference from P to Q is — Ax, where F is 

the voltage difference at P and, therefore, F -f Ax is that at Q. 

The fall of voltage between P and Q is iRAx due to the resistance, 

• 

where / is the current at P, and L \ A.v due to the inductance, where 

ot 

t sec is the time. Thus, we have the relation 

iRAx Ax = — ^ A.v, and dividing through by Ax 


o- . » & OF 

R, + L Di - 51 


. (VIII.98) 


The current loss between P and Q is — 4 - A.v. This is made up of 
0V ?x 

C 3/ duc lo capacity and GV Ax due to leakancc. 


Thus 


OF 0/ 

C -=r- Ax + G FAx = — v- Ax 
0 / Ox 


- V w • * 

c a7 + c,/ = -ai 


. (VIII.99) 
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cV111.98) and (V1II.99) are simultaneous differential equations with 

x and t as independent variables. Writing Z>, for ~ and D 2 for 
and re-arranging c 1 ^x 

(R + LDJi + D 2 V= 0 . (VIII.100) 

and DJ + (CD l + G)V = 0 . (VIII.101) 

Multiplying through (VIII.100) by D^and (VIII. 101) by (R LD x ) y 
and subtracting 

ID* 2 - (R + LD X ) ( CD X + G))V = 0 
i.e. LC - + (CR + LG)-^ + RGV = ^ . (V1II.102) 

Also, multiplying through (VIII.100) by CD X -|- G and (VIII.101) 
by Z> 2 , and subtracting 

[( CD X -f- G) (R + LDJ- D 2 2 ]i = 0 

a 2 / a/ a 2 / 

i.e. LC ^ + (C/? -{- LG) ^ -f 7?G/ = . (VIII.103) 


which is (VIII. 102) with / substituted for K 

_(A) Assume that there is no Ieakancc or inductance and that 
AB= / miles is so large that it may be considered to be of infinite 
length. If there is a pulsating voltage V «• V 0 sin pt , find the dis¬ 
tribution of V. 

Putting G = L = 0 in (VIII. 102), we have 


_ dV 7PV 
CR zt “ a ^ 2 


(VIII.104) 


the same equation as in Ex. 3, Art. 84 for the flow of heat along an 
insulated rod or through an infinite plate. If we replace u by V, 

1 


Ur 


by v 0 , and c by 


VCR 


, (VIII.97) gives the voltage distribution 


i.e. 

Now putting L 


V = V 0 e~ sin (pt - V$pCR x) 


= 0 in (VIII.98) 

. _ _ \ dv 

1 “ R Dx * 


(VIII.105) 


(VIII.106) 
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and writing 0 for pt — VJpCR x t we have 

y _ 

/ = /-f \/\pCR e~ ' (sin 0 -f cos 0) 

= ^ c- ' I'" "' sin (fl + 

i.c. » = ^ VjTck e sin (/>/ - ^ + j) 

(VIII.107) 

which shows that the current leads the voltage at all times and 
places by 45°. 

(R) If the inductance and capacity are negligible compared with 

the Icakancc and resistance, relations (VI11.98) and (VIII.99) 

ZV Di d 2 V 

reduce to /?/ = — — and ^- = -GK It follows that ^ = RGV> 

OX OX c*X~ 

the solution of which is 

v= A cosh VRGx + Bsinh VRGx (VIII. 108) 

where A and R arc arbitrary constants. 

For an infinity long line V = 0 when .x: = co, and since sinh VRGx 
and cosh VRG x tend to equality as .v approaches oo, D = — A, 
and (VIII. 109) becomes 

V = /f(cosh \ RG x — sinh x'RGx) = Ac~ s ' Tux 
and if V = V 0 when x = 0 

y y u e~ • • (VIII.110) 

Since / = -i^ 

i=Y 0 J% e~ ^ ■ (VIII. Ill) 


in which F 0 may be a constant or a function of time. 

If / =£ co and a resistance r is connected between the wires at B , 
or between the single wire and the earth if the earth is the return lead, 
the voltage drop across r is />, and we have then the relation 
(VIII. 108) with the end conditions 

(1) V = V 0 when x = 0 and (2) V = ir when x = /. 

<>V 
~~Bx 


From (VI11.108) and the relation Ri 
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i = — J^ A sinh \ TTC.v 1- B cosh VRG x) (VIII. I 12) 

From condition (2) 

A cosh VRG l + B sinh VRG / 




(A sinh \ RG/+ ffcosh V04G/) . (VIII. 113) 


and from condition (1) A = V 0 

Substituting for A in (VIII.113) 

cosh V RG / + r sinh V RG / 


B = - V n 


sinh VRG / r cosh VRG / 

On substitution in (VIII. 108) 


cosh VRG x 


cosh V RG / +r J ^ sinh V RG l 


sinh VRG l 


'Jl 


sinh VRGx 


cosh VRG l 


(VIII.114) 


which gives the voltage everywhere in terms of V 0 > the voltage at the 
sending end. The corresponding expression for the current / is 


71 


cosh VRG l + 


'71 


sinh VRG l 


sinh VRGl + 


-Jl 


cosh VRG x 


cosh VRG l 


— sinh VRG x 


(VIII. 115) 
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(C) If there is no leakance (VI11.102) lakes the form 

?-V , ? 2 V 

d* = LC w +CR Tr ■ < v,,, - ,16 > 


Suppose that the voltage at the sending end A is F 0 sin pt. Owing 
to the impedance the voltage will decrease as the distance x increases 
and will be very small when .v is very large. We have then the two 
conditions— 

(1) y = o when x = oo, which suggests that the expression for V 
will contain a decay factor c xr t the other [factor being a function 
of x and /. 

(2) V = F 0 sin pt when .v — 0. From this it appears that the 
other factor may be sin (/>/ - qx) where q is a constant. We shall 
sec if by suitable choice of q and a, (VIII.116) is satisfied by 

V=V Q e-”s\n (pt-qx) . (VIII.117) 


From (VIII.117) 

' cos (pt - qx) 
p 2 V Q e~ ** s\n (pt — qx) 


T, r y ° e 


&V 

cV 


O'-F 

and ^ = V 0 e " [(a 2 — q 2 ) sin (pt — qx) + 2<xq cos (pt — < 7 -v)] 


Substituting these in (VIII.116) 

IV ** K* 2 “ <f) sin {pt — qx) + 2 <xq cos (pt — qx)] 

= l~LCp 2 sin (/>/ - r/x) -j- C/?/> cos (/>/ -r/.v)) 

i.c. (a 2 - «y 2 F /.C/> 2 ) sin (/>/ - qx) = (Cfy - 2a?) cos (pt - </x) 


and since these are to be equal for all values of t and x, they must 
each be zero. 


Hence 

and 


a 2 - q 2 + LCp 2 = 0 


CRp — 2 xq 


o) 


(VIII. 118) 


Eliminating a by substituting from the second equation in the first. 


C 2 R~p 2 

V 


- f + LCp 2 


0 


V - 4 LCp 2 q 2 - <yR 2 p 2 = 0 


or 
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Solving for q 1 

o _ 4 LCp 2 ± V\6 L*C*p* -I- 1 6C-R-/)- 
q 8 

+y> ,>s) 

the negative sign being inadmissible. 

Writing N 2 for the quantity in the bracket, we have q 2 ••= \LCp 2 N 2 , 

V LC 

—, so that 

C/?/> C7? \/2 /? IT 

^ N 2L 


2 q 2 N\ / ~LC N 2L 

With these values of q and a, (VIII.117) satisfies (VIII.116) and 
conditions (1) and (2). The solution is, therefore 


where 


V = V 0 e~% sin p (/- N .v) . (VIII. 119) 

N2 = 1 + J l + ^* 2 ? 


If -j is so small that its square may be neglected in comparison 
with unity, N = V2 , and (VIII. 119) becomes 

V= V 0 e~i^z x sin/Kl-VLCx) . (VIII.120) 

EXAMPLE 1 

When the leakance and inductance effects in a telegraph cable can be neglected 

= RC Under steady conditions the voltage at the sending end is Y A and 

that at the receiving end is Y B . The receiving end is suddenly grounded. Find 
the voltage and current at time t sec after the grounding. 

Before the grounding, conditions are steady and = o. The equation 

becomes = 0, whose solution is Y = ax + b, where a and b are constants. 

But if / miles is the length of the cable, V = K\ when x = 0 and Y = Y u when 

X = /. From these, b = V K and a = The steady voltage before 


x = /. From these, b 
grounding is then 


Yb- Y a 


Yb~ Ya 


x+ Y . 


. (VIII.121) 
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Let V T be the transient voltage and its value when / = 0. 

After the disturbance due to grounding the transient state will die away and the 
final steady-state voltage V is found by putting I'„ = 0 in (VIII.121), giving 

V y ' (■-?) - ■ . (VIII.122) 

Thus at time / = 0, the transient voltage is y T , where K T# = V — V\ whence 


*.--T ilA ' + y '- y 4 '-l) 


I.C. 


The equation 


a** 


. (VIII.123) 
. (VIII.124) 


is to be satisfied together with the conditions 

(1) y T = o when a- - 0 for all values of /. 

V„ 

(2) y T = -j x for all values of x when t =» 0, 

and (3) Vj — 0 when x = / for all values of /. 

We obtained a solution of (VIII.124) in Art. 84, where we found, with the 
necessary change in notation, 

. (VIII.125) 


-J±i 

Vi = Re sin (px + a) 


Substituting condition (I), we have sin a =» 0. whence a — 0. 

t 

Substituting condition (3), we have 0 — Re ,tc sin pi, so that sin p! — 0 and 

tm 


P ■* y. where n is any positive integer. 


n’t,' 


Thus, 


R n c *cv si n 


nnx 


I 


.(VIII. 126) 


satisfies equation (VIII.124) and conditions (I) and (3) for all integral values of n. 
So also docs 

nnx 


n ^ oo _ 




n'.T 


I*. 

n - 1 

(VIII.126) will satisfy condition (2) if 


iter ’sin 


/ 


. (VIII.127) 


n — CO 


nnx 


T * = 2 x * sin — 


n — 


This is a Fourier sine scries, and by (III.14) 

p 2^11 f l . IWT 

*/. = -JT ^ x sin — dx 



Hence, 
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2Vn 


•y j' 

R n = —— [- COS nn\ 
htt 


/ITT 


( - D" 


I 1 


Substituting in (VIII.126), we have 


v* = 2 Tl- 


It '*> 


v (-i >"" -7777/ . /lux 
c ,u, ‘ sin —— 


n-n 


It • 1 




The actual voltage Fin the wire at time / is V T + V mS ( I — j ) 


The current is given by / = - ^ ^ 
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(VIII. 128) 


i.e. 




i.e. 


Kk . 2F„ 

Rl 


n ™ CO 


■)' 


" ltd* 1 

? cos —r- 


. (VIII.129) 


When none of the four characteristics is negligible, the voltage is 
found by solving (VIII. 103) subject to the given end conditions. 
If a voltage V 0 sin pt is impressed on the sending end, forced vibra¬ 
tions of the same frequency will occur in the circuit which will 
decrease in amplitude with distance, the amplitude becoming zero 
at infinity. The phase of the vibrations will change as x increases. 
Thus we may reasonably assume that the voltage at a point .v miles 
from the sending end is 

v= V^~ sin . .(VIII. 130) 


where a is constant and c is the wave velocity along the wire, or 
wires. From this 
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Substituting these in (VIII. 102), dividing through by K 0 e -a, and 

equating the coefficients of sin pit — - J and cos /;(/--) on the 
two sides of the equation V < / \ cJ 

r 



RG - fL€ = a 2 

and 

p(CR + LG) = 


^ 2a 

or 

CR -f LG = — 


c- 


. (VIII.131) 


From (VIII.131) 


> LC + ^ 
c- p- 


. (VIII.132) 
. (VIII.133) 


which shows that the wave velocity c is a function of the frequency />. 
If disturbance containing several frequencies is transmitted the 
higher frequencies will travel fastest and the received wave-form will 
be a distorted copy of the transmitted wave. This distortion does 

not take place if a 2 = RG for then from (VIII. 133), c = 

which is constant. Putting these values of a and c in (VIII.132) 
we have 

CR + LG = 2VLCRG 
CR - 2 VCR x LG + LG = 0 
(•/CR- VLG) 1 = 0 

i.c. CR = LG . (VIII. 134) 

This result is due to Heaviside, and a circuit whose characteristics 
satisfy (VI11.134) is known as a distortionless circuit. 


EXAMPLES VIII 

In each of ihc following cases eliminate the arbitrary function or functions and 
thus form a partial differential equation. 

(1) (i) z «= f{ax — by), where a and b arc constants 
(ii) z =* lx - 3y + f(Ax - 5/) 

«*-/($) 

(2) (i) z = /,(.* + Ay) + f 9 (x - Ay) 

(ii) u = /i(*)/*(/) 

(iii) u ~/i(* f oi) + s/ 3 (s I- a/), where a is a constant 
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(3) (i) 1 / = 2r) 

(ii) z =/(xy) 

(iii) z =U 2 x + y ) +/ 2 (x- 2y) 

(4) Show that y = A sin (Ac/ + a) sin (kx + p) satisfies the equation 

a? 

o/ 2 
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and that cos (n'ciV* — A 2 . / + a) sin «i.v satisfies the equation 


a/ 2 + Zk a/ 

fc, A, a, a, p are constants.] 

(5) Solve the following equations— 


c.?* 

r a.r 2 


Oz 


az 


(i > ,0 ai + 7 a7-° 

(ii) IOjrg + 7*g-.0 


dx 

Zz az 


( 6 ) 


(i > ,o *£+ 7 /S-® 


(H) 


a*z 

aA-av 


- o 


a a « a*/i 

(iii) = a 2 j^z, where a is a constant 

«v)2g- 


ax 2 ’ 

a a « a a M 

dxdy _ 3 dy 2 “ 

a a « .. a a /# 


(7 > ® 4 B+ 2o ^+ m ^ 

a a z 


o 


(ii) a7 a -- 


a*z 
a/ a 

«... 3*x „ a*z , c a a z 

(,,,) a^ 2 “ 4 aiay + 5 ay 5 5=10 

(8 > 2 —-o 

(8) (,) a^ + 2 a^"alap" 2 ay‘ 

„ tv a 4 z ^ a«z „ a*z a 4 z 
00 sii - 2 + 5 


a* 4 

a« w 


a* w 


a^ay 


8 


a*ay* + 4 dy 4 0 


(,,l) a^ + 4 a^ + 4 ^ =I 


(9) Solve = c*|^ making use of the substitutions r = y + ex.s 


— c*. 
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(10) With .* as abscissa and - as ordinate, sketch a graph of z =/( x) taking 
tliis. for simplicity, as the upper half of the circumference of a circle with centre at 
the origin. Show on your graph the positions of the travelling waves z = f(x -f ai) 
and r fix - a/) where a is constant at times / = I. / =» 2 and / = 3. In a 
second diagram show one undulation of the stationary wave produced by the 
merging of the two travelling waves r A sin (x ?- at), z = A sin (x - at) when 
the stationary wave is in its position of maximum displacement. 

(11) A perfectly flexible uniform string of length / ft weighing »»- lb per foot 
run is stretched to tension Tib between two points A and B distant / ft apart. 
The mid-point of the string is held displaced through a small distance h ft perpen¬ 
dicular to AB and is then released from rest in that position. Show that the 
motion of the string at time / sec after the instant of release is given by the relation 

nef . JTX I 3 *ct . 3m 

T s,n 7 


where 


8/i r I 

^ L i - 


. "X 

sin y 


3* cos 


5 s 


Srrct 

/ 


5nX 

~T 


-■] 


and x is the distance from A. 

2*z 


(12) Find a particular integral of 


f" + y* and find the complete 

solution of the equation. Prove by substitution that your solution is correct. 

(13) I f ar x i (i,y x -//, w here x and y, and x and ft arc pairs of indepen¬ 
dent variables, and if V is a function of x and y (and therefore also of x and ft), 
show that 

yy o g v s*y 

0* 2 ~ c> 2 “ dxdp 

Hence, or otherwise, find a particular solution of the equation 

;yy <yy 


?x* 

(14) Find the complete solutions of— 
Or 


“ X’ 


i* y* 


(U.L.) 


(•) 


(•i) 


(iii) 


Dx 

6 Si 


+ >° + 48 


Dy 

1 ^oT 2 


x* + y+ 26 


a sin <jx sin pt 


To solve (iii) proceed as in Art. 81, case (c). In (i) and (ii) it is easier to find 
the particular integral for each separate term on the right by the method of Ex. 2, 
Art. 78. 

(,5) Solve 20^- .8^ + 8. gfr- 54 g = 0 




9 *y 


and find a particular integral of ~ + 

(16) Solve ^5 = d* ~ having given that z = z 0 sin pr when x 
values of /, and 2 = 0 when x is very large. 


0 for all 
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(17) Find a solution ol the equation in (16) having given that z = 0 when t is 
very large and r = 0 where .v = 0 or .v = / for all values of t. 

Assuming that z = z 0 for all values of x when r = 0 , find the value of z at any 
subsequent time and place. State a problem of which this is the solution. 

(18) Find the frequencies of the normal modes of motion for a uniform 
horizontal rod freely supported at the ends when making small vertical vibrations. 

(19) Repeat the last Example for the case of a uniform cantilever. 

(20) A uniform horizontal rod as in Ex. (18) is subjected to a pulsating load 

ttX 

w o sin — sin/>/ lb per foot run. For what value of p does the amplitude of 

vibration become excessive? Show that this is the angular frequency of the first 
normal mode of vibration of the rod. 

(21) If the end A of the string in (II) is given a simple harmonic motion 


x — d sin pt and the end B is fixed show that y = - - </sin pt. 

sin- 
c 


[Note. Fit the solution y = A sin (pt + a) sin ~ (x + P) to the end conditions 
x =» 0 , y — 0 and x = /, y = d sin pt at all times.) 

(22) A uniform shaft of length /ft whose section has a polar moment of 
inertia /, in engineers’ units is in a state of torsional vibration. C 0 lb-ft is the 
couple for unit twist and 0 radianyis the angte of twist at a section distant x ft 

from a fixed section. Show that = c 2 where c 2 = Assuming that 

one end of the shaft is fixed and the shaft is set vibrating by turning the other 
end through <f> radians and releasing it after a short pause, find 0 in terms of 
x and /. 


(23) Obtain an expression to represent the longitudinal vibrations of the shaft 
in (22) where w lb is the weight per foot run and E lb is the force per foot stretch. 
Assume the vibrations to be started by holding the end B displaced through d ft 
and releasing it at time / = 0 . 

(24) A uniform straight rod of length / ft and total weight »v/lb is supported 
freely at its ends as a horizontal beam. If the beam is set oscillating by being 
released from a displaced position in the form of a parabola of maximum 
displacement h at mid-span, find the deflection of any point of the rod at any 
later time / sec. 

(25) Heat flows through a thick slab of material with parallel faces. The slab 
may be supposed to extend to infinity in directions perpendicular to its thickness. 
If the axis of x is taken in the direction of the thickness and the temperature is 
uniform over each face show that the temperature u at the distance x from one 

face at time / sec is given bv ^ = c 2 where c* = ~ where k is the coefficient 

J “A* ws 

of conductivity, w is the weight of unit volume of the material and s its specific 
heat. 

(26) If the slab in the previous Example is d units thick and the whole slab is 
initially at temperature 0 O , find the temperature distribution / sec after both faces 
are brought to, and kept at, zero temperature. 
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(27) A steady voltage distribution of 20 volts at the sending end and 12 volts 
at the receiving end is maintained in a telephone wire / miles long. At time / = 0 
the receiving end is grounded. Find the voltage and the current l sec later. 
Neglect leakancc and inductance. 

(28) Show that when finding the frequency of vibration of a mass of IV lb 
weight vibrating at the lower end of a spiral spring of w lb weight where w is 
small compared with W the spring mass may be neglected if the vibrating mass 
is supposed to be one of \V + h*/3 lb weight. 

(29) Find by an accurate method an expression for the frequency in the last 
Example and compare it with that given by the approximate method and with 
that found by neglecting >v. 

(30) If the equation + x = 0 has a solution of the form u = XY t 

where X and Y arc. respectively, functions of x and y only, find the differential 
equations satisfied by X and Y and solve them when Y involves real trigo¬ 
nometrical functions only. 

If ■* — cos 2v when x — a and u tends to zero as x tends to infinity, find u. 
* x 7 . (U.L.) 

(31) A very long telephone cable is of very high resistance but of negligible 
inductance and leakancc. If a pulsating voltage E — E 0 sin pt is applied at the 
sending end, show that the current leads the voltage by nearly 45 6 everywhere 
and at all times. 




CHAPTER IX 


APPLIED MATHEMATICS—LINE, SURFACE AND 
VOLUME INTEGRALS 

86. Plane Motion of a Rigid Body. A rigid body is one in which the 
particles are, and remain, at rest relative to one another. If all its 
particles move parallel to a fixed plane, the body is said to be in 
plane motion. It is convenient to look upon a body in plane motion 



Fig. 60. Plane Motion of a Lamina 


as a lamina, or flat plate, the mass of any particle in the lamina 
being assumed to be the sum of the masses of the particles of the 
body whose orthogonal projections on the lamina coincide in posi¬ 
tions with that particle. We saw in Vol. I that in the motion of the 
lamina the velocities, but not the accelerations, of all its particles 
at any given instant of time are the same as they would be if the 
lamina were rotating at an appropriate speed about a fixed point 
called the instantaneous centre of rotation. As the lamina moves, 
the position of this point changes continuously relative to the 
lamina as well as to the fixed plane in which the lamina moves. 
The locus of the instantaneous centre on the lamina is known as the 
body-centrode and that on the fixed plane the space-ccntrode. The 
motion of the lamina may be regarded as due to the rolling, without 
slipping, of the body-centrode on the space-centrode. 

In Fig. 60 ( a ) we represent a plane lamina of which G is the 
centre of mass and P is the position of any particle, mass m engineers’ 
units. Referred to GX, GY as rectangular axes of reference the 
co-ordinates of P are GM = x it and GN = y ft. Let GP = r ft. 
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If now wc multiply each position vector GP by the mass at P, then 
the sum of the resulting products over the whole of the lamina will 

be £/*£/>, and, since GP = GM -f G;V, )LmGP = 'ZmGM + Z,mGN. 

The magnitude of the vector YLmGM is H/nx and that of ZmGN is 
~ m y* an( J — ff *x = — my 0, since G is the centre of mass. 

Thus ZmGP = 0 . . . (IX. 1) 

Assume now that the body is in plane motion (Fig. 60 (b )) in 
which at a given instant of time t sec the acceleration of G is A;» 
that of P is A*. and that of P relative to G is a A,,. 

Then wc have vectorially 

Acceleration of P = acceleration of G 

+ acceleration of P relative to G 


or 


A* : As + qA p 


(IX.2) 


If the angular speed of the lamina is to radn/scc in the clockwise 

sense about O', then tl A x . has two components, orr ft/scc 2 from P 

, . dio 

towards G and r — = tor 

tit 

PT to PC. The first component requires for its production a force 
nutrr nwrPG lb, and the second component requires a force 
m,;,r = nubPP % where PT = PG. This second component is cquiva- 


through P along the perpendicular 


lent to a force nubGT x at G, GT X being equal and parallel to PT t 
and a couple of magnitude mo»r x r = tutor 2 Ib-ft about an axis 
perpendicular to plane XO Y. Thus, to accelerate the particle m at P 

there must be (I) a force w4„, (2) a force nwPPG , (3) a force rtubGT v 
and (4) a couple tnd,r 2 . The forces (I), (2) and (3) all act through 
G. Summing these quantities for all the particles of the moving 
lamina, we have the following three forces all of which pass through G. 


(1) j = A,X»i = A/A; lb, where M = is the total mass; 

(2) ZnwfiPG = ctfiZmPG = 0, by (IX.I); 

(3) 'LnubGTy = dtYLmGT x = 0, since the system of vectors SmG7\ 

is the system Y.mPG turned through 90°, and this latter system is 
equal to zero; together with 
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(4) a couple of moment "Snubr- = c o£mr- = lot lb-ft about an 
axis perpendicular to plane of lamina, / being the polar moment of 
inertia of the lamina about G. 

It is seen that these four quantities reduce to (a) the force needed 
to produce the acceleration of a particle at G of mass M = E/w 
whose motion is the same as that of G, and ( b ) a couple Id) about an 
axis perpendicular to plane of lamina. If F is the resultant force 
acting on the lamina and C is the total moment of F about G, then 

F = mass x acceleration 

i.e. F = MA ti .< IX - 3 > 

and Couple = moment of inertia x angular acceleration 

i.c. C= I(b = 10 .(IX-4) 

where 0 is the angle between any line fixed in the lamina and a line 
fixed in the plane in which the lamina moves. Wc treat C as a 
scalar since the direction of its axis is fixed. 

If impulsive forces act on the lamina, i.e. if F is large and the 

since A; 


time of action very short, then, 
V {1 is the velocity of G, we have 


</t 


Vo 


V«, 


where 


i.c 


£ Fdt = £ MA ti dl = £ M 
£ Fell = M(V 2 - V.) 


d 

dt 


V (i dt 


The left-hand side of this relation is the product of the time 
average of the force and the time during which it acts and is called 
the impulse of the force. On the right-hand side V, is the velocity of 
G before impact and V 2 is that after impact. Since the time of 
impact is very short, the direction of F does not change during 
impact, and the sense and direction of the impulse are the same as 


(IX.5) 


those of F. Writing P for the impulse j Fdl, we have 

P = A/(V 2 -V,) . 

Impulse = change of linear momentum 

Similarly, if K is the impulsive couple, i.e. if K = £ Cd, > we have 

K = I{o> 2 - to,) • < IX 6) 


or Impulsive couple = change of angular momentum 

xa—(T.6ix) 
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where lot represents the angular momentum, or moment of momen¬ 
tum. of the lamina when rotating at an angular speed to about G. 

We see from the above that, when the lamina is moving under the 
action of non-impulsivc forces, we may consider the system of 
forces and couples acting on it as equivalent to the inertia force 
needed to accelerate the whole mass assumed concentrated at its 

centre of mass, together 
with the couple needed to 
produce the angular accel¬ 
eration of the lamina about 
its centre of mass. If the 
inertia force and couple arc 
reversed in sense, they will 
balance the external forces 
and couples, and the prob¬ 
lem of determining the re¬ 
lation between the inertia 
effects and the applied 
forces becomes one of 
statics. This is also true 
in cases where the acting 
forces and couples are impulsive, except that the statement must be 
altered to allow for the fact that finite changes in the motion take 
place practically instantaneously. In such a case we say that the 
system of applied impulsive forces acting on the lamina is equivalent 
to the single force through its centre of mass needed to produce the 
change of velocity of a particle at that point whose mass is that of 
lamina, together with a couple needed to produce the change of the 
angular momentum of the lamina about its centre of mass. We 
shall solve examples on impulsive forces by reversing the inertia 
forces and determining the unknowns by statical methods. 

EXAMPLE 1 

two uniform thin rigid rods AD. DC. of equal length and mass arc freely 
hinged together at D. and the extremity A is freely hinged to a fixed point. The 
rods are at rest in a straight line when an impulse is applied at the mid-point of 
D( perpendicular to the rods. Show that the initial angular velocity of the rod 
DC is double that of the rod AD. Find also the initial kinetic energies of the rods. 

(U.L.) 

Let the mass of each rod be m and the length 2a. and let G', and G : be the 
respective centres of mass. The top diagram in Fig. 61 shows the rods just 
before impact, and the middle diagram shows the motion just after impact. 

"h and op 2 arc the angular speed* of AD and DC respectively, both assumed to be 
clockwise. The velocity of O', is u^a and that of G, is (ut 2 q- huja. The moment 



to. 


Ci ) 2 
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of inertia of each rod about its mid-point is $///«*. The bottom diagram shows 
the changes of linear and angular momentum, with their directions reversed, and 
the impulse P. The equations of equilibrium are now formed just as if ABC were 
a beam acted on by the given forces and couples. First considering the rod BC 
and taking moments about B, we have 

Pa = ^maho., + m(u> 2 t- 2at x )a 2 . . . . (I) 

Considering next both rods and taking moments about A, we have 

P x 3a = Jhw*(w, + at t ) -p /nwjti* -p m(at 2 -P 2ot x )a x 3a 

i.c. 3 Pa = - :; v ma s w l p ma*u> 2 . . . . (2) 

Eliminating P from (I) and (2), we obtain 

ma 2 at 2 -p 3 m(ut 2 -P 2t» x )a 2 = ma 2 at x -P V" nurut t% which leads to 

at 2 *= 2to x ...... (3) 

Thus, the initial angular speed of BC is twice that of AB, both in the same sense. 
Let E x and E t be the respective initial kinetic energies of AB and BC. 

Then E x = \l x otf + ancl = IW + i nlv x 2 

where /, — / 2 — Jma*. v x = ot x a, and »•* — (at 2 + 2 ot x )a = 4 <» x a, by (3). 

ima*u* x * - P ImcPiuf I + i ^ , 

Hence, i ma z x ^ 0 2 , » m x || i 8 ' ' 

which is the ratio of the initial kinetic energies. 

From (3) and (1), co, and co 2 can be expressed in terms of P. If the upward 
impulsive reaction of AB on BC at B is Pn, then by considering the vertical 
forces acting on BC we have P = P 0 + nt(ot t + 2 ot x )a, from which P n can be 
found. The impulsive reaction at A can be found similarly. 

EXAMPLE 2 

A lamina is moving in its own plane. Determine the changes in the motion of 
the lamina if it is acted upon by an impulse whose line of action is in the plane of 
the lamina. ^ , 

A uniform thin rod AB, of mass M, has a particle of mass m fixed to it at B. 
The rod is spinning on a smooth horizontal table with angular speed oj about a 
smooth fixed pivot at A. Suddenly A is released and the mid-point C of AB is 
fixed. Determine the new angular speed of the rod and the impulsive reaction 
at C. (U.L.) 

The changes in the motion of the lamina are explained above. Let 2a be the 
length of the rod and at its new angular speed. The top diagram in Fig. 62 
shows the motion before impact. The centre of mass C has a velocity o>a perpen¬ 
dicular to the rod, and the rod rotates about C at angular speed at. The particle 
at B has a velocity 2 ata perpendicular to the rod. The middle diagram shows the 
speeds after impact, a/ being the new angular speed. The point C is at rest, and 
B is moving perpendicular to the rod with velocity ata. The inertia effects due to 
the fixing of C are changes of linear momentum mat a - 2mata at B and 
M(0 — ata) = — Mata at C, and a couple \Ma\ot — at) clockwise. Ihese 
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inertia effects are shown reversed in the bottom diagram, where they balance P, 
the impulse on the bar due to fixing C. Again by statical methods we have, 
resolving perpendicular to the rod, 

P + ma(o./ — 2 at) = Mata 

'•e. P = Mata — maAut — 2at) . . . (1) 


AO 


2a 




\(Oa 




i B 
2(j)a 


» 




=]B 
*ct)a 



Taking moments about C, we have 
4 Ma 2 (o/ — at) + rna*(io' — 2at) *= 0 
i-c. o/(\M } m) ■ <o(\M r 2 m) 


whence 


(O 


M 4- 6 m 
M + 3 m tu 


( 2 ) 


From (2) and (I), 


P * at(Ma + 2ma) — mao/ 

M F 6m , . 

= o,a{ M 4- 2///) — moot wh,ch S ,vcs 


M(M + Am) 
M + 3m 




(3) 


This is the impulsive reaction at C. 


EXAMPLE 3 

Equal uniform bars PQ, QR, each of mass m, freely jointed at Q, lie at rest on 
a smooth horizontal table, inclined to each other at an obtuse angle n— a. A 
horizontal blow of impulse / is applied at P in the direction perpendicular to PQ. 
Show that the velocity given to P has a component along PQ of magnitude 

6 / sin a cos a .. f . 

m( 16 + 9 sin* a) (U * J 

Let 2a be the length of each bar, and C„ (7, their centres of mass. The top 
diagram in Fig. 63 shows the bars at rest before impact. The middle diagram 
shows the motion just after impact. Let v, and v t be the component velocities of 
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Q in directions perpendicular to PQ and along QP respectively, and to x counter¬ 
clockwise and (o 2 clockwise the angular speeds of PQ and QR respectively. The 
components of the linear velocity of (7, arc v, + <u x a perpendicular to PQ and i\> 
towards P. Those of G 2 are v, in direction perpendicular to PQ, v 2 parallel to 
QP due to the motion of Q, and <o.a perpendicular to QR due to the motion of 



mfy + OU'd) 

Fig. 63. Impulsive Blow 


QR relative to Q. In addition wc have the angular speeds ot x and ot 2 about G x 
and G t respectively. The bottom diagram shows the inertia effects reversed, 
these being in equilibrium with /. 

Resolving along PQ , wc have 

mw 2 a sin a = 2mv 2 

i.e. aoj 2 sin a = 2 v 2 . . . , . (I) 

Considering the bar QR, and taking moments about Q, we have 
mv 2 a sin a = mv x a cos a + mo> 2 a 2 + \nn»,a 2 
i.e. 3v z sin a = 3v x cos a » 4 ot 2 a . , . . . (2) 

Resolving perpendicular to PQ for whole system, wc have 

/ = m(v x + o» x a) + //iv, + nu» 2 a cos a 

i.e. / = w(2v, + ty,o l-w,ocos a) . . . . (3) 

Taking moments about Q for the bar PQ, we have 

2aI = 4- m(v, + oj x a)a 

whence 6/ = ni(4aaj x + 3v,) . . . . . (4) 

From these four equations the unknown quantities v„ v 2 , <o x , o> 2 , can be found. 
Eliminating v 2 from (1) and (2), and simplifying, wc have 

3o > 2 a sin* a = 6v, cos a + 8 <» 2 a 



whence 


. (5) 
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Eliminating w, by multiplying (3) by 4 and subtracting from (4), we have 

2/ = — 5mr, — Arwt.a cos a 
and on substituting for r, from (5), this becomes 

€UjO 

21 = — 5/If 6 (3 sin 3 a — 8) - 4nu» : a cos a 


=- //w/> i a 


40—^15 sin 3 d 
6 cos a 


— 4 cos a ) 


mo> m 

- 6 — s (40 - 15 sin 3 * - 24 cos 3 a) 


Hence. 


From (I). 


mtttjQ 

6 cos a 


rrrr'L (16 9 sin 3 a) 


tt) 


12 / cos a 
ma( 16+9 sin 3 a) 


a sin a 




6 / sin a cos a 
m(!6 + 9 sin 3 a) 


which is the required component. 

EXAMPLE 4 

A uniform thin bar whose centre of gravity is G is of length 2 a and rests 
horizontally on two props at points distant b and c from G. If either prop is 
suddenly removed, show that the load on the other is instantaneously increased 
or decreased according as a 1 > 3 he or a* < 3 be. (U.L.) 


B 


t 


=T 


B 




T 

f 



Wbu) 

R 

Fig. 64. Sudden Collapse of Support 


The top diagram in Fig. 64 shows the bar on its supports at B and C. BG = b 
and GC = c. Length of bar = 2a. Weight of bar = IF lb. / u of rod = 
engineers’ units, the length unit being a foot. The initial pressures on the props 
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at B and C arc respectively ***— lb and lb. The middle diagram shows 

the initial motion when the prop is removed from C. Let to be the initial angular 
velocity of BC in radn/sec. Then the initial linear acceleration of B is ~ ( u>b) 
= fob ft/sec 2 downwards. The couple required to produce the angular accelera¬ 
tion is /«.<b = — -Ib-ft, and the force required to produce the linear acceleration 

. IVuib 3 S 

is-lb. These reversed are shown in the bottom diagram along with the 

o 

weight If'lb through G and the upward reaction R lb of the prop at B, the whole 
forming a system in equilibrium. 

Resolving vertically, we have 

Wioh 

R = W ..(1) 


S 


Taking moments about B, 


Wb 


Wa 2 6) 
--%- + 

= * b 
a* + 3 A 2 


Wb'u 


whence 

Substituting from (2) in (I), we obtain 
R = If' ( 1 - 


( 2 ) 


3*> 2 


Wa- 


a 2 -P 3 6*/ 

Hence, increase of pressure on prop at B = R — 


a 2 + 3/> 2 
cW 


b + c 


xv ( <*' *-) 
\a 2 + 3 b 2 b + c) 


_ ... bja*-3bc) 

" (a* + W) ( b + c) 

This expression is positive if a* > 3 be and negative if a 2 < 3 be, so that the 
pressure is increased or decreased according as a 2 > 3 be or a 2 < 3 be. This also 
applies to the case in which the prop at B is removed and the pressure is that on 
the prop at C, for an interchange of the values b and c leaves the condition 
unchanged. 


87. Equivalent Dynamical Systems. We have seen that the motion 
of a plane lamina in its own plane is such that the resultant force on 
it is equal to the product of the mass and the acceleration of its 
centre of mass and that the couple acting on it is equal to the product 
of its moment of inertia about the mass-centre and its angular 
acceleration. Suppose now we have a second lamina, which we will 
consider to be rigid but without mass, and which has attached to it 
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two heavy particles the sum of whose masses is equal to the mass 
of the first lamina, whose centre of mass coincides with that of the 
first lamina, and whose moment of inertia about the common 
mass-centre is the same as that of the first lamina. When we apply 
relations (IX.3) and (IX.4) to these two systems in turn we obtain 
identical solutions, which indicates that a system of forces acting on 
cither the lamina or the system of two particles will produce the 

same rate of change of motion. It is often 
/^~\ convenient to consider the motion of the two 
(' \ I ° \ P arl ' c * cs ra, her than that of a rigid body, and 

\ \ \ \ the former is known as an equivalent dynam- 

( G I ( G 1 leal system to the rigid body. In Fig 65 (a), 

) ) I j L represents the lamina whose mass-centre is 

\ / \ , / at (7, its mass is M engineers* units and its 

J l 0 J radius of gyration about G is k feet. Let m x 
X--' at P x and m 2 at P 2 be the equivalent system 
(a) of particles. P x P t must pass through G but 

Fic,. 65. Equivalent its direction is arbitrary. Let GP X = n x and 

PX, = both in feet. Then we have, since 


G is the mass centre m x p x = m 2 p 2 

the total mass is M m x + m 2 = M 
the moment of inertia about G is Mk 2 

n, iPi 2 ~F nt 2 p 2 = Mk 2 . 

From (IX.7) and (IX.8) 

nj S3 — Hi — A/ and m — — Px — A/ 

Pi + Pz Pi + P2 

Substituting these in (IX.9) and dividing through by M 

P 1 P 2 4- P\P 2 2 = k% 

Pi + P* 

'• e * PiPt = k 2 . 


(IX.7) 

(IX.8) 

(IX.9) 

(IX.10) 


(IX.I1) 


We sec then that the particles must be placed on a line through G 
but on opposite sides of it at distances inversely proportional to 
their masses and so that the product of the distances is the square of 
the radius of gyration. As there are four unknowns w„ m 2 , p x and p 2 
to be determined and only three conditions to be satisfied, we may 
give any suitable value to one of the unknowns. Thus if the lamina 
is oscillating as a compound pendulum about a horizontal axis 
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through O, Fig. 65 ( b ), we take one particle m, at O and the other 

at a point O' on OG produced. From (IX. 11) />., = — and OO' 
**+/>i* . Pi 

— Pi ~ • Pt. — ~ ~ One particle is thus fixed in position at O 

and the other moves as would the bob of a simple pendulum of 
£2 p 2 

length OO' =-Compare this with Ex. 5, Art 138, Vol. I. 





Fig. 66. Particles Equivalent to Connecting-rod 

O' is called the centre of oscillation of the compound pendulum and 
also the centre of percussion. 

In the case of a connecting-rod, or a link in a mechanism, it is 
convenient to assume one particle to be at one end. In the connecting- 
rod AB , Fig. 66, we place one particle, say m l9 at the small end A. 
Let the length AB be 3 ft and the centre of mass be G on AB y 2 ft 
from A. Suppose the mass to be 5 engineers’ units, its weight being 
5 g = 161 lb. Let C on GB be the position of the particle m 2 . The 
particles are shown at A' y C' in the lower figure; B' and G' are the 
projections of B and G respectively. Let the radius of gyration of 
the rod be k = 0-75 ft. Then with the above notation p x = 2 and 

Ic 2 

P2 = ~= 3®Z ft. 

Pi 

Also 2m x = m 2 

• • == o i 

Hence from (IX. 10), = Vi» A/ = ? 3 = 0*6164 engineers’ units 

and m 2 = M = 'W = 4*384 engineers’ units. 

Thus two particles, one of mass 0*616 units at A and one of 
mass 4*384 units at C when GC = 3 9 2 ft beyond G are an equivalent 
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dynamical system to the rod. The accelerations of these points are 
found by means of an acceleration image, see Theory of Machines , 
and the mass-accelerations of the points are the forces acting on the 
particles. The resultant of these is the resultant force acting on therod. 

EXAMPLE 

Find a two-particic system corresponding to a bar weighing 500 lb with a 
radius of gyration about its mass-ccntrc of 2 ft. pivoted at a point 6 in. from the 
mass-centre. Assume one mass to be at the pivot. Find the force acting through 
the mass-centre which till give to the bar an angular acceleration of 12 radn/scc ! . 

We have/>, - 0 5. k- = 4. Hence from (IX. 11 )./>. = 4/0-5 = 8 . Then from 
(IX.10) nu - 1/17 x 500 - 29-4 lb mass and m, 470-6 lb mass. The equiva¬ 
lent system has one particle weighing 471 lb at the pivot and one weighing 
29 4 lb distant 8 ft from the centre of mass and on the other side of it. The 
particle at the pivot has zero acceleration and the normal acceleration of the other 
isl2(/>, \ p.) 12x8-5 102 fr/scc 2 . The force on the particle to produce this 

acceleration is — x 102 — 93 2 lb perpendicular to the bar. As the force is to 

K 93-2 

be applied at the mass-centre the necessary force is x-x x 8-5 = 1 580 lb very 
nearly. 0-5 

Second Moment of Area. When finding the second moment 
of a plane area which can be divided up into triangles we may make 
use of a fictitious system of particles. The second moment of a 
plane triangle of area A and height h about its base is \Ah. If we 
suppose (he area divided into three equal portions \A and one of 
these concentrated as a “particle'’ at the mid-point of each side, the 
second moment of the particle system about the base is 

* a GT + GT+ x 02 = i Ah 

the same as that of the triangle. It is easy to see that the three 
“particles” have the same centroid as has the triangle so that the 
particles have the same second moment as the triangle about any 
axis in the plane parallel to the base. As we may take any one of the 
three sides as base, this means that the momental ellipse of the area 
and that of the particle system have the same centre and intersect 
in 6 points and must therefore coincide entirely (see Vol. I). Thus 
the system of particles and the area have the same second moment 
about any point in their plane and are therefore equivalent for 
finding second moments. 

If the area is a lamina of uniform density, w lb being the weight 
per square foot, and the particles are each assumed to weigh -y lb, 
the particles and the lamina are equivalent dynamical systems. 
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Find the second moment of the area of a square of side a about any axis in its 
plane through its centre. Fig. 67 shows the square and the particles each of 
magnitude |a 2 . 



Fig. 67. Equivalent Systems 


We hav< 


/ Vza\* 

second moment about either diagonal = 4 x la 2 x ) = i'.«* 

also second moment about A'A'or YY — 2 x la 2 x — ,\a* 


The second moment about any of the four axes is the same, i.c. hence 
the momcntal ellipse is a circle and the second moment is the same about all 
axes in the plane which pass through the centroid. 


88. Beam Flexure. Clapeyron’s Theorem of Three Moments. 
When a beam is continuous over three or more supports, it is 
possible to find a relation between the bending moments at any 
three consecutive supports in terms of the loads and the relative 
levels of the supports. This relation, first stated by Clapcyron, is 
given the above name. In Vol. I we proved the relation 


El d ~ = M 
dx 7 - 


(IX.12) 


where M is the bending moment at a point (x, y) on the axis of the 
beam. The reader should refer to Vol. I for the meanings of the 
symbols and the conventions concerning algebraic signs. Consider 
the beam AB shown in the upper diagram of Fig. 68. It rests on 
supports at A and B> and carries a load of w lb per in. uniformly 
distributed and also a concentrated load IF lb at C distant e in. 
from A and d in. from B. Let AB = l = e + d, and let M t F, /, y 
represent the bending moment, shear force, slope, and “deflection” 
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below OX respectively at E whose co-ordinates are x and y referred 
to any horizontal line OX as axis of x and OY drawn vertically 
downwards and passing through A as axis of y. A letter A, C, or B 
used as a subscript with any of the above symbols will indicate 
the particular value of the variable at that point. We shall assume 
M to be positive when it tends to make the curvature convex upwards 
and F to be positive when it tends to move the right-hand portion 




of the beam downwards relative to the other portion. From (IX. 12) 
(Fv 

El ~'- 2 = bending moment at E 


ic. El^-Mt-F^x+'-f+mx-e)] . (IX.13) 

the square brackets indicating that the quantity inside must be 
ignored if x < c. 

Integrating with respect to x 

E'% = E/i A + M A x — \ F a x 2 + '^£+ [-^(x-c) 2 ] . (IX. 14) 

EIi A is the constant of integration. In integrating the term in 
square brackets we have done so with respect to x— e instead of x. 
This is permissible because jf(x)dx and $f(x)d(x— e ) differ only 
by a constant. This is known as Macaulay's Method, and enables us 
to integrate in one step the discontinuous function in (IX.13). 
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Integrating again 

Ely = EIy & + E/,\x + - ' a F A x* + ~ J (*- 

(IX. 15) 

(IX. 14) and (IX. 15) may be used to find the slope and deflection 
at any point of AB if y A and / A are known. Putting x = /, (IX. 15) 
gives 

li-/ 4 W 

^Od -Ja) = EUjJ 4* \M A P — \FJ* + ~ + — d* . (IX. 16) 


Now taking moments about B of the forces and couples acting 
on AB 

FJ = M a - M u -f — + Wd . . (IX.17) 

Substituting for FJ in (IX. 16) 

EI(y B - y A ) = E/iJ + {MJ* - ( m a - M u + ~ + Wc/j 

wl* W „ 

+ 24 + T d 


i.e. 


h / 4 


Fl(y u ~ 7a) = EliJ 4- J/ 2 (2A/ a + A/ n ) _ _ _ J W/,/(/2 - ,/*) 


(IX.18) 


We apply this to the continuous beam of which two spans are 
shown in the lower diagram in Fig. 68. PQ has a span /, in. and 
carries a load of w l lb per in. run together with a concentrated load 
W x lb at d x in. from P> while QR has a span / 2 in. and carries a load 
of w 2 lb per in. run together with a concentrated load W 2 lb at cl 2 * n - 
from R. First consider the portion PQ. Let OX' be the axis of x, 
in this case drawn to the left, so that owing to this reversal of 
sense / and F will change sign. Applying (IX. 18) to the portion PQ 
we have, 

£/Op-7q) = - EIi oh + i/i 2 (2A/ Q + A/p) 

- ^ - i (V - d?) . (IX. 19) 
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Similarly for the portion QR with OX as the axis of x, we have 
= E!iJ 2 + J/ 2 2 (2A/ q 4- A/ u ) 


ir .,/ 2 4 

-ii-« 4 *) 


(IX.20) 


. (IX.21) 


Dividing (IX. 19) and (IX.20) through by /, and / 2 respectively and 
adding, we obtain 

= 4(<v/,./, i- 2-v/,,/, + 4 f a/,, 4) - a',(.!■,/,* + J 2 3 ) 

6j /( IV — "1 ) b — (/ 2 - — r/j”)/ 
i.c. A/,7, |- 2A/ U (/, -f- /.,) + A/ u / 2 

= K",/,* + .. a / 2 ») + (/,* -M (/,* - *») 

'l / 2 

+ 6EI (' V + &L=**) . . . (IX.21) 

If all the supports arc at the same level, then y v = )« = >’k and 
(IX.21) becomes 

M i J i + 2 ^o(4 + /*) + A/„4 = *(»»,/,* + « ! 4 3 ) + ^ (4 s - 4 2 ) 

*1 

+ T-’ (4* - d ?) • < IX - 22 > 

2 

If there are several concentrated loads in one span, it is easily seen 

that in place of a term (t 1 — d 2 ) there will appear ^ “ ^)* 

If the three supports are at the same level and there are no con¬ 
centrated loads but simply a uniformly distributed load w lb per 
in. run, then from (IX.22) 

A/,./, + 2A/ q (/, + 4) + A/„4 = ~ (/, 3 + 4 3 ) • (IX.23) 


If the length unit is the foot and iv is the load per foot length the 
bending moments are in ft-lb units whilst the units of E and / 
are the pound per square foot and the (foot) 4 . 
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EXAMPLE 1 

Prove Ihe theorem of three moments in the form 

L x a -t 2 L.(a -| b) + L 3 b = ~ (a 3 r h 3 ) 

A uniform beam of weight w per unit length and of length a f b is clamped 
horizontally at each end and is propped level with the ends at a point distant a 
from one end. Show that the bending moment at the prop is 

~ (a 2 + b* - ab) 



Find also the thrust on the prop. (U.L.) 

Here L is used to indicate bending moment instead of the usual M. With the 
necessary change of letters the required relation is (IX.23) above. It is left as an 
exercise for the reader to establish this theorem ab initio by the method of this 
section. 

Let ABC be the beam (Fig. 69), AB *= a and BCb. Further, let CB X A X be 
the image of CBA about C, i.c. CB X ■= CB and CA, « CA, and similarly let 
AB 2 C 2 be the image of ABC about A. If we imagine AB t C 3 and CB X A, to be 
continuations of the beam ABC , each carrying load w per unit length and propped 
at B 2 and B t to the same level as ABC, it is clear from symmetry that 

Mi\ — A/u, =* M\\ t 


Applying the theorem of three moments to the portions B 2 AB, ABC , and BCB X 
in turn, we have 



M'fl 3 

2aM u + 4aXf A = 2 ~ 

• 

. 0) 


<*\fk + 2(a 1 b)M„ + bM c = 4 * + ^ 3 ) 

• 

. (2) 

and 

wb 3 

2bM u + AbM c “ ~2~ ' 

• 

. (3) 

From (1), 

wa 2 

• 

. (4) 

From (3), 

wb 2 

Me = “g \Mn . 

• 

. (5) 


Substituting from (4) and (5) in (2), we obtain 

tva 3 tvb 3 w 

-g - - iaM u + 2(a + b)M u + - \bM u = - (a 3 + b 3 ) 
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•j (a + f>) M u = g(a> -f b 3 ) 


Hence, 

A / 0 = — (a 2 — ab + b 2 ) — bending moment at the prop 

From (4), 

»a : h’ 

A/a = “g- 24 (a 5 “ ab + b 2 ) 

I.C. 

M* = ^ (2a 1 r ab - b ! ) 


wb 2 H’ 

From (5), 

Me = -y - ” ab + A 2 ) 

i.c. 

A/ c = £ <2A 2 + a/> - a 2 ) 


Let R A. R II. and #«• He ihe pressures on the supports at A. B, and C respectively. 
Then, taking moments about B of the actions on AB, we have 

wu : 

Ma + ' 2 = 

Af* — Mu H'(i H'b . H-<2 w 

b) + T - f riW + ab-b') 


2 8 a * 2 8 a 

Similarly, taking moments about /? of the actions on BC % we have 

H-h 2 

Me 4- -y “ b 

' *■ + + » 

Resolving vertically, we have 

/? A + /?|| + Re =* **»(<! + />) 


R„ _ H (a + 6) - ~ (4a J + ab - b 2 ) - ^ {4b 2 + ab - a 2 ) 

= =^r < 8 a*£ + 8 aA* - 4a J fc - ah 2 + b 3 - 4ob 2 - a 2 b + a 3 ) 
8 ah 

= A <«• + 3a’* + 3a*» + *>) 

8 ab 

\v(a + b) 3 

I.C. /?« = —=-T— = pressure on prop 


EXAMPLE 2 

A uniform beam is supported at its ends and carries a uniformly distributed 
load along the middle half. Show that the additional deflection due to the load 
is «; times the additional deflection had the load been concentrated at the mid¬ 
point. (U.L.) 
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_Let AD be the beam (Fig. 70), and y the deflection at P where AP = 

AD = CD = a, and DC = 2a. Let w be the distributed load per unit length. 
Then, considering the portion of the beam to the left of P and using Macaulay's 
method, we have 

E/ Hx* “ Mp = ~ wax + [=T ~ 0)2 ] ' ' • 0) 

Integrating, £7 ^ — — \ wax 1 + {x — a) 3 ] + k . . . (2) 



Fig. 70 


dy 


Since = 0 when x 
dx 


2a t then by substitution in ( 2 ), 
a = — 2 weP + Iwa 3 -F Ar, whence k = V weP 
Substituting the value of k in (2) and integrating again, we have 

Ely = - i wax 3 + (x - a) 4 ] + V ”<*** • 


. (3) 


the constant of integration being zero since y — 0 when x — 0 . 

If A is the central deflection, then from (3) 

El A = — Jiwr* + wa* + weP = 2; wo 4 . . . (4) 

The value of A 0 , the central deflection on the assumption that the whole load is 
concentrated at mid-span, may be found by the above method, but is best obtained 
from the standard result 

El A 0 = 4 »* total load x (span ) 3 

i.c. El A 0 = 4 \i x 2 wa x (4a ) 3 = . . . (5) 

From (4) and (5) by division, 

—• ■= which is the required ratio. 

A 0 64’ 


89. Field of Force. Conservation of Energy. A field of force is a 
region in space of two or three dimensions in which a force is 
associated with each point in the region. Examples of such are 
the gravitational and magnetic fields of the earth. In Fig. 71, P 
represents a point in a two-dimensional field of force, and F the 
force of magnitude F which the field exerts on a certain particle 

placed at P. Let O be an origin fixed in the field and r = OP the 
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position vector of P. Let Q be a point very near to P and r Q its 

position vector. Then r Q = r + Ar, and PQ = Ar. The work 
done by F on the particle as it moves from P to Q is F • Ar = 
FA\ cos * where A.v = PQ and 0 is the angle between the direction 
° an d l J ,c tangent at P. The total work done on the particle by 
the force F as the particle moves from />, to P 2 along the curve is 

r » 

F t ds . . . (IX.24) 



Fig. 71. Fi»u> of Force 


where / c — / cos 0 is the component force along the curve, r, and 
r 3 arc the position vectors of P , and P 2 , and r, and r„ arc their 
magnitudes. 

If the work done in the displacement from P x to P 2 is independent 
ol the actual path and depends only on the initial and final positions 
/ , and P 2% the force is called a conservative force and the field a 
conservative field oj force. The earth’s gravitational field is a con¬ 
servative field because the work done in moving a given mass to a 
higher cvel against gravity depends only on the height through 
which the mass is raised. A field in which there are frictional forces 
is a non-conservative field because the work done on a body against 
a frictional force depends upon the path of the body and the force 
of friction at any point of the field depends upon the direction of 
the sliding motion. 

As a particle moves from P x to P 2 in a conservative field, the 
held forces will do work on the particle of amount given by (IX.24). 
This capacity for doing work is inherent in the field, and we call it 
the potential energy of the field, or, simply, the potential. Suppose 
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that we choose P 0% Fig. 71, as a standard position, and define the 
potential energy when the particle is at P as the work done by the 
field forces on the particle as the particle moves from P to P 0 , then, 
if V denote the potential at P 


V = f ' F ■ Jr 



(IX.25) 


V is independent of the path of the particle from P to P Q> and is, 
therefore, a function of the position of P. The position of P 0 is 
arbitrary, and fixes the level from which the potential energy is 
measured. The excess of the potential at P x over that at P 2 is 



and, assuming that the first integral is evaluated along a path which 
passes through P 2 



s: 


F e ds -F 



i.e. 



(IX. 26) 


As the particle moves from P to the neighbouring point (?, the 
loss of potential is AF, and Af = - F c As. Proceeding to the limit, 
we have 


dV 

ds 



. (IX.27) 


The relation (IX.27) means that at any point of the field the field 
force in a given direction is equal and opposite to the rale of increase 
of the potential in that direction. Suppose that a particle of mass M 
engineers* units is moving in the field with velocity v ft/sec at time 
t sec. The field force is doing work on the particle at the rale 

— ^ft-lb/sec, the force in the direction of motion is — lb, and 

1 dV 9 . dv 1 dV 

the acceleration is - ~j t ft/sec , i.e. ~ Jf v ^ or 




Integrating, {A/v 2 + K=C, where C is a constant. 

Now \Mv 2 is the kinetic energy = T> say 

Then T +V=C . . • (IX.28) 
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Thus, the sum of the kinetic energy and the potential energy is 
constant. This is the law of the conservation of energy, and it 
is for this reason that we call the field conservative. If the particle 
is acted upon by external forces as well as by the field forces, (IX.23) 
will still apply provided that the external forces do no work, positive 
or negative, on the particle. If, for example, the external forces are 
those due to fixed frictionless constraints, they will do no work and 
the energy will be conserved. The above is only a partial statement 
of the law of the conservation of energy as it is concerned with 
mechanical energy only and takes no account of other forms ot 
energy, such as heat energy and electrical energy. The proof given 
applies only to the case of a single particle. A rigid body may be 
considered as a collection of particles at fixed distances apart. In 
addition to the field and external forces there are internal forces 
between the particles, these internal forces occurring in pairs, one 
of each pair being an action and the other an equal and opposite 
reaction. Owing to the fixed distance between any two particles, 
the work done by one of these is equal to that done against the other, 
and the total work done by the internal forces is zero. The law of the 
conservation of energy, therefore, applies to the motion of a rigid 
body if all the acting forces arc conservative. 

EXAMPLE I 

A uniform plank of thickness 2 It rests across the top of a fixed circular cylinder 
of radius <i. whose axis is horizontal. The plank is allowed to turn slowly without 
slipping, through an angle 0, in a vertical plane parallel to its length, so as to 
remain in contact with the cylinder. Prove that the gain of potential energy is 

W[aO sin 0 - (a »- h) (1 - cos 0)1 
where W is the weight of the plank. 

Deduce the condition for stable equilibrium in the original position. (U.L.) 

The plank is shown in the displaced position in Fig. 72. R and Q coincide in 
the initial position, and since there is no slipping. RP = arc QP = aO. The 
height of G, the centre of gravity of the plank, was originally a 4- /», and in the 
displaced position it is the sum of the vertical projections of OP, PR, and RG , 
i.e. a cos 0 4- aO sin U 4 h cos 0. Thus, the increase in height of G is 

(<i • h) cos 0 4- aO sin 0 — (a -f h) 
so that the increase in potential energy is If' x this increase in height 
i.c. »»'[ aO sin 0 — (<v + A) (I — cos 0) J 

[This result is true even if the plank is not of uniform thickness provided that 
its lower edge is straight and the plank balances symmetrically on the cylinder, 
/i being now the height of the centre of gravity above the original point of contact.) 

If G is on the left of P, the weight acting through G will tend to restore the 
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plank to its position of equilibrium. Hence, for stability, GR sin 0 must be less 

than RP cos 0, i.e. // sin 0 < aO cos 0 or h < a —«. But Lt. ® n = l.so 
that for stability, h must be less than a. lan u o —o lan u 

Let us consider the case of a body in a conservative field of force 
If the body moves with one degree of freedom, as in the above 
example, the field forces will do work on the body when the 
potential is falling, and the body will do work against the field 



Fio. 72. Stability of Equilibrium 

forces when the potential is rising. Let 0 be the variable which 
fixes the position of the body, V the potential energy, and T the 
kinetic energy of the body. Then we sec that work is done on the 

body by the field forces when is negative, and work is done by 

the body against the field forces when is positive. When = 0, 

no work is done either on or by the body, and the forces on it are in 
equilibrium. Thus, the condition for equilibrium is that the potential 
energy must have a stationary value. If the stationary value is one 
at which V is a minimum and the body is given a small velocity 
when at rest in that position, V will increase and, by (VI.23), Twill 
decrease in the subsequent motion and will quickly become zero 
when the body will have come to rest. Thus, if V is a minimum, the 
position is one of stable equilibrium. If, on the other hand, the 
stationary value is one at which V is a maximum and the body is 
given a small velocity when at rest in that position, V will decrease 
and T will increase in the subsequent motion, and the body will 
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move more quickly the further it gets from the position of equili¬ 
brium. Thus, if V is a maximum, the position is one of unstable 
equilibrium. When a body is in stable equilibrium in a conservative 
field of force, the potential energy is a minimum. This is the well- 
known principle of least energy. 

Applying this principle to the above Example, we have 
V = W[aO sin 0 — (a -f- //) (1 — cos 0 )J + constant 
(IV 

(10 = W[aO cos 0 — h sin 0\ 
dV 

The equation ^ — 0 has two roots, one of which is 0 = 0, and 

the other corresponds to the position in which GP in Fig. 72 is 
vertical. 

d 2 V 

jfji — Wl(a — h) cos 0 — aO sin 0] 


When 0 


0 , 


d l V 
(10 2 


lV(a — /i), which is positive if a > //. 


Hence 


V is a minimum and 0 = 0 is a position of stable equilibrium if 
a > h. 


In Vol. I wc have examined the conditions for stability of a 
floating body and proved that the condition for stability of equili¬ 
brium is that the mctacentre should be above the centre of gravity. 
II A/ is the mctacentre, // the centre of buoyancy, i.c. the centre of 
gravity of the displaced fluid, and G the centre of gravity of the 
floating body, then, if the body is symmetrical about a vertical plane, 
// and G will lie on a vertical line, M being a point on HG or HG 
produced. The length of IIM is given by 


IIM = — . . . . (IX.29) 

where A is the area of the water-line section of the body, V is the 
volume of fluid displaced by the body, and k is the radius of gyration 
of the area A about its axis of symmetry. 

example 2 

Determine the condition of stability of equilibrium for a solid of revolution 
floating with its axis vertical. A cylindrical hole, of radius r, is drilled ccntrically 
through a cube at right angles to a pair of faces. If the cube floats in a liquid of 
uouolc its density with the axis of the hole vertical, prove that the equilibrium is 
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stable provided the radius of the hole lies between the positive roots of the 
equation 


6 wr* 3 na-r- J a x = 0 


where a is the length of the edge of the cube. 


(U.L.) 


We leave the first part of the question as an exercise for the reader. In the 
case of the cube, Ak- is the moment of inertia of the liquid-line section about any 

a x nr 1 

axis through the centroid of the section, and Ak 2 = —-—, whether that axis 


is parallel to the sides of the section or not; V — volume of displaced liquid 
= \ vol. of solid ^ !(<r* - nr 2 a) 


Hence 


HM = 


Ak 2 


a 4 — 3 nr* 
6(a 3 — nr~a) 


The centre of buoyancy H and the centre of gravity G of the solid are at heights 
a a a a a 

- and - respectively above the base of the solid, so that HG — - — - « -. 

Since for stability M must be above G, i.c. HM > HG, then 

a 4 - 3wr« a 
6(<r* — rrr*a) " 4’ 

which leads to 

6nr* — “ina 2 r 2 a* < 0 . . . . (I) 


If r? and r 2 2 are the roots of the equation 6 nr* — 3 na-r* ♦- a* — 0 regarded as a 
quadratic in r 2 , (I) can be written in the form 

6n(r 2 - ri 2 ) (r* — r 2 2 ) <0 

which is satisfied if, and only if, r* lies between r , 2 and r ? 2 . Here r is essentially 
positive, so that the condition for stability is that stated in the question. 


EXAMPLE 3 

A uniform right circular solid cylinder of radius r, length 21, and specific 
gravity A, floats in water with its axis horizontal. Find approximately the work 
done in'rotating the cylinder slowly through a small angle 0 about a horizontal 
axis through its centre perpendicular to its axis of symmetry. Deduce that the 
original position of the cylinder is stable for this type of displacement if / > r. 

(U.L.) 

As the specific gravity is £, the axis of the cylinder lies on the surface of the 
water, and the displaced water being in the form of a semi-cylinder has its centre 

of gravity, i.e. the centre of buoyancy, at a distance — from the axis. Thus, with 

the usual notation, TlG — r-. Here Ak 2 = moment of inertia of water-line 

j r x ( 2 /) 3 4 

section about axis of rotation =- ^2 = 3 r/3 ’ and V =vo,umc of d,s ' 

placed water = Jwr 2 X 21 = wr 2 /_ ^ ^ 4/2 

Thus, if M is the metacentre, HM = —y = ^T/ = 3 “ 


For stability, HM > HG, so that 


> 5 —. i-®- /* > 

3 nr 3 n 


i.c. / > r 
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The weight XV of the cylinder acting through G and the buoyancy XV acting 
upwards through M form a couple of moment XV x GM sin 0, i.e. XV x GMO, 
since 0 is small. A couple C of this magnitude but of opposite sense is required 
to keep the cylinder in its displaced position, so that 
C = XV x GMO_ 

= tv x t rr 2 /(H\t— HG)0 , where w = wt/unit vol. of water 

,, / Af 2 4r \ 


i.C. C = *n fr(P - r*)0 

The work done during the small rotation is | ( CdO = \wtr(P - r 2 )0 2 . From this 


we can deduce the condition of stability found above, for. if / > r, positive work 
must be done in displacing the cylinder from its original position, which is, 
therefore, one of stable equilibrium. 


EXAMPLE 4 


A homogeneous solid floating in equilibrium is removed from the liquid and 
placed in the inverted position in a second liquid of such density that the plane of 
llotation is the same as before. Show that the two positions arc both stable or 
a both unstable. 

A uniform lamina in the form of a regular 
pentagon floats symmetrically, with its plane 
vertical, with three edges completely immersed. 
Prove that the equilibrium is stable for dis¬ 
placements in the vertical plane of the lamina 
if not more than one-quarter of each of the 
remaining edges is immersed. (U.L.) 

Let V x and V t be the volumes of the parts 
into which the solid is divided by the plane of 
flotation, and let H x and H t be the respective 
centres of gravity of these parts. The centre 
of gravity G of the whole solid is on the line 
//,A/„ and, by moments about G, 

V x x H X G - V 3 x Hfi 



Fig. 73. 

Stability of Flotation 


With V, immersed, we have from (IX.29).if M x is the mctaccntrc, 

Ak 2 

H X M X = —A and k having their usual meanings. 

For stability. H X M X > H x G t i.e. Ak 2 > V, x H X G . . . (I) 

The corresponding condition with V : immersed is 

Ak * > V s x H 2 G . . . . . (2) 

As A and k arc the same in (1) and (2). and the right-hand sides of (I) and (2) 
arc equal, the two conditions arc identical, and the two positions arc cither both 
stable or both unstable. 

To solve the second part of the question we use (IX.29) and regard the lamina 
as a floating body of thickness /, where / is small. 
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Let PQRSTbe the pentagon, centre G, side * (Fig. 73) and LL the liquid-line 
surtace. Also let PN = a:, where N is the point in which PG cuts LL. 

Area of pentagon = ;a 2 tan 54 5 = I-7205a 2 

Area PLL - at* tan 54° = I-3764a 2 

Area under liquid = I •7205a 2 — I-3764a* 

GP = la sec 54° = 0 8507a 

H t the centroid of the immersed area, lies on PG produced, and, by moments of 
areas about P, 


whence 


HP (l-7205a s — 1-3764**) + 1-3764** x y = GP x 1-7205a- 


From (IX.29), 


— = 1 4636a 3 - 0-9176*3 
“ 1-7205a 2 - I-3764 a: 2 
Ak 2 
V 


HM 


( 3 ) 


where Ak- = moment of inertia of liquid-line surface about axis of rotation 
r x LL 3 tx (2a tan 54 3 ) 3 

™ 12 - - \2 -" 1‘737/a 3 , and V — vol. of displaced liquid 

“ /(I-7205a 2 - I -3764 a: 2 ). 

Substituting in (3) and cancelling /, HM - 

Now HC-TTP-CP I -4636a* — 0-9176.r* 


1- 7205a 2 - 1-3764 a 2 
1 1709aA 2 - 0 9176 a 3 
I-7205a 2 - I-3764 a 2 


0-8507a 


The condition for stability is HM > HG 
i.c. I -737a 3 > 1 • 1 709aA 2 - 

• c. 2 655 a > I-I71a 

or a > 0 4412a 

Since x = PL cos 54°, the condition becomes 

0-4412 


0-91 76a 3 


PL > 


0-5878 a ' i c * PL > 0 750 ( a PP rox -J 


For stability, therefore, not more than one-quarter of each of the sides PQ and 
PT will be immersed. 


90. Virtual Work. We can frequently obtain solutions to statical 
problems by imagining a body which is in equilibrium under the 
action of a system of forces to receive a small displacement, determin¬ 
ing the corresponding small displacements of the points of applica¬ 
tion of the several forces, and equating to zero the total work done 
by the forces in such displacements, this total work being a small 
quantity of the second order. This is the principle of virtual work. 
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(See Vol. I, Art. 41.) Thus, if F l% F 2 , F 3% etc. are the forces and 
A.v,, A.v 2 , A s 3> etc. are the respective small displacements of their 
points of application 


F t Asi } F 2 As 2 -I- F 3 As 3 }- . . . = 0 

ZFAs = 0 


= °ol ■ 


(IX.30) 


If the displacement of the body takes place in time A/, E/ 7 — is 

of the first order of small quantities, and as Ar approaches the 
limit zero, we have 

SfV 0 . (IX.31) 


where v is the velocity of the point of application of a force in the 
direction of the force. 2/ r v is the rate at which the forces are doing 
work on the body, and (IX.31) expresses the fact that, when a body 
is passing through a position of equilibrium, the rate of doing work 
is zero. 


EXAMPLE I 

A square ABCD of equal smoothly-jointed light rods each of length a lies on 
a smooth horizontal table; OA. OH. OC OD arc four equal light rigid rods. 


0 



Fto. 74 

each of length 2a, smoothly jointed at O, A, B. C, D. so that all the rods form the 
edges of a pyramid. A weight W is suspended in equilibrium at O. By the method 
of virtual work, or otherwise, find the stress in a rod such as OA, and a rod such 
as AD. (U.L.) 

If E is the centre of ABCD (Fig. 74), then AE = and if OE = h, then 

/»* + 2 - OA* .(I) 

Wc shall assume that the weight at O is displaced upwards through a small 
distance A/i, and that A, B, C, D remain fixed whilst each of the sloping rods 
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extends its length from / to / + A/. It is necessary to introduce a new symbol / 
for OA because we wish to keep constant AB = a whilst varying OA = 2a. Wc 
shall afterwards put / = 2a. 

a~ 

Thus, we write ( 1 ) as /i* + ^ -* I s .( 2 ) 

Then 2/iA// = 2/A/ 

i.e. /iA/i = /A /.(3) 

The work done on \V in raising it through a height A/i is If'A/i, and if T is the 
stress in each sloping rod, the work done by these stresses is 47~A/. 

From (IX.25) we have 

virtual work of forces = Y.FAs = 0 

and in this case, 

47A/— WAh = 0.(4) 


From (3) and (4), 


47A/ 


W- A/ 
n 


i.e. 


T = 


Wl 

Ah 


Now / = 2a, and from ( 2 ), h 



\'\Aa 
2 ~ 


*Z\AW 

Hence, T — jj“ 

To find the stress S in each horizontal rod we assume its length to change 
whilst that of each sloping rod remains unchanged. From (2) 

2/iA/i + oAa = 0.< 5 > 

The work done’by each of the eight forces S is S x JAa. and from (IX.30). 

virtual work of forces = ^.FAs — 0 


which in this case gives 

85 x JA a + WAh = 0 


From (5) and ( 6 ), 
i.e. 


^ 45 

2 h a 

Wa _ W _ >/\AW 

Sh ~ 4VT4 56 


( 6 ) 


V^|4 W 

A rod such as OA is subjected to a stress of “J 4 — *n compression, and one 

y/\AW. 

such as AB is subjected to a stress of — ,n tension. 
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The stresses arc much more easily found by resolution of forces. Thus, 
resolving vertically for the equilibrium of W'at O, wc have 

47“ cos EOA = \V 


Since cos EOA = — 
2a 


\ 14 

4 • > hcn T = 


it' 
\ 14 


V\a\v 

14 


Resolving horizontally for the equilibrium of the forces acting at A, we have 


2.S cos 45 ^ T cos EAO 


V\AIV V2 

X ~ 4 ~ 1 SO that 


c 

5 = 56 


EXAMPLE 2 

Four equal particles A, D, C, D, each of weight IF, arc connected by light 
strings AH, DC, CP. PA, each of length /. and then placed at rest symmetrically 
on a smooth sphere of radius R [I < ]»/?). 

Prove by virtual work, or otherwise, that the tension in each string is 

Uf'sin (///?) v'scc (///?) 

[The string between two particles lies along a great circle on the sphere.) 

(U.L.) 



Fig. 75 


In Fig. 75 the curved lines represent the strings. O is the centre of the sphere, 
and E is the centre and AE the radius of the section of the sphere made by the 
plane A BCD. OABCP is an inverted pyramid with base at height OE = /» 
above O. Let the angles AOB, ROC, COP, and POA be each equal to 0. Then 

/ = RO and AD = 2/? sin ^ Also AE = ,4/?cos 45° = V2R sin and from 
the right-angled triangle AEO, OE * + AE 2 = OA a . i.c. /r + 2K 2 sin a ^ = R\ 



APPLIED MATHEMATICS 373 

wellaw/ 1 = RS C ° S °‘ lf A// ' S ,hC Chan§C in h duc 10 a smal1 change &0 in 0 


A . RsinO 

A/, = -i ^ A0 = -^ sin 

Also, since / = RO , A/ = /?A0 


(*)-/“ (*) 


and from ( 1 ) and ( 2 ), 


‘ i,,= ~ 5sin (i)7 sec («) a/ 


■iO. . (I) 
. ( 2 ) 
. (3) 


k .k' SP aC i men,S> Ah and A '- ,hc work donc on 'he panicles by gravily 

done hvihl* S ' gn b 7 CmS !] e £ a,i . vc since A/, is an upward displacement,4nd that 
the na^iH,, ??* T ' hC s,r,n *» is “ 4TAI - The only other forces acting on 
are the reactions of the spherical surface. As there is no friction, 
these do no work. Lrom (IX.30), the equation of virtual work is 

- 4 W A/j — 47A/ = 0 


T - W M 


whence 

Using (3), we have T - - W x - J sin (i)7- (4) 


I.C. 


7*- * 


M '* ,n («)7 scc (*) 


91. Conservation of Angular Momentum. When a rigid body is 
rotating about a fixed axis with angular velocity to radn/scc under 

the action of a couple C Ib-ft, the equation of motion is C = (/to), 

where 7 engineers’ units is the moment of inertia of the body about 
the axis of rotation and t sec is the time. If there is no couple, 

i.e. if C = 0, then ^ (/to) = 0, and integrating with respect to /, we 

have Id) = constant. The dimensions of Io> are ML 2 T~ l y where 
A/, 7,, T are the units of mass, length, time respectively; this is the 
product of AfLT- 1 , which is momentum, and 7., which is length. 
By analogy with the moment of a force, i.e. force x distance, I to 
is called the moment of momentum or angular momentum about 
the axis of rotation. Thus, if a body is spinning about an axis and 
there is no couple acting about that axis, the angular momentum 
remains constant. This is the principle of the conservation of 
angular momentum. In problems where there is a change in the 
value of 7, this principle and that of the conservation of energy 
enable us to find solutions. 
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EXAMPLE 1 

A flywheel weighing I 000 lb wilh a radius of gyration of 3 ft is rotating on a 
frictionlcss axis at 100 rev/min. By means of a clutch the flywheel is instan¬ 
taneously connected to a second flywheel weighing 500 lb w ith a radius of gyration 
of 1 ft 6 in., which is rotating on a frictionless axis at 40 rev/min. Find the 
common speed of the flywheels after connection. 

9 000 

For the first flywheel, / = engineers* units, and the angular speed is 

- = ,t>rT radn/sec. For the second flywheel, / = —z — engineers’ units and 
60 3 . . 80* 4 * Z S 

the angular speed is « y radn/sec. 

90 000* 3 000* 3 I 500rr 

Total angular momentum = —— I _= — ~g — 

Let N rev/min be the common speed. The angular momentum at this speed 

/ 9 000 2 250 \ 2Nn 337-5* 

is \ g + 2p ) * 60 " ~r~ 


' K ‘ 2g / " 60 g 

Since the angular momentum is conserved, we have 

337-5* 31 500* 

g g 

The common speed is 93-3 rev/min. 

EXAMPLE 2 

A uniform circular disc of mass M and radius a rotates about as mooth fixed 
vertical axis through its centre perpendicular to its plane, and carries a particle 
of mass k\t, which is free to move along a smooth radial groove. Initially the 
disc rotates with angular speed ot and the particle is at rest at the centre. Prove 
that, when the particle, after being slightly disturbed, has moved a distance r 
along the radius, the angular velocity of the disc is 

a*o/ 

a* + 2 kr* 

and that the radial velocity of the particle is 


Vo* + 2Ar* 


(U.L.) 


In this ease there is no couple acting on the disc-particle system, so that the 
angular momentum is conserved. This gives us one relation between the variable 

S iantitics. As there arc two unknowns, the radial velocity r of the particle and 
e angular velocity w, of the disc at the given instant, we require another relation. 
This we obtain by using the conservation of energy principle. We have then 
final angular momentum = initial angular momentum 


(a/ y + kMr *) 


ivt = M — oj 
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from which 


Of, 


a-at 

a 2 -f- 2kr- 


The initial kinetic energy is k x M ~ x or = —. The 


(I) 


final kinetic 


energy is —due to Ihe^d.sc, UA/(,„,r)’ - — / ^ U| ‘ due to .he transverse 
velocity of the particle, and ~ due to its radial velocity. We have then 


initial energy = final energy 
Ma*<o* Ma-to* kMr*o> t * kMr 2 

4 4 + 2 *' 2 

= (a 2 -f- 2Ar*>u g 2 -j 2Ar* 

. , a l <u 2 

a io « ___ 2A/ 2 , which gives 

dVr* 


i.c. 

and by simplifying. 

Using (I). 

Hence, _ 

vV + 2k r* 

which is the radial velocity of the particle. 


r 2 = 


a 2 -f 2Ar* 

autr 


92. Fluid Motion. Bernouilli’s Theorem. Consider the motion of a 
frictionlcss fluid in three-dimensional space. Let OX , OK, OZ 
be rectangular axes (Fig. 76), the plane XO Y being horizontal, P the 



point (x,y, z), and Q the point (x + A x,y 4- Ay, z 4- Az), all lengths 
being in feet, and let the small rectangular figure represent an 
element of fluid weighing iv lb per cubic foot and having its faces 
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parallel to the co-ordinate planes. Consider the component motion 
of the element in the direction of O Y. The acceleration in that 
direction is 


!*? = l ({ , _ d l.!i _ , d A _ , ± ,, 2) 

dt l dt Ky> dy dl } dy~-dy L) 


t being the time in seconds. If p lb per square foot is the pressure 
at P y the force on the face PCS A is pSx\z and that on the opposite 

face QRBT is — [/?A.vAz -f ^■ (/?A.vAr)Av], so that the resultant 

force parallel to OY is — A.rArAz. The equation of motion is 

force = mass x acceleration 
H* . . (i 


l.C. 


whence 


- % AxAyAz 
dy 

dp 


A.vArAr x Jy O' 2 ) 
y dy 


2gdy° > 


In the same way, for motion in the direction OX y we have 

V = - T 1 T ( **) ' • 

dx 2g dx 


(IX.32) 
(IX.33) 

(IX.34) 


For motion in the vertical direction OZ the equation correspond¬ 
ing to (IX.32) will have an additional term — trAxAj’Az on the 
left because of the force of gravity, and this will add a term it’ to 
the left side of the equation corresponding to (IX.34). 

In this case, then 


dp 

Tz + w 


~2gdz ( - ) - 


The total variation A/> of p from P to Q is given by 


dp 




(IX.35) 


(IX.36) 


as shown in Vol. I. 


Substituting in (IX.36) from (IX.33), (IX.34), and (IX.35), we 
obtain 

AP = - Yg [£c + Ty + Jz (i2)Az ] “ U AZ (,X 37) 
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If V is the velocity of the fluid at />, then 

3 1/2 = r " + ? + i2 * and ^ ( V *) = ,4 ( V 2 ). ft ( n - j y (>•*), and 
(K-) = — (r-), so that (IX.37) can be written as 

Ap = ~ T g [ 4 <^ 1 ^ + 5 ( 

i.e. A/> = — ~ A(K 2 ) — ivAz 

On dividing through by iv and integrating, we have 

dp V 2 

- + ^ + 2 = C (where C is a constant) . (IX.38) 

This is known as Bernouilli's Theorem , and it expresses the fact 
that during the motion along the stream-lines the mechanical 
energy is conserved. The terms on the left of (IX.38) represent in 
order (I) the pressure energy, (2) the kinetic energy, and (3) the 
gravity potential energy, of 1 lb weight of the fluid, whether it is 
a gas or a liquid. If the fluid is incompressible, »v is constant and 

*dp p 

~ = “• In this case (IX.38) becomes 


/ 


V* 

/ 


p V 2 

— + 2^ + z = constant 


. (IX.39) 


EXAMPLE I 

A gas in which the pressure p and the density p arc connected by the adiabatic 
relation p =» *pV, flows steadily along a pipe. Prove that the velocity q satisfies 

the relation 

« 2 y p 

q 2 -I- 7 • - = constant 

7 y— I P 

external forces being neglected. 

If the pipe diverges slightly in the direction of flow, show that the speed of any 

• yp 

particle of the gas is increasing if q > c and decreasing if q < c, where c 2 = — 


Writing q for V and^p for w in (IX.38), we have 

f— + f- — constant 
J fp 2 F 


(U.L.) 


} gP 2 g 

the term z being assumed constant. 

13 —(T.611) 


(I) 
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P = kpY 



so that 


ftip 



_ V—.P- 

g ( V- !» P 


(We leave the reader to prove this.) 

The relation (I) then becomes 

y PH* 

—r -TT * - -I * constant 

and, since # is constant, this is equivalent to 

, 2 y p 

q m r i • - — constant = c, 


( 2 ) 


Let A be the area of the cross-section of the pipe where the density is p. Then 
the quantity of gas flowing through any such section in a given time varies as 
qpA, and, since conditions are steady, the same quantity flows through all sections 
in the same time. 

Thus, we have qpA =* constant = c 2 .f3) 


This is known as the equation of continuity. 
In terms of q and p, the relation (2) is 


From (3), 


so that 

2 yk cf-i 

* ! P'jMlR" 01 

i.c. 

qY+'-ctf— * + KA'-r = 0 

where 


Y- i 

Differentiating with respect to A, 


{O’ I !)?>•- c,(y- + A(1 - y)A-r = 0 


I.C. 


[r- 


c,(y— I) A _ Kjy- I) 
y + 1 ? / dA A>(y + 1) 

The sign of the quantity on the right is positive, and, therefore, since A is 
slowly increasing, q is increasing or decreasing according as the expression 

c t (y- I) 


<r- 


y+ i 


iX-2 


q % > or < 


c t (y- I) 


is positive or negative, 
i.e. according as 


Y + 1 
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Now, from (2), =£=!> - (, + ^ ■ j) 


Hence, the condition becomes 


v- 1 

Y + 1 


9* + 


_2y p 

Y + I P 


< 7 2 > or < 


y - 
y + 


I * 2 1 


2y 


y + i 


P 

p 


which reduces to q 2 > or < -- 

p 

Thus, if c 2 = —, the speed q of any parliclc of the gas is increasing if q 
decreasing if q < c. 


c and 


EXAMPLE 2 

Prove Bernoulli's theorem in the case of the steady motion of a homogeneous 
incompressible inviscid fluid. 

A channel has a horizontal bottom and vertical sides. At first the breadth is 
uniform and equal to b, then the bottom widens gradually and symmetrically 
until it is again of uniform breadth now equal to b x . Water flows steadily along 
the channel. If u and h are the speed and depth where the breadth is b, and if 
/i, is the depth where the breadth is b x , prove that h x < h if 


(U.L.) 


The theorem is proved above, u is constant, the pressure p varies with the 
depth below the free surface and, as the cross-scction is a rectangle with horizontal 
and vertical sides, the mean pressure is \ where h is the depth. Similarly if we 
measure z from the horizontal bottom its mean value is ]/i. 


Then from (IX.39) 


wh u* h 

2w 2g 2 


= constant 


or ~ + h=* constant 

No energy is lost so that, equating the energy of I lb of water as it passes two 
sections, one in each portion of the channel 


£- + /* = £; + // 1 


The equation of continuity is buh 


From (2) 


2 * 
b x u x h x 
bh 


0) 

( 2 ) 


( 


b 2 h * 


2 g \ W 


//, = n and substituting in ( 1 ) and 

l) =h-h . 


rearranging 


(3) 
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ir 


V 


The given inequality is , ... 

-> /f * "i 

Combining (3) and (4) and assuming h — //, positive, we have 

V / A 5 /r* \ 

iTThSw -• • 

i-c. b 2 h 2 - A t 2 //, 2 < A, 2 (/i 2 - //, 2 ) 

i.c. A < A, as is given in the data. 

If we assume that A //, is negative instead of (5) we have 

/* h /i, U.V 1 / > /,_ 

A 2 /i 2 - A, 2 /i , 2 > A^t/i 2 - V) 

i.c. b > b t which is contrary to the data. 

Hence it follows that h > /i, 


(4) 

(5) 


Vortex Motion. F ig 77 shows the elevation CDEF of a vertical 
circular cylinder rotating about its axis OZ with constant angular 
speed o) radians per see. It contains a mass of incompressible fluid, 
the upper surface of which is shown in profile by QO'PR , O' being the 




lowest point. This fluid is rotating with the same angular speed as 
the cylinder without relative motion of its parts and the system is 
known as a forced vortex. P represents a particle of weight »»* lb. As 
P describes a circle of radius AP = r ft its acceleration is c o 2 r ft/sec 2 
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along PA and the reversed mass-acceleration is -co 2 r \b weight 

acting along AP. The reaction of the air-fluid surfacf on the particle 
acts along the normal to the surface at P, i.e. along PB, where B 
l.es on OZ. For equilibrium of the particle we have, taking moments 
about B 

\v - 

— oj £ rAB = nr 
g 


or 



. (IX.40) 


Let z be the height of P above the base FE. 
sub-normal 


AB 


r 


dr 

dz 


Then since AB is the 


Thus 


g_ dr 
o>* r dz ' 


(IX.41) 


and integrating 


, , 

dz = — rdr 

g 

co 2 

2 = =- -f constant . 
2 g 


If we transfer the origin to the point 0\ z 

oj 2 

z = X- r 2 . 

2 g 


. (IX.42) 
0 when r = 0 and 
. (IX.43) 


which shows that the shape of the surface is the paraboloid of 
revolution produced by rotating about OZ the parabola QO'R whose 
equation is this. 

The above analysis applies equally well if the surface of profile 
QO'R lies below the liquid-air surface being a surface of equal 
pressure, consequently all the surfaces of equal pressure are identical 
paraboloids of revolution, the pressure per unit area on any surface 
being the sum of the atmospheric pressure and ph lb, where p is the 
weight of a cubic foot of the fluid and h ft the depth of the equal 
pressure surface below the fluid-air surface. 

Now consider the case in which the fluid is not constrained to 
move as a solid body but is frictionless and is free in all its parts to 
take up any appropriate speeds. We shall also assume that the fluid 
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is escaping very slowly through a small hole downwards along the 
axis of z. Stream-line motion will take place and Bernouilli’s 
theorem will apply. The curves in Fig. 78 show the intersection of 
the free surface with a plane through OZ. Fluid will flow along this 
surface, moving in spirals along the surface. If LL is an edge view 



of the horizontal level of the water where it is at rest, then in accord¬ 
ance with Bernoulli's law 

y2 

-—[- : = constant . . . (IX.44) 

2 g 

We omit the term - because we arc dealing with surface flow and 

the pressure, being atmospheric, is constant. Thus at short distances 
below LL the velocity is small, but increases as z decreases. Since 
the downward flow is small, the fluid moves in spiral curves which are 

iv 

almost horizontal. Consider a particle of mass - engineers’ units at 

g — 

P. This particle is moving very nearly on a circle of radius r = NP ft 

H’V 2 

with velocity v ft/sec. Its reversed mass-acceleration is lb, as 

shown. The particle may be treated as if it were in equilibrium under 
the action of three forces, (1) this mass-acceleration, (2) its weight 
xv lb, and (3) the pressure of the fluid along PM the normal to its 
surface at P. PMN is a triangle of forces; MN represents w lb and 
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NP represents— Ib. P7"is the tangent at P, meeiing OZ at T. From 

the geometry of the figure 

dr x-s a. 4 \j 

■j- z = tan PTN = tan MPN = 

dr gr 

Tz~ 7*.(IX.45) 

From (IX.44) and (IX.45) 

r dz 

2~dr Z ~ consla nt C 

. A 2 dr dz 

r ~ C-z 

Integrating, log, r- = log, A - log,(C- z), where A is an arbitrary 
constant. 


Hence 


C-z 


, which can be written in the form 


c-4. 


. (IX.46) 


At LL , r = co. Let z 0 be the value of z at LL. Then, from (IX.46), 
z 0 = C, and, therefore 


Z = . 


. (IX.47) 


If the origin is changed to the point O' in which OZ meets LL, 
and z is measured positive downwards, then from (IX.47) 


Z = -T. 


. (IX.48) 


Each of the curves in Fig. 78 is the graph of r plotted horizontally 
against z plotted along O'O. An approximation to this kind of 
fluid motion can be seen when water in a full wash-basin is set 
spinning and the plug is withdrawn from the waste pipe. The 
motion is called free vortex motion. 

93. Line, Surface, and Volume Integrals. In Art. 89 we met with 


integrals 


F. dr and 


F e ds representing the work done by 
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a force on a particle as the latter moves along a given curve. Integrals 
such as these, in which the integration is taken along a curve, are 
known as line integrals. In general, their values will depend upon 
the curves along which they are to be evaluated. The integrand may 
be any scalar function of the co-ordinates .v, y of any point on the 
curve. ^ For example, if <f>(x t y) is the mass per unit length of curve, 

then | y)ds represents the total mass between the end points 
s = .v, and s = s 2 of the curve. 

In a conservative field of force, as we have seen, the work done in 
producing a displacement between two given points is independent 

pi /V — r, 

of the path, so that in this case the value of F . dr or F f ds 

will not depend on the particular curve along which the evaluation is 
effected so long as the curve is continuous and joins the two end 
points. 

Instead of indicating the limits of integration as above, we usually 
denote a line integral by the notation j </>(x, y)ds, showing that the 
integral is to be evaluated along a curve C. 

Line integrals often occur in the form 


£ [A f(x t y)dx + N(.v, y)dy) 


(IX.49) 


For example, if the force F has horizontal and vertical components 
X and Y respectively, then 


f F. dr = f(Xdx + Ydy) 


EXAMPLE 1 

Evaluate £ [M(x t y)t/x N(x, y)dy J along the parabola y = .r 3 between the 

points x = 0 and * = 4, where M(x. y)=m X + y and N(x, y) = xy. 

Also evaluate the integral along the straight line joining the same end points. 

Wc have f c l(x I y).u f- xy dy\ = J 0 ‘ (x + x*)dx + f"'y'dy 

=[?+?]> i m:° 

= 29J + 409= 438-9 

The end points arc (0, 0) and (4, 16). so that the equation of the straight line 
joining these end points is y = 4x. 
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The value of the integral along this path is 

L ((X + y ),U + *y <‘y) = £ Sxdx + l'°i v'dy 

= 40 + 34l> = 381-3 

We U c;n n ncrrorm C ," ,° f ' hC in ' C 6 raI de P ends 'he path of integration, 
we can perform the .ntegrat.on w,th respect to either variable x or y, whichever 

■s the more convenient. Thus, when y = x=. the integral J^xydyean be trans¬ 
formed into J*2x*dx by the substitutions y - x* and dy = 2xr/x. and its value 
is 4092, as before. 

EXAMPLE 2 

Evaluate / - j c [(x + x 2 y)dx + + y)</y] between the points ( 1 , 1 ) and 

(2, 4) along each of the following paths—(I) the straight line y = 3*- 2 (2) the 

P ara , boIa y. ~~ x > and ,hc straight line y = I from x = 1 to x = 2 followed 
by the straight line * - 2 from y = 1 to y - 4 . lonowed 

(1) Put y = 3x — 2 and dy *= 3 dx. 

Then 1 - /, t* + 3X 3 — 2x* + (}x> + 3x - 2)3),/x 

- £ (4x> - 2x* + lOx - 6)</x 

“ [*•-$** + Sx’ — 6xJ * « 19J 

(2) Put y - a: 2 and r/y = 2*</x 

Thcn / " £ {•* + X 4 + dx 5 + x*)2xjrfx 

= £(:;** + 2x> + x)rfx 
- [i*‘ + i* 4 + Jx*]* = 19} 

(3) Here y = I from x = 1 to x = 2. and x = 2 from y = 1 to y = 4. 

Then 

1 = { h <x + ***** + /,' (}** + l)</y} + { £ (2 + 4y)dx + £ (3 + y)«/y] 

= [i-*' + + 0 + 0+ [“y + }y*]‘ 

= 3J + 15} = 19} 


Then 


The value of / is the same along all three paths, and in this case will be found to 
be thejsame for any other path between the same points. 
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We saw in Vol. I, when solving exact differential equations, that 
Pdx Qdy, in which P and Q are functions of .v and i\ is a perfect 

?P « 

or complete differential if In this case Pdx -f Qdy can 

be written in the form du, where u is a function of x and y, and 
therefore 

I {Pdx + Qdy) = [u ] c . . . (IX.50) 

Jr 

With the necessary change of notation, this means that 

| (Mdx + Ndy) = [u] c . . . (IX.51) 

% ( 


can be evaluated without assuming any particular path, the condition 
that the value of the line integral (IX.51) should be independent 
of the path of integration being 




DN 

Dx 


(IX.52) 


In Ex. 1 above, *—■ = I and Kr- = V, so that (IX.52) is not 

Oy i'X 

satisfied and, therefore, the value of the line integral depends upon 

the path of integration. In Ex. 2, = x 2 = so that here 

the condition (IX.52) is satisfied, and the value of the line integral 
is independent of the path. Now, by the method of Art. 133, Vol. I, 

c)u 

if // = f (A fdx -f- Ndy) and M and jV satisfy (IX.52), then M = so 
that in this second example ^ = x -f- x 2 y t and by integration 


W = ix* + J.Y 3 )’ -f- F(y) 
where F(y) is an arbitrary function of y. 

Du 

Similarly, ^ = Jx 3 + y , and by integration 

u = Wy + b*+fW . 

where f(x) is an arbitrary function of .v. 


(IX.53) 


(IX.54) 
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Since (IX 53) and (IX.54) must be identical, then F(y) i >4 
and /(a:) = J.v 2 , and y 

l [ ( * + x2 >’> / - v + <3 -v 3 + yWy] - [j.v 3 / + If -|. 

= (10=+8+ 2)-(> + * + j) 
= 19J, as before. 

3A/ 3A r r 

* By ~ dx y 1 ie va,ue °f iMdx + Ndy) round a closed path 

is zero. This is clearly true since, if we choose any two points on the 
path as end-points, the value of the line integral is the same alone 
both parts. If we reverse the sense of integration along one of the 
paths, dx and dy will everywhere change sign and thus the integral 
along the reversed path will be numerically equal but opposite in 
sign to that along the direct path, and the total integral round the 
path will be zero. For example, the work done by a conservative 
force on a particle as it moves round a closed plane path in a con- 

servative field is £(Xdx + Ydy) = 0, where X and Y are the 

rectangular components of the force. 

Surface and Volume Integrals. If AS is an element of area in a 
given surface whose equation is z = f(x r, y) or <f>(x t \\ z) 0, the 

integral £ F(x t y t z)dS , in which F(x, y t z) is any function of the 

co-ordinates at, y , r, is known as a surface integral. Similarly, if 
A F is an element of volume enclosed by a surface z = /(*, y) or 

c/>(x, y , z) = 0, the integral £ F(x, y , z)dV is known as a volume 

integral. The reader should consult the sections of Vol. I which 
deal with multiple integrals, where he will find alternative forms 
for the above integrals and many examples of their applications. 


EXAMPLES IX 

(1) A horizontal square is formed by 4 uniform rods each weighing W'lb and 
freely jointed at its corners. The square is supported by 4 strings whose lengths 
are twice that of a side of the square and which join the corners of the square to 
a fixed point. Find the force of tension in a string and that of compression in a 

(2) A uniform square lamina of 40 lb weight is acted upon by forces of mag¬ 
nitudes 10 lb, 20 lb, 30 lb, and 40 lb, along the edges of the square all pointing 
the same way round the square. If the side of the square is I ft long, find the 
angular acceleration of the lamina and the linear acceleration of its central point. 
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(3) A uniform rod AD. 4 fi long and 100 lb weight, moves so that its end travels 
along a vertical line Y'O Y whilst its end B travels along a horizontal line X'OX , 
each end having simple harmonic motion of amplitude”4 ft and frequency 20 / 2 * 
vibrations per second. Prove that the mid-point C of the rod moves in a circle, 
centre O. of radius 2 ft with uniform speed of 40 ft/sec. Find the kinetic energy 
of the rod when it is inclined at 30' to X'OX. 

(4) Three equal uniform rods AD. DC. CD each of length la ft arc joined by 
hinges at D and C. They arc in a straight line ABC and are moving with velocity 
v ft/sec in a direction perpendicular to ABC when (a) the point B is suddenly 
fixed, or ( b ) the mid-point of DC is suddenly fixed. 

Find the angular speeds of the rods in each case just after impact. 

(5) A uniform straight rod of length / ft rests on a smooth surface and is 
struck a blow at one end perpendicular to the rod. Show' that a point on the 
rod 3/ from the struck end will be initially at rest. 

(6) A lever 500 lb weight with a radius of gyration about its mass-centre of 
12 in. is pivoted about an axis 8 in. from the mass-centre. Find an equivalent 
dynamical system of two particles one of which is at the pivot. If the lever is 
rotating at 20 radn/sec. find (a) the kinetic energy, (A) the angular momentum 
of the two systems. 

(7) Show that if a rigid lamina is mounted on a pivot, at any point O, perpen¬ 
dicular to the plane of the lamina, and is struck by an impulsive blow in the plane 
of the lamina through O’ the centre of oscillation there will be no shock on the 
pivot. A much used swing door is prevented from opening too wide by stops 
against which it is continually banging. Assuming the mass of the door to be 
uniformly distributed, where should the stops be placed so as to prevent damage 
to the hinges? 

(8) Assuming the area A of a triangle can be taken as concentrated in “par¬ 
ticles" each of area A /3 at the mid-points of the sides when finding second 
moments, find the second moment of the area of a regular hexagon about a 
line joining (I) opposite corners. (2) the mid-points of opposite sides. (a « 
length of side.) 

(9) Trove Clapcyron’s theorem of three moments in the case of a heavy 

uniform rod with no concentrated loads assuming small differences of level at 
the supports. (U.L.) 

(10) A uniform beam of length 3 a and flexural rigidity El rests on four 
supports at the same level so that there arc three equal bays each of length a. 

It carries over its whole length a distributed load of intensity »»*. Find the central 
deflection and the reactions at each support. (U.L.) 

(11) Assume the beam in the previous question to be of length 4/ and to rest 
on 5 equally-spaced supports at the same level. Find the reactions on the supports. 

(12) A uniform continuous beam length 2/ is carried on three supports one 
at each end and one in the middle. The load 2 h•/ is uniformly distributed and the 

h/ 4 . h/ 4 

end supports arc above the level of the middle one by amounts gg and ^£y 

respectively. Assuming free ends, prove that the pressure on the middle support 
is three-fifths what it would be if the supports were at the same level. 

(13) A uniform continuous beam PQR is built-in at P. where the slope is 
zero, and rests on supports at the same level at Q and R. There is a uniform 
distributed load of 100 Ib/ft along PQ and one of 80 Ib/ft along QR and there arc 
concentrated loads of 500 lb, 5 ft from P and 600 lb. 4 ft from R. Find by the 
theorem of three moments the bending moments at P and Q. 



APPLIED MATHEMATICS 


389 


(14) A uniform continuous beam ABC of two spans is supported at A B and 
C, the level of B being 0 024 in. below that of A and C. AB is 9 ft and BC 12 ft 
long and there is a uniformly distributed load of 2 000 Ib/ft. Given £=30 x I0 r> 
lb/in.- and / = 128 (inch)* units, find by the theorem of three moments the bend¬ 
ing moment at B and the pressure on the support there. 

(15) A light uniform flexible inextensible string of length / is attached at its 

ends to the ends of a thin uniform rod of length 2 a (/ > 2 a), and the string is 
supported by a smooth small peg. Show that the position of equilibrium in 
which the rod is horizontal is unstable. (U.L.) 

(16) A point E is taken on one side of a square plate ABCD of side a, and the 
triangular portion CDE is cut away. The remainder is immersed vertically in 
water with the side AB in the surface. Show that the depth of the centre of liquid 

pressure is i ( _ ), where BE = b. What docs this result yield when b = 0, 

and when b = a? (U.L.) 

(17) A cubical block of side 2 a stands on a horizontal plane rough enough to 
prevent sliding. If the plane is suddenly given a horizontal velocity i- parallel to 
two vertical faces of the block, determine the initial motion of the block and 

16 


prove that the block will upset if v 2 > y ag (^2 — I). 


(U.L.) 


(18) A solid uniform hemisphere of weight If'and radius a is held at rest on a 
horizontal plane with its plane face vertical. If it is released from rest find the 
initial values of the reaction of the plane and the angular acceleration ( a) if the 
plane is perfectly smooth, (b) if it is rough enough to prevent slipping. (U.L.) 

(19) Find the moment of inertia about its axes of a hollow cylinder of external 
radius a and internal radius b. If the cylinder is placed on an inclined plane of 
angle a with its axis perpendicular to the line of greatest slope of the plane, prove 
that it will roll down the plane without slipping if 


^ a 2 + b 2 
" > * 


If n is less than this value, show that whilst the cylinder, starting from rest, 
makes one revolution about its axis it will move down the plane a distance 

greater by — {( a 2 + b 2 ) tan a — (3a 2 -i A 2 )//} than it docs when /< is greater than 

this value. (U.L.) 

(20) A uniform platform of weight W is in the form of a rectangle with sides 
a and b. The platform is supported in a horizontal plane by means of a smooth 
joint at one corner and ropes attached to the corners adjacent to the joint. If 
these ropes arc attached to a point which is at a height //, vertically above the 

7 a 2 / b 2 

1 4- -jp, \ W *1 1 + -jr r Find 

the magnitude of the reaction at the joint. (U.L.) 

(21) ABCD is a rhombus formed by four equal thin uniform smoothly-jointed 
rods each of length 4v^3 a. The system hangs over a smooth circular cylinder of 
radius a and centre O whose axis is horizontal. Find the angle BAO in the position 
of equilibrium in which AOC is a vertical straight line, and sflow that it is a 
stable position for displacements in which A and C move vertically. (U.L.) 

(22) Show that the centre of gravity of one-half of a uniform right-circular 
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cone, cut off by an axial plane, is distant r/n from the plane of section, r being 
the radius of the plane base. 

The half-cone is immersed in water so that the plane scmi-circular base is in 
the free surface. Show that the line of action of the fluid pressure on the curved 
surface meets the plane base in its straight edge if the height of the cone is equal 
to the radius of the base. (U.L.) 

(23) A cylinder has its axis parallel to the 2 -axis. Prove that the co-ordinates 
of the centre of gravity of the solid formed by cutting the cylinder by the planes 
2 — 0, z = px -E ny + /» are 

pk* p*kS + fkf + /i* 
h ' h ' 2h 


where the origin is the centre of gravity of the section 2 = 0. the axes of x and y 
arc the principal axes at the origin, and A,. A, arc the principal radii of gyration. 

If the cylinder is a right-circular cylinder of radius a, and the oblique section 
2 - 2.x I naUt > 2), prove that if the body is suspended from the centre of the 

oblique section, its axes will make an angle tan -1 with the vertical. (U.L.) 

(24) A uniform rod AB, of mass m and length 2a. can turn freely about a 
horizontal axis at A. An elastic string of unstrctchcd length a and modulus A is 
attached to B and to a point C vertically above A where AC ■■ 2a. If 3A > mg 

oc A 

prove that there is a position of stable equilibrium given by sin j - ^ 

where -x is the angle the rod makes with the upward vertical. If the rod is slightly 
displaced from this position show that the period of small oscillations is 


| (4A - mg)am 

4TT 13(3A — mg) (3A — mg)I 


(U.L.) 


(25) F : ind the position of the centre of percussion of a uniform sphere rotating 
about an axis tangential to its surface. The cushion of a billiard table is at a 
height h in. above the horizontal surface and the diameter of the balls is 2 in. 
Find the best value of h to prevent excessive wear of the cloth due to slipping of 
the ball at its contact with the flat surface along a strip near to. and parallel to, 
the cushion. 

(26) What is the chief characteristic of a conservative field of force. Prove 
that in such a field the sum of the kinetic energy and the potential energy is 
constant. Show that if a vertical plane lamina moves in its own plane its kinetic 
energy is the sum of (I) that of a particle of the same mass as the lamina 
moving with the centre of mass of the lamina, i.c. the kinetic energy of translation 
and (2) the kinetic energy of the lamina due to its rotation about its centre ol 
mass, i.c. the kinetic energy of rotation. 

(27) A circular cylinder of radius r has its centre of mass at a distance a 
from its axis and rests with its axis horizontal on an inclined plane making an 
angle a with the horizontal. Assuming no slipping, find the position of equili¬ 
brium and the condition for stability. 

(28) A uniform square plate weighing W lb is held in a vertical plane with two 
sides vertical aijd is allowed to fall under gravity. When it has fallen through 
// ft one of the lower comers is suddenly fixed. If the side of the square is ° 
lind the angular velocity of the plate immediately after impact, the impulse of the 
blow, and the loss of energy due to the impact. 
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(29) An elliptical cylinder of major axis a and minor axis h is fixed with its 
axis horizontal. A uniform plank of thickness 2 h rests on it like a see-saw in a 
horizontal position. Show that the equilibrium is stable if bh < a-. 

(3°) A framework consists of two vertical rods AB. DC each /ft long and 
a ft apart hinged at their lower ends and joined to a cross-bar BC by rigid joints 
at B and C All bars arc of the same material and of the same cross-section 
perpendicular to the plane of the figure. There is a load of IV lb weight at the 
mid-point of BC. The vertical reactions at the hinges are each of Wj2 lb- let 
the horizontal reactions there be Fib both acting inwards. Show that the strain 
energy due lo bending in each of AD and DC is F*P/6EI, using ihc formula 


-£ 


I M- 


dx 


Strain energy _ 2£/ . 

with the notation of Art. 88. Similarly show that the strain energy in the bar 

BC * S 96£7 * 48/ '*/* — x2a,l vy I Wa 2 ). Use the principle of least energy to 
find F. 

(31) Twelve equal uniform bars arc connected together by hinges in the form 
of a hexagonal framework, six of the rods joining the centre to the corners. 
Equal and opposite forces each of P lb are applied at opposite corners. Show 
that the forces in the two bars in line with the applied forces are each of ;?/> lb 
weight and those in the other bars arc of \P lb weight. (Assume R to be the force 
in each of the bars in line, determine the other forces and apply the principle 
of least cncrgy.J 

(32) Find the distance below the centre of gravity of the area of the centre of 
pressure of a plancarca immersed vertically in a liquid and subject to fluid pressure 
on one side. 

A sluice-gate in the form of a semi-circle of radius 2 ft hinged at its bounding 
diameter, is placed in the vertical side of the reservoir with its bounding diameter 
horizontal and uppermost and 10 ft below the level of the water; prove that the 
horizontal force which must be applied at the lowest point of the gate lo keep it 
shut is approximately 1 863 lb weight. (I ft 3 of water ^ 62-5 lb.) (U.L.) 

(33) A sphere is half immersed in water and from a fixed point O, a line OP is 

drawn representing in magnitude and direction the thrust on any completely 
immersed portion of the spherical surface bounded by a circle of constant radius. 
Prove that the locus of P is part of a sphere. (U.L.) 

(34) Prove Bernoulli’s theorem in the case of the steady motion of a homoge¬ 
neous incompressible fluid. 

A water tap of diameter \ in. is 60 ft below the level of the reservoir which 
supplies water to a town. Find the maximum amount of water which could be 
delivered by the tap in gallons per hour. 

(35) Prove Bernoulli’s theorem in the ease of steady motion of a homogeneous 
incompressible fluid. 

Liquid of density p is flowing along a horizontal pipe of variable cross-section, 
and is connected with a dilTcrcntial pressure gauge at two points A and B. Show 
that if p x — p 2 is the pressure indicated by the gauge, the mass of fluid flowing 
through the pipe per second is 

where a x \ a 2 arc the areas of the cross-sections at A, B respectively. (U.L.) 
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(36) Obtain the expression I/V for the mctaccntric height of a uniform solid 
of revolution floating in equilibrium with its axis vertical. 

A uniform thin hollow circular cylinder without ends made of material of 
specific gravity s floats in water with its axis vertical. Prove that the equilibrium 
will be stable if the ratio of the height to the radius of the base is less than 
I /Vj-i*. (U.L.) 

(37) Show that if the cylinder in Ex. (36) is not thin and has an external radius 
a and an internal radius b, the equilibrium will be stable if a- f b 2 > 2 Jrs (I — j), 
h being the height. If b = 0. i.c. the cylinder is solid, find the least value of a for 
stable equilibrium. 

(38) Find the mctacentric height in the ease of a right solid hexagonal prism 
floating in water with its axis vertical, h = height, a = side of hexagon, s = den¬ 
sity. Give the condition for stability. 

(39) An elliptical cylinder of minor axis a and major axis b floats in water with 
its axis vertical. The specific gravity of the material is s. Show that for stability 


he length of the cylinder must be less than J 2h(^— s 2 ) 


(40) A square frame of 6 ft sides is made of bars of uniform material weighing 
6 lb per foot length. Besides the four side bars there is one diagonal bar of the 
same uniform material. The joints arc frictionlcss pivots. Find the force in the 
diagonal bar when the frame hangs vertically from its upper corner with that bar 
horizontal. Solve this example by the principle of virtual work and also by an 
alternative method. 

(41) ABCD is a framework of four light but rigid bars connected together by 
pivots at the corners. The length of each is / ft. The pivot at A is mounted on a 
vertical shaft with which it rotates at N r.p.m. and that at C is attached to a bush 
which can slide along the vertical shaft. Each of the pivots at B and D carries a 
heavy ball of W lb weight. Under the action of the gravity forces on the balls 
and the ••centrifugal” forces on them, the framework takes up an equilibrium 
position whilst rotating. Using the method of virtual work find the distance AD 
in this position. (This is the mechanism of the Watt Governor.) 

(42) A shaft with its attached rotating masses weighs 2 000 lb with a radius of 
gyration of 2 ft and is rotating at 120 r.p.m. A pinion of 20 teeth on this shaft, 
and moving with it, is suddenly engaged with a wheel of 80 teeth on a second 
shaft carrying masses weighing 800 lb with a radius of gyration of 2 ft 6 in. Find 
(a) the speed of the second shaft after connection. ( b) the impulsive couple on the 
second shaft, (c) the loss of energy due to the impact. 

(43) A circular horizontal disc of radius 4 ft is kept in rotation at 50 r.p.m. 
Steel balls of which 50 weigh I lb arc fed continually to the centre of the disc 
down a vertical tube and arc thrown outward by the "centrifugal*’ force being 
constrained to move along radial channels on the disc by radial plates secured to 
it. If the rate of feed is 1 000 balls per minute find the couple to keep the disc in 
motion. Neglect friction. 

(44) A vertical hollow cylinder is open at the top. Its inside radius is 6 in. and 
it is full of water. The cylinder, which is deep, is set rotating at 120 r.p.m. and 
is kept rotating until all relative motion between the water and the cylinder is 
stopped. Find the equation of a section of the water surface by a plane through 
the axis of rotation and the amount of water which will be spilled from the 
cylinder. 

(45) Explain the difference between a free vortex and a fixed vortex and prove 
that an axial plane intersects their surfaces in curves whose equations are 
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_ 0)2r A 

- 2? and 2 = ~2 respectively where 2 is measured along the vertical and r 
along the horizontal from the axis of rotation. 

(46) Evaluate £[<** -f y 2 )dx 2xy dy] along the arc of the parabola y = .v 2 
from * = 0 to * = 4. As the end-points of this arc arc the points (0, 0) and 
(0, 16) the limits of integration can be shown by | " \( x 2 4 - y*)dx + 2xydyJ. 

Evaluate J (( 2) 1C* + y)dx T (x - y)dy] along the parabola y = 2x 2 . 


(47) Evaluate ^((x + 2y) 2 dx + (3* + y) 2 dy] along the path y = 2x +1 

from x-Otox-2. Evaluate f " [(x + 2y) 2 dx + (3* + y) 2 dy] along the 
parabola y = V x . 


(48) Evaluate [<3** + 4 xy + 3 y*)dx + 2(x' + 3 xy + 4 y')dy) along the 

paths (a) the parabola y 2 - at, (A) the parabola y = * 2 . (c) y -* 0 from (0, 0) to 
( 1 , 0 ) and x * I from ( 1 , 0 ) to (I, I), (d) x 0 from ( 0 . 0 ) to ( 0 , I) and y = I 
from (0, I) to (I, I). Explain why the answers arc not all different. 

(49) When finding the area A enclosed by a loop of a closed curve in Vol. I 

we found that A « (y t — y x )dx where y, and y 2 are the ordinates of the lower 

and upper points in which a vertical line cuts the curve. Show that this is the 

same as A =* — f y dx where the integration is taken along the curve, passing 
JC f 

round in the counter-clockwise sense. Show also that A — f x dy in the same 

sense and that A “ * f c . 1“ y dx + * 4W- 


(50) Using the last of the rules in (49) prove that the area enclosed by the 
ellipse ^a + ^=l is nab. Use the substitutions x = a cos 4>, y — b sin >f>, 
<t> being the eccentric angle and substitute also for dx and dy in terms of <f>. 

(51) Find the area enclosed by the curves y = x 2 and y 2 = 8*. Use one of the 
rules in (49). 


(52) Suppose a liquid to be flowing parallel to the plane XOY in a stream of 
unit thickness perpendicular to that plane. A closed curve is drawn on the xy- 
plane. Show that the volume of fluid crossing the boundary per second is 
fo(— v dx + u dy) where u and v represent the component velocities of a particle 
of the fluid parallel, respectively to OX and OY. If the fluid is incompressible 
what is the value of the integral? 

(53) Prove the formulae s = c tan y» and y 2 = a 2 + c 2 for a uniform catenary. 

A heavy uniform flexible string has one end fixed and rests in equilibrium, 
passing over a smooth peg, with its other end hanging freely. The length of the 
vertical portion of the string is 2 ft. The fixed end and the lowest point of the 
catenary are respectively 2/^3 ft and 1 ft above the free end. Find the angles 
which the string makes with the horizontal at the fixed end and at the peg, and 
also the total length of the string. (U.L.) 
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(54) A uniform chain of weight w Ib/fl is suspended from two points at the 
same level, distant D ft apart. Prove that 

D = 2c log,(sec <f> 4* tan <f>) 

where we is the tension at the lowest point and 4 > is the inclination of the tangent 
at either end to the horizontal. A chain 100 ft long is suspended from two points 
at the same level and the ends are inclined at 60°"to the horizontal. Determine 
the span and the sag at the lowest point. (U.L.) 

(55) One end of a uniform chain of length / is attached to a fixed point A; 
B is the rounded edge of a rough horizontal table, AB being a horizontal line of 
length 2a. The chain lies partly on the table at right angles to the edge and partly 
hangs as a festoon between A and B. Prove that when the length on the table has 
the least value consistent with equilibrium the parameter c of the catenary is 
given by 

/' e n ( ~ — 2 sinh x ) = cosh x t 0 = /i tan -1 (sinh x), 

where x a/c and /i is the coefficient of friction. (U.L.) 

(56) A uniform chain is stretched between two points at the same level 22 yd 

apart. If the sag in the centre is 3 ft. prove that the parameter of the catenary is 
approximately 182 ft. If the chain is tightened so that the sag is I ft, find the 
new parameter, and determine the ratio of the tensions in the two eases, and the 
ratio of the lengths of chain between the supports. (U.L.) 
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94 Rectangular Co-ordinates. Three planes (Fig. 79) mutually at 
right angles and intersecting along the lines XOX\ YOY\ ZOZ\ 
divide space into eight compartments. We can determine the position 
°‘ a P oint p in s P ace wc know (1) the compartment in which P lies, 



and (2) the perpendicular distances of P from the given planes. In 
order to avoid the necessity of giving names or numbers to the 

eight compartments, we consider lines drawn in the directions OX, 

OY, OZ as positive, and those drawn in the directions OX', OY\ 

OZ' as negative, so that, having their proper signs attached, the 
perpendicular distances of P from the three planes of reference fix 
the position of P uniquely. These perpendicular distances x, y, z of 
P from the planes YZ, ZX, X Y respectively are termed the rectangular 
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co-ordinates of P, which is designated briefly as the point (x, y\ z). 
In Fig. 80 we show the positions of the three points P x (3, — 2, 4), 
P 2(4. 2*5, — 3), P 3 (— 4, 3-5, 2-5). The .v of every point on the YZ- 
plane is zero, and accordingly the equation x = 0 represents that 
plane; similarly, the equations y — 0 and z = 0 represent the 
planes ZX and XY respectively. 

95. Polar Co-ordinates. Wc can also determine the position of a 
point P in space if wc know (see Fig. 79) (I) the length OP(= r), 



Fig. 80 


(2) the angle ZOP(=0\ and (3) the angle XOM(= <f >), where M is 
the projection of P on the A'F-planc. These quantities r, 0 t <t> arc 
called the polar co-ordinates of P, which is designated briefly as the 
point (r, 0 , </>). 

In the figure, the angles OKM y OMP , and OLP arc right angles. 

Hence, OP 2 = OM 2 + MP 2 and OM 2 = OK 2 -F KM 2 


OP 2 = 


Again, cos 0 = — - = - 


UK* + KM* -F 
Vx 2 -F y 2 -F z 2 
OL_z 
OP r ' 


= x 2 + y 2 + z 2 
• • • 


(X.l) 

(X.2) 


, KM 
tan + = 6k 


y . 

X 


and 


(X.3) 
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The relations (X.l), (X.2), and (X.3) enable 
we know .v, y, z. • 


us to find /•, 0, </> when 


From (X.2), 

Also 

and 


z = r cos 0 

x ~ OM cos <j> = /* sin 0 cos <J> 
y = OA/ sin </> = r sin 0 sin 


(X.4) 

(X.5) 

(X.6) 


The relations (X.4), (X.5), and (X.6) enable us to find .v, y, z when 
we know r, 0, «£. ' 

If r be assumed constant, the locus of P is a sphere of radius r and 
with centre O. By (X.l) the equation of this sphere is 

x 2 +y°- + z 2 = r 2 . . . (X.7) 


EXAMPLE 


<*> th « PO ,ar co-ordinates of the point (3. 4, - 5). (2) the rectangular 
co-ordinates of the point (8, 30°, 120 ). 6 


(1) Mere 


so that 


(2) Here 


r 

cos 0 


- V' 3* + 4* I (- 5)* - \'S0 - 7 071 
- 5 


7071 
0 » 135° 


- 0-7071 


tan * = j = 1-3333, so that 


53° 8' 


* - 8 sin 30° cos 120’ = 8 x 0-5 x - 0-5 - - 2 

y =■ 8 sin 30° sin 120° = 8 x 0-5 x 0-866 =» 3-464 

z = 8 cos 30° = 8 x 0 866 = 6 928 


96. Direction-cosincs of a Straight Line. If any straight line OP 
through the origin O makes angles a, ft, y with OX, OY, and OZ 
respectively, the cosines of these angles, i.e. cos a, cos ft, cos y, are 
called the direction-cosines of the line OP and are frequently denoted 
by the letters /, m, n respectively. It is evident that /, m, n will also 
be the direction-cosincs of any line in space parallel to OP. 

Join PK, PL, PN (Fig. 81); then the angles PKO, PLO, PNO arc 
right angles. 

Hence / = cos a = cos POK = - 

r 

m — cos ft = cos PON = ^ 
n = cos y = cos POL = - 

' r 


(X.8) 
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r- _1_ y- _ 1 _ ^2 

P + m 2 + n 2 =—-—^-; but from (X.I) 

.v 2 + y 2 + r 2 = r 2 

so that P + m 2 4- /i 2 = I.(X.9) 

Again, sin 2 a 4- sin 2 /? 4- sin 2 y = (1 — P) + (1 — m 2 ) -f (I - n 2 ) 
so that sin 2 a + sin 2 /? 4- sin 2 y = 2 . . (X.10) 



If the direction-cosines of any line are proportional to /, g , /* 
respectively, we can determine the actual direction-cosines /, m , n 
of the line as follows— 


We have (; = — = y 


£ 

P 


tJY 

P 


1 = 


m = 


/i = 


/i 2 

/ 


/* 4- "i 2 +_/i 2 
/ 2 4 g 2 4- /r 


P + g 1 + /' 2 


y/f 2 + s 2 4- /i 2 

_£ 

v/ 2 4- ** 4- A* 

h 

Vp+P 


(X.ll) 
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EXAMPLE 

strai § h ! line is inclined to the axes of y and z at angles 40 ° and 60 * • 
hnd the inclination of the line to the *-axis. 6 ’ 

A p d,reCti0n ‘ C M S l n . CS ° f a s!rai 5 ht ,inc are proportional to 2, 5, - II. 

Find th!^ °, n 3 P aral,el ,me lhroi, S h ‘he origin is distant 15 from the origin. 
Find the rectangular co-ordinates of P. h 

(I) Here p = 40°, y = 60°. The relation (X.9) gives 

cos 2 a -f cos 2 40° + cos 2 60 J = I 


± 0*4042 


cos a = Vl^o^tSb) 2 - (0 5000)= 
a = 66° 9' or 113° 51' 

( 2) Let /, m, /i, be the direction -cosines of the line, and y, z, the co-ordinates 
of/>. Now + 5= + (- 11)* = Visd = SV6. 

By (X.l l)t /-—-* — 5 ” M ,|v/ 6 


v f l 

15 


5 v^6 

From (X.8) we obtain x =* 15/ 


5^6 6 * n 5v / 6 


30 


y/l-.y - 15m = 5 -^- 6 ; Z - I5n - - 


11^6 


97. Co-ordinates of a Point Dividing a Given Line in a Given 
Ratio. Let R (£, rj, £) be a point which divides the straight line 
joining the two points P(x lt y lt z x ) and Q(x 2 , y 2t z 2 ) in the ratio s:r. 
It will be seen from a figure that if p t q t r are the projections of 
p * Q, R on the xy-plane and pP\ qQ\ rR' are drawn perpendicular 
to the x-axis, then, since Pp , Qq y Rr are three parallel lines cut by the 

two transversals PRQ and prq t — = similarly, ^ 77^7 = — 

P'R' s rq RQ t R Q rq 

SO lhat ~RTQ'~ r Now OP ' = Xlt OR ' = ft °& = ^ 2 ; hence, 

P'R' = OR' — OP' = £ — x x and R'Q' = OQ' - OR' = * 2 - £. 


£ — AT. 5 , . , . . 

.. - 1 = -, which gives £ = 

■*2 — v t 

By similar arguments we prove rj = 


Lxj 4- 
•y 4- /' 
(yi + 

S + t 

tZ\ 4 - sz 2 
s + t 


(X.l 2) 


In particular, the co-ordinates of the mid-point of PQ are 

*1 + *2 }', + y 2 Zi + *2 
2 * 2*2 
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98. Equation to a Surface. If in any equation F(x t y, z) = 0 
involving the three variables at, y, z we put z = 0, we obtain an 
equation in .v and y which we know represents a curve of some 
kind in the -vy-planc. Let M be any point on this curve and substitute 
in the equation f(x t y t z) = 0 the values which x and y have at Af. 
Solving the resulting equation for z, we obtain one or more values 
of z, and if P be a point on the line through M parallel to the z-axis 
such that MP is equal to one of those values of z, then the locus of P 
will, in general, be a surface. The equation F(x t y t z) = 0 represents 
then, in general, a surface of some kind. Two surfaces F(x,y , z) = 0 
and/ (x, y , z) — 0 will intersect along a curve, and these two equa¬ 
tions will together represent this curve. If the two surfaces arc 
plane, their intersection will be a straight line. 

99. Forms of the Equation of a Plane. A surface is plane when the 
straight line joining any two points in it lies wholly in the surface. 
We shall show that the general equation of the first degree in x t y t z 
represents a plane. This equation is 

ax -f- by -}- cz -f- d = 0 (where a , b , c, d are constants) . (X.13) 

Let P(x l% y lt z,) and Q(x 2 , y 2t z 2 ) be any two points on the surface 
(X.I3), and let /<(£, rj t £) be a point in the straight line PQ dividing 
that line in the ratio s:t. 

We have ax x + by\ + cz x + d = 0 . . (I) 

and ax 2 + by 2 + cz 2 + d = 0 . . (2) 

since P and Q are on the surface. 

Multiplying (1) by —*— and (2) by and adding, we obtain 

s t s T / 


* '^4^’ + b + c 2i±S + jL±J 

s+i T s + / s + r s + r 


■•e- a{ + br) + c£ + d = 0 [by (X.12)] 

The point R therefore lies on the surface whatever be the actual 
value of the ratio s:t. The surface satisfies the definition of a plane, 
so that the equation (X.I3) is the equation of a plane. 

Let the plane cut the axes of x t y, z at distances a\ b\ c' respectively 
from the origin. Then a = value of x obtained by putting y = 0, 
z = 0 in (X.13) 



a 


so that 
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Hence <? = --„ and similarly b = — ~ and c = — ~ 

Substituting these values in (X. 13) we obtain, after division by - d 

£ + F + ? =l • • • < X| 4) 

This is the intercept form of the equation of a plane. 



Fig. 82 


In Fig. 82, P is any point (x, y , z) in a plane and Oil = p is the 
perpendicular from the origin on to the plane. Let /, m y n be the 
direction-cosines of the line OH. Then, if PM be drawn perpendicular 
to the xy-plane and MK perpendicular to the x-axis, OK = x y 
KM = y y and MP = r, and also cos I/OK = /, cos (angle between Oil 
and KM) = m, and cos (angle between OH and MP) = n. 

Now p = projection of OP on OH 


= sum of projections of OK y KM y MP on OH 
= xl -f- ym -f- zn 

or lx + my + nz = p .(X.15) 

This is the perpendicular form of the equation of a plane. 

The equation of a plane can easily be transformed from one form 
to another. Comparing the forms (X.13) and (X.I5), we see that 
A niy n must be proportional to a , b y c, so that, by (X.l 1), 

b 


a 


c 
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and therefore n =- y — It follows that we can trans- 

\ a- r b- t c- 

form (X.13) into the form (X.15) by simply dividing each term 
by V(T- + b- + c-. 

Again, comparing (X.I4) and (X.I5) we sec that 

la' = mb' = nc = p 

whence I 2 ! nr -I- n 2 = ~ -fc* ^ 1- ^ 

so that — 4- TTj + v* = ^ 

a - b - c* p- 


EXAMPLE 

Find the equation of the plane passing through the three points (2, 3, 4), 
(- 3, 5, I). (4, - I, 2), and find also the angles which the normal to this plane 
makes with the axes of reference. 

Let the equation of the plane be 

ax + by + c: + »/ =■ 0 . . . . (I) 

Then since the three points lie on the plane 

2a + 3A + 4c + d 0 . . . . (2) 

- 3<i + 5b + c (t = 0 . . . . (3) 

4<i - b + 2c + d = 0 . . . . (4) 

Eliminating a, h, c, </, between (I). (2), (3). and (4), wc obtain 

x y 2 1 

2 3 4 1 

- 3 5 I I 

4-1 2 I 

On expansion, this reduces lo x + y— z- I = 0. which is Ihe required 
equation of the plane. 1 1 

Expressed in the "perpendicular" form, this equation becomes 

-!- z - y=. = 0; and if the normal to the plane makes angles a, p, y with the 


- 0 (Sec Art. 5.) 


'3 'J I 1 

x, y, and z axes respectively, then cos * = - 0 5774, cos p ** 

cos y — — = - 0 5774. 

Hence, a = 54° 44', p = 54® 44'. y — 125° 16'. 


v 3 


0-5774. 


Since two planes intersect along a straight line, the equations 
of these planes taken together will represent a straight line. Thus, 
ax + by + cz 4- d = 0 and Ax -f- By + Cz -f D = 0, together 
represent their line of section. In the next article wc deduce a more 
convenient form for the equations of a straight line. 
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100. Distance Between Two Given Points and Equations of a 
Straight Line. Let P (.r„ r„ = x ) and Q (.v 2 , y 2% z 2 ) be two points in 
space. If the origin be transferred lo P 9 the axes remaining parallel 
to their original positions, then the co-ordinates of Q become 
-v 2 — x lt }> 2 — JT» z 2 ~ -i- It follows from (X.I) that the length PQ 
is given by 

PQ = V(x 2 - x,) 2 + 0+ (Z 2 - z,) 2 (X. 1 7) 

If PQ = /- is constant and P is fixed in position, the locus of Q 
is a sphere of radius r and centre P\ the equation of this sphere is 
therefore 

(x - xtf + O’ - yi) 2 + (2- z i) 2 = r 2 . (X. 1 8) 

the suffix 2 being dropped since Q is now any point satisfying the 
given condition. 

Again, if /, m y n are the direction-cosines of the line PQ the 
relations (X.8) give 

or = >VzZi = = r . . . (X.I9) 

l m n 


Regarding the point Q as any point on the line through P wc drop 
the suflix 2 and write 


* —*i = y-yi = Lz3 
/ m n 


r 


(X.20) 


which are the standard or symmetrical equations of a straight line. 
The co-ordinates of any point on the line are given by 

x = x x -f rl \ 

y — yi + rm 1 . . (X.2I) 

z =* z x -f- rn ' 

The equations of a straight line through the origin are, from 
(X.20) 

^ — = - = r . . - (X.22) 

l m n 


EXAMPLE 


The equations of a line are 


x- 3 y + 2 z- 17 = 0 
2x + 3y — 4z +14 = 0 


. (I) 
. ( 2 ) 
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Express these in symmetrical form. 

Adding (I) and (2) to eliminate y, we have 

$x- 2z 3 — 0 or -y- = j . . . . (3) 

Multiplying (I) by 2 and subtracting (2) to eliminate .r, we have 

-9y + 8z-48 =0or|=£^ . . . (4) 

Combining (3) and (4), we obtain the required equations 

x- 1 _y +_54 z x - i y + 5\ z 

2 2i ~ 3 ° r 6 = 8 “9 

The direction-cosines of the line arc therefore proportional to 6 , 8 , 9. and their 

6 8 9 

actual values arc by (X.l I), - 7 —- —- —--- 

V 181 \ 181 v | 8 I 

101. Angle Between Two Lines whose Direction-cosines are 
Known. Let OP, OQ (Fig. 83) be two lines through the origin 



F 10 . 83 


parallel to the given lines whose direction-cosines are /,, m„ //, and 
/.,, m 2 , n 2 respectively. Then the angle 0 between the given lines is 
cquaf to the angle POQ. If OP = r„ OQ = r 2 , then, by (X.8), the 
rectangular co-ordinates of P arc r x / l9 r x m l% r,/;,. and of Q t rJ 2 . 

r 2 tti 2 , r.y/ij. 

Hence, by (X.l 7) 

PQ- = (rj 2 — r x IJ* -f (r^7i z — r,™,) 2 -f (#y% — r x n x ) 2 

= r 2 2 (l 2 2 + nu 2 -F n 2 2 ) -F r 2 (l 2 -F m 2 + //, 2 ) 

— 2r 1 r 2 (/,/ 2 -F m x nu -F n x n 2 ) 

= r 2 2 -F r 2 — 2r l r 2 {I l ! 2 -F m l m t -F n x n^ 
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Now, from the triangle POQ 

cos 0 = 9H + OQ 2 ~ p Q* 

2OP . OQ 

_ r i“ r 2 2 ~ r 2 2 ~ r i“ 2 / |/-.,(/,/.> j- /?/,/;/., j //,//.,) 

2r l r 2 

i.e. cos 0 = /j/o 4- -f //,//•>.(X.23) 

The condition that the lines arc at right angles is cos 0 = 0 
or V* + + "i" 2 = 0 • • (X.24) 

An expression for sin 2 0 is found as follows— 
sin 2 0= 1 - cos 2 0= 1 - (/ x / 2 + WlW| -f //p/o ) 2 

= {fi ■+■ '«i 2 4- 'h 2 ) (/ 2 2 4- /w 8 2 + « 2 2 ) — (V* 4- w,/w 2 4- /V'a ) 2 

'W 4- w 2 2 /i 2 4- 4 2 w , 2 4- /Wj 2 /i 2 2 4- /ii */ 2 2 4- w 2 2 /, i 8 
— 2/ 1 / 2 w 1 m 2 — 2 m l ni 2 n l n 2 — 2// 1 //- 2 / 1 / 1 > 

i.c. sin 2 6 / = (/ lW2 - / 2Wl )2 4 - ( Wl /i 2 - /n ^) 2 4- - // 2 /,) 2 (X.25) 

102. Angle Between Two Given Planes. Let the given planes be 

4-V4-V4-</i = 0 . . (X.26) 

and fl 2 x4-% + c 2 z4 -(/ 2 = 0 . . (X.27) 

The angle between two planes is equal to the angle between the 
normals to these planes. Now the normals to the planes (X.26) and 
(X.27) have direction-cosines proportional to a l9 b lt c t and a 2> b 2t c 2 
respectively. The actual direction-cosines of the normals are therefore 


and 


Vo? + *,* + V’ Va? + V + c/ + *71- c t 


_ — - *» __ » 

vV + V+ c,*’ Vo, 2 + V 4- c/ Va,* + *,* + c, s 

and, if 0 is the angle between the planes, then 

cos 0 = __-‘ii . (X.28) 

Vw + *7 + *7) («7»* + v + C,*) 

If the planes are at right angles 

« 1 <% + * 1*2 + C 1 C 2 = 0 


(X.29) 
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103. Equations of a Straight Line Through Two Given Points. The 
equations of any straight line through the point (*„ v„ r x ) are, 
by (X.20), 


*-*i = y - )i = z -zi 

l m n 


(X.30) 


If the point (x 2 , y 2 , z 2 ) lies on the line (X.30), then 

*2 ~ V» = }'t ~ Vi = Z 2 Z| 

/ m n 


(X.31) 


Dividing corresponding ratios in (X.30) and (X.31), we obtain 

= = . . (X.32) 

V 2-*l )'li — yi ”2 “ 1 

I hose arc the equations of the straight line passing through the 
points (.Vj, y lt r,) and (x 2 , y 2 , z 2 ). 

EXAMPLE 1 

Two places P and Q on ihc earth's surface arc in north latitudes 0, and 0, 
respectively, and the difference of their longitudes is Show that the angular 
distance between the earth’s radii through P and Q is 

cos'* (cos 0j cos 0, cos 4> + sin 0, sin 0*) (U.L.) 



Let the centre O of the earth be taken as origin, and let the equatorial plane 
be the ary-plane, P being assumed to lie on the ry-planc (Fig. 84). If /„ m„ n, 
arc the direction-cosines of the line OP, then 

/, = cos XOP = cos 90* = 0 

m, = cos YOP = cos 0, 

n x = cos ZOP = cos (90° - 0,) = sin 0, 
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««^.P.KJ*^ epr0 ^!i. 0nor0<? °n ,hc -V-planc. Then QON = 0. {on = 6 
so that the polar co-ordinates of Q are r 90'— 0 90° — a. . , 

co-ordinates are by (X.4, X.5, X.6) " *' and " S reclan S«'‘T 

a- = r sin (90° - 0.) cos (90" - 0) r cos ft. sin * 

V = r sin (90" - 0 2 ) sin (90" - ■/,) . , cos 0. cos * 
z =* r sin 0 a 

Hence, the direction-cosines L, n. of OQ arc given by 




cos 0., sin ni.. — = cos 0 .. cos // 2 — 2 sin 0 


If 0 is the angle TOC?, then 

cos 0 = y 2 + // V /, 2 |- Wl/I , - o cos 0, cos 0 2 cos * sin 0 x sin 0 a 
or 0 = cos- 1 (cos 0, cos 0 2 cos * + sin 0, sin 0 2 ) 

EXAMPLE 2 

are™™ ‘ h *L , 5? ™ gl ? 0 bctwcc , n ,wo s,rai S hl line* whose direction-cosines 
' 1 ", ™*P 0C,| ve | y. is given by cos 0 - //' f 
The co-ordinates of the angular points A, B. C. D of a tetrahedron are 

nearest mini.tAth *’ i 4 ’ ” and (1, 2> 3) rc spcctivcly. Calculate to the 

? hc an J» ,c bctwcen thc cd gcs AC and BD. (U.L.) 

n 0 zv part of lhc c l ucslion . see Art. 101. 

My (X.32) thc equations of thc line AC are 


x + 2 


- 1 


z- 3 


2 + 2 4- I ~ -1 - 3 

and the equations of the line BD arc 

3 y +I Z-2 
1 - 3 


or 


x + 2 


y- i z-j 

3 ~ — 4 


2 + I ~ 3 - 2 ° r — 2 


*- 3 _ y £-J 


The direct i on-cosines of /IC arc therefore proportional to 4, 3, - 4, and those 

of to — 2, 3, 1. The actual direction-cosines of AC and BD arc —— t —£=. 

. 2 3 1 VAl V41 

V4\’ ^TZ> T/rr' If 0 is the angle between AC and BD, then 

by (X.23), 


cos 


o--±= I 3 _. 3 , ( 4 \ 1 

V4I \ V|4/ V41 Vl4 \ V41/ V14 


“-v^-- 0 - 1252 

0 == 97° 12' 

Sftf tbc °btuse angle between thc lines; the acute angle between them is 
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EXAMPLE 3 

Find the equations of the line which passes through the point (2, — 6, 5) 
and which is perpendicular to the plane containing the points (2, — 3, — 4), 
(- 3, 2, 3 5), (2-5, 1,-1). 

As in Example, Art. 99, the equation of the plane through the three given 
points is 

x y 2 I 1 

2-3-4 1 

- 3 2 3-5 I 

2-5 I - I I 

which reduces to 4x — 5 y r 6: + I = 0. 

The direction-cosines of the normal to the plane are proportional to 4, — 5, 6. 

Let — = -- be the equations of the line through (2, — 6, 5); 

then if this line is perpendicular to the given plane, it is parallel to the normal 
to the plane, so that /, »i, n are proportional to 4, — 5, 6. Hence, the equations 
of the line are 

x — 2 y t 6 r — 5 
4 ~ - 5 6 


EXAMPLE 4 

Assuming the plane 4x - 3/ I- lz = 0 to be horizontal, find (I) the equations 
of the vertical line through the origin, (2) the direction-cosines of the line of 
greatest slope in the plane 2x }- y — 5r =» 0. 

(I) The equation of any straight line through the origin is -j =* 

this line is vertical its direction-cosines arc proportional to 4. — 3, 7, since the 
line is normal to the plane 4* — 3 y 4- 7z =* 0. The equations of the vertical arc 


x v 

then j ^ —r 
4 — 3 


T 


(2) Solving the equations 

4x - 3y + 7z « 0 
and 2x + y — 52 =» 0 

to obtain x and y in terms of z, we have 

* y _ 5 


15-7 14 + 20 


4—6°^ 


z 

17 


(1) 

( 2 ) 

(3) 


The equations (3) arc the equations of the line of intersection of the planes 
whose equations arc (I) and (2). Let /', m, n\ be the direction-cosines of the 
line of greatest slope in the plane (2). Since this line lies in the plane (2) it is 
perpendicular to the normal to that plane, so that we have 

2/' + m' — 5#i' - 0.(•*) 


The line of greatest slope is perpendicular to the line of intersection (3); hence 

4V + \lnx + 5/T = 0 . . . • (5) 
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Solving (4) and (5), we obtain /' : m \ n 


m 


Vll’ 


1 

W\ 


= 3 : — I : I; therefore /' = 



104. Length of Perpendicular from (a) a Given Point to a Given 
Plane; (b) a Given Point to a Given Straight Line, (a) Let (.v,, y lt z,) 
be the given point and let the equation of the given plane, expressed 
in “perpendicular** form, be 

/.v + my + nz — p = 0 . . (I) 

The equation of a plane parallel to the plane (1) is 

lx -f my + nz — p' = 0 . . (2) 

since the normals to two parallel planes have the same direction- 
cosines. 

(*i» )>\> Z\) lies on the plane (2), then /x, 4- my l -f nz x = p\ 
Now/? = length of perpendicular from the origin on the plane (1), 
and /?' = length of perpendicular from the origin on the plane (2). 

Length of perpendicular from (x l9 y x , z x ) on the plane (1) 

= P — P = lx x + my x -f- nz x — p . (X.33) 

If the equation of the given plane is expressed in the form ax -f* by 
-f cz -h (l = 0, we transform it to the “perpendicular” form 

ax -f by 4- c z -f d _ ft 

Va* + b 2 + c* 


and by substituting x x , y l9 z x for x, y t z we obtain 

ax x + by x -f cz x -f d 

Va 2 + ^ 2 + c* 


(X.34) 


which is the length of perpendicular from (x l9 y Xt z x ) to the plane 
ax + by + cz + d =0. 

The equations of the perpendicular from (x X9 y X9 z x ) to the plane (1) 
are 


x-x x = y y x = z-z x 
l m n 

(b) Let (xr lt y X9 z x ) be the given point and 

x — u _ y — v __ z — w 
l ~~ m — n 


(X.35) 


(X.36) 


*4—(T.6xx) 
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the given straight li ne. T he distance betwe en the points (.r„ y lt rj 
and (//, v, h) is V(x l — u)~ 4- Oi ~ v ) 2 4- ( z i — wj* = d y say; and 
the equations of the line joining these points are by (X.32) 


-V — u y — v 
x i “ u ~~ ) i ~ v 



(X.37) 


The dircction-cosincs of this line are 


.v, — u y x — v z t — w 


so that 


d * d ’ d 

if 0 is the angle between the lines (X.36) and (X.37J, then, by (X.23) 


cos 0 


sin 0 


l(.x l — u) w(r, — ») n(z x — w) 


, and, hence 


— «) + "'(.r, - v) + n(z, - •»•))“ 

V d- 


Now the perpendicular distance p from (x x> y lt z x ) to the line (X.36) 
= d sin 0 Vd 2 — {/(.Vj — u) ~4 ni(y x — v) -f n(z x — w)} 2 


i.c. 


,, /(*i - w)“ + 0*i - v ) 2 + (*i - »») 2 - {/(*i - *5 

V 4- '«0*i “ v ) + "( z i ” u ')} 2 • ( x - 38 > 


105. Shortest Distance Between Two Given Straight Lines. Let 
the given straight lines be 

. . (X.39) 

*1 ™\ «1 

and . . (x.40) 

*2 n 2 

The plane Lx |- my |- nz = p will contain the line (X.40) if 

lx 2 4- my t 4- nz 2 — p = 0 . . (X.41) 

and // a 4- mm t 4 nn 2 = 0 . . (X.42) 

for the point (x 2t y 2 , z 2 ) will lie on the plane, and the normal to the 
plane will be perpendicular to the line (X.40). 

Again, the plane will be parallel to the line (X.39) if 

U x 4- mm x 4- nn l = 0 


(X.43) 
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Eliminating /, />/, 
the equations (X.41) 


n t — /> between the equation of the plane and 
to (X.43), we obtain 


X 

y 

z 

x 2 

)2 

- 

4 

m 2 

n 

4 

”h 

n 



= 0, which reduces 


to 


x y z 


.v 2 y z jo 

4 n h "> 

— 

4 m > 1*2 

4 »h • h 


/, m, /), 


0 . . (X.44) 


This is the equation of the plane containing the line (X.40) and 
parallel to the line (X.39). The shortest distance d between the lines 
(X.39) and (X.40) is equal to the perpendicular distance of the point 
z i ) ^ rom the plane (X.44). By (X.34), d is found by substituting 
z i f° r Xy y t z in the left-hand side of (X.44) and dividing by the 
sum of the squares of the coefficients of x, z. 


± 


* = ± 



x i yi z i 
4 n 2 

/, m, n x 


*a / 2 r 2 

4 "2 

/, m, //, 1 


l\m 2 n 2 

V \m x n x 

2 

+ 

n 2 / 2 

4 

*" 1/t *V*’ 


■, which reduces to 


(v L — m x n 2 ) 4- (Ti — ~ "i4) I (-i V"*) 

; («2^1 n Jz) Z ' (4 W 1 V»2>* 

(X.45) 


If Vy m'y ri are the direction-cosines of the line on which the 
shortest distance between the lines (X.39) and (X.40) is intercepted, 
then V y m'y ri are also the direction-cosines of the normal to the 
plane (X.44), so that we have 


V: rri: ri = m 2 n x — m i n 2 :n 2 l l — nj 2 : l 2 m y — l x m 2 (X.46) 


example 1 

Find the length of the common perpendicular to the two lines * + 7 = 18 — 2/ 
™.*0 and x = 2 / = 2(1 — z ); and find also the equations of the line on 
which this perpendicular is intercepted and the points in which it intersects the 
given lines. 
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We can write the equations of the given lines as 

x + 7 _ y - 9 ^ z- 4 
10 “ - 5 “ 1 


and 


x y z-l 

2 ~ I ” - f 


(1) 

(2) 


Using the above method, we deduce the length 6 of the common perpen¬ 
dicular to the two lines. 

A = . <~ 7 — 0) (1 — 5) + (9- 0)(- 1 0- 2) + (4- 1)(- 10- 10) 

v'cT^"5j* + (- 10- 2)* + (- 10- 10)» 

28- 1 08 - 60 
V\b~+ 144 + 400 

V |40 _ 

whence d = —- = ^35 = 5*916 

Let the line on which the common perpendicular is intercepted be 

*- « y-ft *-y 

V m n' 

where wc can assume (*, fl, y) to be the point in which this line intersects the 
line (I). By (X.46), /', m' t n arc proportional to I — 5, — 10 — 2, — 10 — 10, 
i.c. to 1,3, 5, so that the equations of the line become 

*- g _ y -p _ *-y 0) 


The equation of any plane through the point (x. P, y) is 

a(x - a) + b(y-p) + c(z - y) - 0 . . . (4) 

If the plane (4) contains the lines (3) and (2), the normal to the plane will be 
perpendicular to these lines, so that wc have 

l.o+3.6 + S.c-0 . . . -(5) 

and 2.a+l.6-1. c«0 . . • • < 6) 

The point (0, 0. I) lies on the plane (4); hence, 

a(- oc) + b(- p) + c(l - y) = 0 

or a<i + ^H(y - l)c = 0 . . . • (V 


Eliminating a, b t c between the equations (5), (6), (7), wc have 
3 51 

= 0, which reduces to 8x — 1 Ip + 5y = 5 


1 - 1 

P y- i 


The point (a, p, y) lies on the line (I). so that 


* + 7 _ P-9 _ y -4 
10 " - 5 1 ’ 


( 8 ) 


or 


a = lOy— 47, p = — 5y + 29. Substituting these values of a, p, in (8), wc 
obtain ultimately y = 5, and therefore a = 3, p = 4. The equations (3) become 

x — 3 v—4 z—5 
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LCt <a \f* y 2 bC ! , he P° inl in which ,hc ,incs ( 2 ) and (9) intersect; then 

a'-3 /T-4 y'-S 


from (2)|=f = >■-—. and from (9, ^ ^ „ encc , 


fi' _ ^ 

a ~ 2 P = 3 ~ + 3 » so that P' — I. *' = 2 , and therefore y' = 0 . The 

common perpendicular to the given two lines lies along the line * - 3 = y ~ 4 

= ~5 ~’ and il mects the § iven lines at the points (3, 4, 5) and ( 2 , I, 0 ) 
respectively. 

EXAMPLE 2 

p r°v e that the planes > £ ~ Uj + 16z - 28 - 0. 6 * + 6 , - 7, - 8 - 0 . and 
™ + 12 = 0 have a common line of intersection. Prove also that 

the point in which the line = J- _ z ^2 meets the third plane is equi- 
distant from the other two planes. 

The equation of a plane through the line of intersection of the planes 

12*- 15y + 16r- 28 *= 0 . . . (|) 

6 * + 6y-7z-8 = 0 . . . (2) 

12*- 15y + I6r-28 + *( 6 * + 6y-7z-8)-0 . (3) 

"2 ?" 1 * ** somc e instant, for the equation (3) is of the first degree in *, y, r, 

Th. i!ilS U ?iv 0f ■ W* W ^ ich salisf >' (,) and (2) simultaneously also satisfy (3). 
me plane (3) will be identical with the plane 2 * + 35y - 39 z + 12 « 0 , 

provided .ha, the ratios £±2. + ^ 8 -J* have |h# ^ 

value for some particular value of k. The equation 6 + 3 * - ~ 15 + 6k gives 

* - - IT. and for this value of *, 6 + 3* - ~ - l5 ,+ 6 * - - t an d also 
16 — Ik 9 -28—8* 9 

— 39 = 11 and 12 = “ n* Thc thrcc S ,vcn P ,ancs havc therefore 

a common line of intersection. 

The co-ordinates of any point on thc line — 3 — = =* * - y 3 = r arc given 

X , V ^ = “ 2 r t 2 = 3 + r. Substituting these values in the equation 

^* + 35y _ 39z + 12 = 0 , we obtain ultimately r = - 1 , whence * = - 2. 

' A 2 " 2 * The distance of thc point (— 2 , 2 , 2 ) from thc plane (I) above is 


and 

is 


12(- 2 )- 15 (2) + 16(2)-28 
V12* + (- 15)* +76* 
and from the plane ( 2 ), 


— 2 numerically 


6(-2)+ 6(2)-7(2)-8 

V 6 -i- + 6, +7- 7)* ' = 2 numcrica,l >' 
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106. Projection of an Area on a Given Plane. In Fig. 85, PQRSTUV 
is any area S in a plane G\ and from every point on the boundary 
of 5 perpendiculars Pp, Qq. Rr y etc., are drawn to a second plane //, 
the angle between the planes G and // being 0. The area S' enclosed 
by the curve pqrs/uv in the plane // is called the projection of the 
area S on the plane H. PQTU is a narrow strip of breadth h in the 
area S perpendicular to the line of intersection of the planes G and 



//, and pqtu is the projection of this strip on the plane H. Since // is 
small, the area PQTU = PU x // approximately, and the area 
pqtu — pit X // approximately. 

area pqtu pu x h _ pu 
area PQTU ~ PU x h ~PU~ COSU 
This relation will be true for every corresponding pair of such 
strips, so that 

— area pqtu 
S area PQTU = COS 0 


Now Lt. 

h -► o 

we have 


E area pqtu = S' and Lt. £ area PQTU = S; hence, 

A —O 


~ = cos 0 or S’ = 5 cos 0 . . (X.47) 
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Thus, if the normal to the plane of any area 5 in space makes 
angles a, ft, y with the axes of reference OX, OY. 07 . respectively 
then the projections 5,.., S.,, s„ of 5 on the rr, - v. and at planes 
are given by • ' 

•S'yc = 5 cos a j 

S :r = Scosft' . . . (X.48) 

Sxv = s COS y I 

Squaring and adding, we obtain 

52 (cos 2 a + cos 2 ft -b cos 2 y) -- S„. 2 -b S„ 2 f- S, 2 
or, since cos 2 a + cos 2 ft -b cos 2 y = I 

•S„« 2 + + S x „ 2 = S 2 . . (X.49) 

Again, if the plane of S makes an angle </> with another plane, 
the inclinations to OX, O Y, OZ of the normal to which are a', ft', y' 
then, by (X.23) 

cos (/> = cos a cos a' -b cos ft cos ft' -b cos y cos y' 

Also, by (X.47), the projection of S on this plane 

= S cos </> = S cos a cos a' -b S cos ft cos ft' -b S cos y cos y' 
i.e. projection of S on the second plane 

= S vz cos a -b S gx cos ft' -b S xy cos y\ . (X.50) 


EXAMPLE I 

Prove that the area of the triangle whose angular points arc (at,, yft, (x 2 , y 2 ) 

y» * 


(* 3 . y 3 ) is equal to 


x 2 y 2 I 

*3 y* » 


Find the volume of the tetrahedron whose angular points arc (1,2, 3), (2, 3, 5), 

(“2, - 1,2), and (3,0, - 3). _•_ 

The distance d between the points (x 2 ,y 2 ) and (x 9 ,y a ) is V(x 2 — x 3 ) 2 + (y 2 — y 3 ) 2 , 

the equation of the line joining these points is * _ X * = ——— 


or 


O'* — y 3 )x - (x t - x 3 )y - x 3 y 2 + x 2 y 3 = 0 . . . (I) 

The length of the perpendicular p from (x„ y t ) to the line (1) is given by 


O'* - y 3 )x, - (x 2 - x 3 )y t — xrft -F x 2 y 3 = 
v (yt-y*)* + (x t - *.>* 


Xi y, 1 

X, y 2 1 
*3 T* J_ 

t! 


P 
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•*i )'i 1 

The area of the triangle = \pd = \ x, v 2 I 

*3 )’> 1 

Let the angular points of the tetrahedron be A, B, C, D, in order. 

I 
I 


The equation of the plane BCD is 


* y z 

2 3 5 

— 2—1 2 

3 0-3 


which reduces to 23*- 35>- + I 62 - 21 = 0. [See Art. 99. Ex.J 
By (X.34), the perpendicular/? from the point (I. 2. 3.) on the plane BCD is 
given by 1 

23(1)- 35(2) -f 16(3)- 21 20 


P = 


23* + 35* + 16* 


' 7 2 010 


Let .S denote the area of the triangle BCD ; then the projection of S on the 
yr-plane = = area of the triangle whose angular points arc (v = 3 . z = 5 ), 

(y — — I, j = 2). (y = 0, r = — 3). V 


Hence by above, S, z - ] 


Similarly, 




and 


^ - 3 


3 5 

- I 2 
0- 3 

2 5 

-2 2 
3-3 

2 3 
- 2-1 

3 0 


= V 


•• • 


* V - 8 


By (X.49), 5 \ 5 + S iX * + S x * - \ V529 + I 225 + 256 - J V 2010 

The volume of a tetrahedron is equal to one-third the area of its base 
multiplied by its perpendicular height. 

Volume of tetrahedron « $Sp = j• - 2 ° -- . -£L= = 3J 


2 ‘V2 0I0 


EXAMPLE 2 


A tetrahedron is formed by the planes 3* + 4y H 52 = 30, 3* + 4y = 0. 
4y + 5r *= 0. 5r + 3* — 0 ; find its volume. 

Solving the first, second, and third equations simultaneously, we obtain 
x ~°* y = ” 7 ' 5 » z = 6 - Similarly, from the first, second, and fourth, we 
obtain * ~ *0, y — 7-5, 2 = 6 ; from the first, third, and fourth wc obtain 

x y — 7 '5, 2 = — 6; from the second, third, and fourth wc obtain * = 0 , 
y = 0 , 2 = 0 . 

The vertices of the tetrahedron arc therefore the points A (10. - 7-5, 6). 
B (— >0. 7 *. 6 >. C- 00, 7-5, - 6). D (0. 0. 0). 

The equation of the plane ABC is 3x + 4y + 5z = 30, since the other three 
planes meet at^the origin; and the perpendicular p on this plane from D is 

CqUal l ° V 3 * + 4 t + 5 . or 3^2 numerically. 
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If 5 denotes the area ABC, then, as in Ex. I, 
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= A 

- 7-5 6 I 

7-5 6 I 

— 1 .*• 

1 1 1 


7-5-6 I 



^ xx = i 

10 6 1 

- 10 6 1 

= 30 

1 1 1 


10- 6 1 

10-7-5 1 
- 10 7-5 1 

_ 7 A 

•• * 

1—1 I 


10 7-5 1 


1 1 1 


= 90 


120 


150 


S = V90* + I20 2 + 150* = 150^2 

Volume of tetrahedron - * Sp - $ x IS0v/2 x 3^2 = 300 

'° 7 ', ^ urfaccs of the Second Degree. Tangent Planes. The most 
general equation of the second degree in x , y, z is 

ox 2 4- by 2 -f cz 2 4 - 2fy Z 4- 2gzx 4- 2/r*y -f 2w* 

+ 2vy + 2wz + d=0 . . (X.5I) 

# A . 1 points where the surface represented by this is cut by the 
straight line J 


X — X\ 


y-yx 

m 


z — z 


1 = r 


(X.52) 


l m n 

we have 

*(*i -f- rl) 2 4 - b(y l 4- rm) 2 4 - c(z l 4- rn) 2 

+ 2 /Oi + rm ) ( z x + /-/i) + 2g(z, + /•//) (Xj - 1 - rl) 
-f- 2h(x l 4- rl) (y x 4 - rm) 4 - 2u(x l + rl) 

+ 2v 0'i + rm) 4- 2w(z 1 + rn) + cl = 0 
This equation can be written as 

r\al 2 4 - brri 8 4- c/i 2 4- 2/mn 4- 2 gnl 4- 2 him) 
l. d<f> M M\ 

+ T 55 + m + 11 g j + ****•*«> = 0 (X.53) 

where y t z ) denotes the expression on the left-hand side of 

(X.51) and are the values for a: = 7 = 7 ,, z = r, 

of the partial differential coefficients of <f>(x, y , r) with respect to 
x, y , z respectively. 
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The equation (X.53) is a quadratic in r, so that there are two points 
in \s Inch the straight line intersects the surface. If the point (.r„ >•„ z,) 
lies on the surface, then r,. r,) 0 and one root of the equation 

is zero. If, in addition, the other point of intersection coincides with 
( v i» .i*i. -i). then both roots of the equation arc zero, so that we must 
also have 


cV ^</> dtj> 


. (X.54) 


and in this case the straight line (X.52) is tangential to the surface. 
Eliminating /, w, n between (X.52) and (X.54), we obtain 

^<f> 

<* - ^+O' - /,) ^ +<-- - 4 = 0 ■ (x - 55) 

This is an equation of the first degree in .r, y, z and therefore 
represents a plane. Now the co-ordinates of any point on any 
tangent line to the surface (X.5I) through (x„ y l% z,) satisfy the 
equation (X.55), so that this equation represents the tangent plane 
to the surface at the point ( v,, r,, z,). 


liXAMPLE I 


Write down the equation of the normal at the point P whose co-ordinates arc 
(//. v, w) to the surface .t* + y* - z* «■ I. If the normal at P meets the surface 
again at Q. show that PQ 2(u* -f v 3 + m**)\ (U.L.) 


Let 4(x, y. :) .r 3 + y* - z* - I; then ^ = lx, ^ - 2y, « - 2z. 

The equation of the tangent plane at the point (//, »•, »»•) to the surface 
</.(.*, y, z) 0 is (x - u) 2a (y - v)2v + (z — »••)(- 2 m ) = 0 or 


itx + vy — h’Z = ir + i J — h-* = 


. (I) 


The direction-cosines of the normal at (//, v, w) arc proportional to u, v, — w, 
the coefficients of x, y, z in the equation (I). The equations of the normal arc 

therefore ~~~ *= — y -' = " where wc can take (*„ y t , z,) as the point Q 

in which the normal meets the surface again. Since (u, v, w) lies on the normal, 
wc have 

ii-x t _ v- y % _ w- z, = v <" - x t y + (v - y t ) % + (>v- z,) 3 
ii v — w Vip + » J + w* 

PQ L 

"v5 + 
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licsorTthc givc^surfacc wc ha\v ~ ' «= - -o,,,. 

.v, 2 | jy 1 - 2 ,-’ = | or//-(I - A) 2 ^ ,"(| _ A) 2 ii"(| i A) 2 = I 
(,/2 + v2 “ “ 2 ) ~ 2A<//= + x* + „ =) + A*(i/* + v* - „ 2 ) = | 

Now /, 2 + »■»- w* - I, since (//, »•, „•) lies on the si,rn.ee; hence. 

- 2A(// 2 + i~ ».- 5 ) + k* « 0 
i.e. k = 0 or k = 2(// 2 + »•* + 

PQ~ lS* U + n A“-*,‘? inndmiS ' ,blC hcre - NoW - * ^ V „ ^ , ,,, » «•»« 

EXAMPLE 2 

surfiefj^ + y°+ d 2j°" o haI ' hC P ' ane " + + cz + d 0 ,ouch « 'he 

*« +*+ sv* 0 of ,he ,anscm p,anc ,o ,he sphcre 

D J 4 I.' equation of the tangent plane at the point (x„ y„ z,) on the surface 
px + qy* + 2z = 0 is (* - a:,) 2^ar, + (y-y t ) 2 qy, + (*-*,> 2-0 or 

+ qyy% + r, = />x » 2 + yv , 2 + 2*1—0 . . (i) 

If the plane ax + by + cz + d «= 0 is identical with the plane (I), then wc 
must have =» I * £• or * = H v D L . _ d 

m / " b c d Pc'* 1 qc' 2 ' c 

INow f*i» .Vi» *,) lies on the surface, so that pxf + t/yp -f 2z, «= 0 

Hence />( pp) + q(4^ t ) + “ = °. °r j + ~ + led - 0. which is the 

required condition. P 1 

< 2 > J h * ®q“ atio n of the tangent plane to the given sphere at the point 
vA — 3, 6) is found to be 

2x- 3y + 6z = 49.(I) 

If 0 be the angle between the plane z = 0 and the plane (I), then by (X.28). 

cos 0 = *»-»-±.y> - 4* - « - 0-8571 

V2* + (- 3) 2 + 6* Vo 2 + 0* + 1* V49 7 

0 = 31° 

. ^ herw ‘ sc * s 'nc« the tangent plane at any point on a sphere is perpendicular 
the radius through that point, then 0 = angle between the radius through 

(2, — 3, 6) and the z-axis. Hence 0 = cos -1 ( — f[ - ) = cos" 1 % = 31°. 

\ radius / 7 

108. Plane Containing Chords which are Bisected at a Given Point. 

If tn Art. 107 the point (x„ y lf z t ) is the mid-point of the chord 
joining the points of intersection of the straight line with the surface. 
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then the two roots of the equation (X.53) will be equal and opposite, 
and accordingly we must have 



M C*<£ 

+ /w^ + /i^=0 
c>i az! 


(X.56) 


Eliminating /, m, n between (X.56) and (X.52) we have 

9^ 9^ 

(x - ,,) + 0- •- y x ) §*+(*- *,) gj = 0 (X.57) 


Since the co-ordinates of any point on any chord having (x x ,y x , z x ) 
as mid-point satisfy the equation (X.57), this must be the equation 
of the plane containing all such chords. Although (X.57) is of the 
same form as (X.55), the reader should note that (x lt z x ) is not 
on the surface in the case of (X.57). 


109. Locus of the Mid-points of a System of Parallel Chords. The 
equation (X.56) of the last article gives the condition that the chord 
whose direction-cosines arc /, m, n has the point (.v„ y lt z,) as its 
mid-point. If the chord moves parallel to itself the locus of its 
mid-point is therefore the plane 


?<f> 

/ r + m r- + n ^ 
ox c*r oz 


0 


(X.58) 


Such a plane is called a diametral plane. 


110. Principal Planes. A diametral plane of a surface of the 
second degree (or quadric surface) becomes a principal plane when 
it is perpendicular to the chords through whose mid-points it passes. 

example 1 

Find the equation of the plane containing the chords of the sphere 
(*- 3J* + 0 + 2)* + (2- I) 1 = 9 

which have the point (2. — I. 0*5) as their common mid-point. Find also the 
radius of the circle in which the plane cuts the sphere. 

Let 4>(x, y, z) - (x - 3)* + (y + 2)* + (r — I)* — 9; then ^ = 2(x - 3); 
d</> 0 * Dx 

= 2(y +2); ^ «= 2 (z — I). Hence, when x = 2, y = — I, z = 0-5, 

M „ ?6 . a* 
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lie^n the ptonc Ch ° rdS ° f ' he SphCre havin S ,hc P° in « (2.-1. 0-5) as mid-point 

(ar- 2) (— 2) + (y + 1) (2) + (z- 0-5)(- 1) = 0 
° r 4x~ 4y + 2z — 13.(1) 

ArT hl i(^? tr TK 0f thC Spl ’, cre , is ,he P° int <3. ~ 2. 0 and the radius is 3. [Sec 
he perpendicular^ distance from the centre of the sphere to the 

plane (1) is (_ 4)1 + 2 , - or *' 5 - T hc radius r of the circle in which 

the plane (1) cuts the sphere is then given by r* = 3 2 - 1-5* = 6-75: whence 
r = 2-60 nearly. 

EXAMPLE 2 

Find the principal planes of the surface 

4x 2 + 8y» — 122* — 16yr + 32 zx - 48aj - 24y + 16* + 5 = 0 

a ^ lf lhc surface be denoted by 4>(x, v . z) = 0. we have ^ - 8x 4- 32/ - 48 y: 
by - I6y- 162 — 48* — 24; = - 242- I6» + 32x + 16. 

The equation of the diametral plane ol chords parallel to thc line 

/ m n 

is by (X.58) 

HSx -f 322 - 48y) + /wfl6y— 16/ - 48 a - 24) 

4- /i(— 24 7 — I(n -f 32 a 4 16) <= 0 
x(/- 6m + 4/r) + K- 6/ 4- 2m — 2/i) 

4* 2(4/ — 2m — 3/r) — 3m 4- 2/i = 0 
If the plane (2) is perpendicular to the line (1), we have 
!— 6m -f 4/i — 6/ 4- 2m - 2n 41- 2m- 3/r 

/ m 

• • (I — A:)/ — 6m 4- 4/i 

-6/4- (2- k)rn- 2n 
41— 2m- (3 4- k)n 

Eliminating /, m, n between thc equations (3), we obtain 

‘ \ — k — 6 4 

~ 6 2- it - 2 

4 - 2 - (3 4- k) 

This equation can be written 

k*(k 4- 3) - 3 k(k 4- 3) - 54 (k 4- 3) = 0 
(k 4- 3) (k - 9) (k 4- 6) = 0 
•’* k = — 3 or 9 or — 6 


(1) 


or 


( 2 ) 


At, say 


(3) 


= 0, which reduces to k 3 — 63k — 162 


0 


or 
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When k = - 3, ihc relations (3) give / : /// : n = I : 2 : 2 

” k = 9 * . = 2 : - 2 : 1 

„ k — — 6. „ = 2 : I : - 2 

The equation (2) then gives as the equations of the principal planes 
3.r - 6 y f- 6 z * 2 = 0, 18* - I8y -f 9r + 8 = 0. and 12* + 6y- \2z + 7 = 0 


111. Surfaces of ketolution. A curve v = / (z) in the jr-plane 
is rotated about the r-axis (lig. 86) and P is any point (a*, y y z) on 



Fto. 86 


the surface thus generated. The section of the surface made by a 
plane perpendicular to the r-axis and passing through P is a circle 
whose centre C lies on the r-axis. CMQ is a radius of this circle, 
M being the foot of the perpendicular from P on to the vr-plane. 

For the point />, at = MP % y = C\f t z = OC. Since CMP = 90°, 
•v 2 T /- = CP 2 = CQ 2 . Now Q is a point on the curve y = /(r) 
in the jc-planc, so that CQ = f(OC) = f(z). 

** + r - (/(-)]* . . (X.59) 

This is the equation of the surface of revolution generated by the 
rotation of the curve y = /(r) about the r-axis. Q 

Suppose now that P' is a point on MP produced such that -r^ p = 7 , 
where we take a greater than b. This gives b 

x = MP = - MP 
a 
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and the equation (X.59) becomes K MP - j v- _ [y (-)]- or 

MP’ 2 i-2 i 

a 2 + b* = £2 [/ (-)]" 

The locus ot P' is then the surface 

a 2 v 2 I 

+ b 2 b- [ / (r » a ’ * • < x - 60 ) 

I his is the equation of a surface (not of revolution) which is 
cut by the plane a* = 0 in the curves v-• ± f(z) and whose 
sections by planes perpendicular to the r-axis arc ellipses. 

112. The Cylinder. Let/(r) =• a. The equation (X.59) becomes 

A ' 2 ~h y* — a 2 . . . (X. 6 I) 

This is the equation of a right-circular cylinder, the section by any 
plane parallel to the xj-planc being a circle of radius a. 

Let f(z) = b. The equation (X.60) becomes 

x 2 v 2 

“2 + i* = ' • ■ • <X-62) 

This is the equation of an elliptical cylinder, tlie section by any 
plane parallel to the xj-plane being an ellipse of major axis 2 a and 
minor axis 2b. 

example 

A right-circular cylinder is cut by a sphere whose centre is on one of the 
generators of the cylinder. Prove that the projection of the curve of intersection 
n the plane containing the axis of the cylinder and the centre of the sphere is a 
parabola whose latus-rectum is twice the radius of the cylinder. (U.I..) 

Let the axis of the cylinder be taken as the r-axis, and let the plane containing 

e ax ,s and the centre of the sphere be taken as the yz-planc. Then, if a be the 
radius of the cylinder, its equation is 

*2 + y* = fl*.(I) 

r be the radius of the sphere, and if the centre be at a height h above the 
*y-plane, then the co-ordinates of the centre arc (0, j, //) and the equation of 
the sphere is therefore 


ISce Art. 100.] 


** + O'- a ) 2 + (z -//)* = r* 


( 2 ) 
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, 1 7 hc co ' ordma,cs of any point on the curve of intersection must satisfy equations 
(I) and („) simultaneously. Equating the values of *= from (I) and (2), we obtain 


or 


(z — h) z = 2a [y — a + ^ ) 


Transferring the origin to the point y = a - 2 = /,, we obtain the equation 

* = .(3) 

Ihis !s the projection of the curve of intersection on the yz-plane, and we sec 

that (J) is a parabola with latus-rcctum equal to 2 a or twice the radius of the 
cylinder. ’ 


113. The Cone. Lct/(r) = az. The equation (X.59) becomes 

.v 2 + f = tfz 2 . . . (X.63) 

This is the equation of a right-circular cone with its vertex at 
the origin and its axis along the r-axis. 

If/(r) = hz t the equation (X.60) becomes 



(X.64) 


This is the equation of a cone with its vertex at the origin whose 
sections by planes parallel to the .vj-plane arc ellipses. 


EXAMPLE 

Lind the equation of the plane which touches the cone x* -f y* ™ z 1 tan* a 

along the generator —- D — z — 

sin a cos ^ sin a sin 4> cos a 

I-ind the greatest value of a for which the cone can have two perpendicular 
tangent planes, and. supposing it to have two, determine the difference between 
the values of for the corresponding generators. (U.L.) 

Lei Ux.y. z) = ** + y* - 2 * ian» a; then ^ = 2*.^ = 2v, = - 2z lan’a. 

T . - dx *?y S'di 

i he equation of the tangent plane at the point (x„ y t , z,) on the cone is 

(x — x t )2x t + (y - yt)2y t -f (z — z,) (— 2zj tan* a) = 0 
which reduces to 

xx i + yyi - zz 1 tan* a = 0 . . • W 

If the point (.r,, y x , z,) is on the given generator, then 

* 1 - yi ' = sin a cos <f> : sin a sin * : cos a = cos 4 > : sin : cot a 

The equation (I) becomes 

* cos <j> f y sin 4 > — z tan a = 0 . . . • 

which is the equation of the tangent plane required. 



(3) 

(4) 
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to The vTues'TTaTTt; ofJZ P b y«) ^ 

x cos 4> l -f y sin <f> t — z Ian a = 0 . 
x cos 4>, + y sin 4> 2 — z tan a = 0 . 

If the planes (3) and (4) arc at right angles, then by (X.29) we have 
cos <f> l cos <f>., + sin <f> l sin 4> 2 + tan 2 a = 0 
° r tan2 a ~ cos (*, —- +.) 

The left side of (5) is greatest when cos (*, ~ tf*) - - J, i.e. when 4> x — <f> t 

The greatest value of a is obtained from the relation tan 2 a = 1; whence a =i - 

4 


(5) 

n. 

n 


114. The Sphere. If in (X.59) we put /(z) = Va 2 — z 2 , the 
equation becomes x 2 + y 2 = a 2 — z 2 

or * 2 + y 2 + Z 2 = a 2 [See Art. 95] . (X.65) 

This is the equation of a sphere of radius a with its centre at the 
origin, the generating curve in the ^z-plane being the circle y 2 4 - z 2 

If the centre is at the point (x l9 y lt z x ), the equation of the sphere is 

(x - Xl ) 2 (y - yi y (z — z ,) 2 - a 2 = 0 [See Art. 100] (X. 66 ) 

Expanding the left-hand side of this, we obtain 

* 2 4-.y 2 4- z 2 - 2x x x — 2yxy — 2z,z 4- x 2 +y x 2 -f z, 2 - a 2 = 0 
or x 2 4- y 2 4- r 2 4- 2 ux 4- 2vy 4- 2wz + d=0 . (X.67) 

where w, v, w and d are constants. 

Comparing (X.67) with (X.5I), we see that an equation of the 
second degree in x t y t z will represent a sphere, provided that (I) 
the coefficients of x 2 , y 2 t z 2 are equal, and (2) the terms in yz , zx t xy 
are absent. 

If/* is any point (£, rj , £) outside the sphere (X. 66 ), the square of 
the tangent from P to the sphere is equal to the square of the distance 
from P to the centre diminished by the square of the radius. This 
is easily seen from a figure. Hence (tangent from P) 2 = (£ — x x ) z 
+ (v-y l ) 2 + U-z 1 ) 2 -a 2 . 

It follows that if the co-ordinates £, rj t f are substituted for 
x > y> z in the left-hand side of the equation (X. 66 ) or (X.67), the 
result is equal to the square of the tangent from (£, tj , {) to the sphere. 
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We leave the reader to deduce that the tangent planes at the point 
(a',, y x , z x ) on the spheres (X.65) and (X.67) 

are xx x -{- yy\ -f- zz x = a 2 . . (X.68) 

and 


+ )Ji + zr i 


respectively. 


(X.69) 


EXAMPLE 1 


Show (hat the spheres 

a 2 I y 2 4 z* + by 4- 2z + 8 — 0 
and x z + v s 4- z 3 + 6a -I- 8/ 4- Az 4* 20 = 0 

intersect at right angles. 

Find the equation of the tangent plane to each sphere farthest from and 
parallel to the plane of intersection of the spheres. (U.L.) 

Let (a,. y x , z,) be a point on the curve of intersection of the two spheres 

a 3 4- y 3 4 z 3 i- by 4- 2z 4- 8 = 0 . . • (0 

and a 3 4* y* 4- z 3 4 6a 4- 8y 4 4z 4- 20 = 0 . . • (2) 

The equations of the tangent planes to the spheres (I) and (2) at the point 
<*i. Z\) af c by (X.69), 

AAj 4- yy x 4- zz, 4- 3(y 4- y,) 4- (z 4- z x ) 4- 8 ” 
and aa, 4- yy x 4* zz, -f 3(a 4- a,) 4- 4(y 4- y x ) 4 2(z + z x ) 4- 20 - 
respectively. These equations can be written as 

*a, 4- yiy x 4* 3) 4- z(z, 4 - 1 ) 4 - 3y, 4- *, 4- 8 « 0 

and a(a, 4- 3) 4- yO’, 4- 4) 4- z(z, 4- 2) 4 3 a, 4- 4y, 42z, 4* 20 - 0 

If the spheres (I) and (2) intersect at right angles, the planes (3) and 
at right angles. By (X.29) the required condition is 

a,(a, 4- 3) 4- (y, 4- 3) 0*1 4- 4) 4- (z, 4- I) (z, 4- 2) - 0 

or a, 3 4- y x 7 4- z, 3 4- 3a, 4- 7y x 4 - 3z, 4- 14 = 0 . 

Now (a„ y„ z,) lies on both spheres, so that from (1) and (2) we have 

V 4- y x l 4- *, 3 4* by x 4- 2z, 4-8 = 0. 

and a, 3 4- y, 3 4* z x 2 4- 6a, 4- 8y, 4- 4z, 4- 20 = 0 


0 

. (3) 
. (4) 
(4) arc 

. (5) 

. ( 6 ) 
. (7) 


Adding (6) and (7) and dividing throughout by 2, we obtain 
4- y, 3 4- z, 3 4- 3a, 4- 7y, 4- 3z, 4- 14 - 0 
Thus, the condition (5) is satisfied and the spheres intersect at right angles. 
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The equation of the plane of intersection of the two spheres is 

** + y> + + 6y + 2z + 8 _ a . 3 + yl+ ,, + 6r + iy . 4! + 20 

3x + y + * + 6 = o . (8) 

equations m by ' h , C c °-° rdinaI “ ° f any Poin. which sa.isfy .he 

S ( ) and (2) simultaneously. The equations of any plane parallel to (8) is 

3x + y + z + J =0 . . . . ( 9 ) 

poinT (x iS v S °,T, c °" s,an »- The equation (3) gives the tangcnl plane a. any 
P° n ,x ‘- y* *.) on the sphere (I), and if (3) and (9) are identical, we must have 


fi = y_x + 3 _ *1 + 1 _ 3 y x z x + 8 

3 1 “ F" “ d say 


. GO) 


Substituting x x -3 k, y x — k— 3, r t — k — 1 , in the equation (I) we obtain 
9k 2 4- ** - 6k + 9 + k 2 - 2k + 1 + 6k - 18 + 2k - 2 4- 8 - 0 

2 V22 


1 


which gives k 2 = jy or k - ± 

From (10) we have: d « 3 > + <*~ D + 8 _ 4 _ 2 _ 4 ^ ^ 

k k 

Since 4 — V 22 =» — 0-69 and 4 + v ^22 = 8-69, and we require the tangent 

ren»?Ji7 hCSt fr °™ thc P ,anc < 8 >* wc must lakc d = 4 “ V *2. Hence, the 
required tangent plane is from ( 9 ), 

3* + y+ z + 4 - V22 = 0 

Similarly, wc prove that thc required tangent plane to thc sphere (2) is 

3* + y + z + 15 -f 3 v/IT = 0 

EXAMPLE 2 

/ n Fin ^ *^ uation of the sphere which passes through thc four points (1,2, 3), 
W* ~ 2, 4), (4, - 4 , 2), and (3, 1, 4). 

Let the equation of thc sphere be 

+ y 2 + z 2 + 2 ux + 2vy + 2ivz + d - 0 . . (1) 

Since the given points lie on the sphere (1), we have 

1+4 + 9 + 2u + 4v+ 6w + d = 0 

° r 14 + 2u + 4v + 6w + d = 0 . . . (2) 

0 + 4+ 16 + O.m — 4v+ 8 h» + </ = 0 
° r 20 + 0. u - 4v + Sw + d = 0 . . . (3) 

16 + 16 + 4 + 8*/ — 8v + 4w + d = 0 
° r 36 + 8u - 8v + 4w + d = 0 . . . (4) 

9 + 1 + 16 + 6u + 2v + Sw + d = 0 

° r 26 + 6// + 2v + 8 h» + d = 0 . . (5) 
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Eliminating u, v t w , d, between the equations (I) to (5), we obtain 


# + y* + ** 

lx 

2 y 

2z 

I 

14 

2 

4 

6 

1 

20 

0 

- 4 

8 

1 

36 

8 

- 8 

4 

1 

26 

6 

2 

8 

1 


On expansion this reduces to 

* 2 + y z + z* - Ax + 2y - 2z = 8 
which is the equation of the sphere through the four given points. 

EXAMPLE 3 

Prove that the equation of the sphere described on the line joining the points 
(2, — I, 4) and (— 2, 2, — 2) as diameter is 

(x - 2) (x + 2) + O' + I) O' - 2) + (z - 4) (z + 2) = 0 

Find the area of the circle in which this sphere is intersected by the plane 
lx 4- y — 2 = 3. (U.L.) 

By Art. 97, the mid-point of the straight line joining the points (2,-1, 4) 
and (- 2, 2, - 2) is the point ( 0 , I) which must be the centre of the sphere. 
The radius of the sphere is equal to the distan ce between the points (0, D 
and (—2, 2, —2); whence the radius — ^(— 2 ) 1 + (2 — $)* + (— 2 — 1)* 
VjA 
*2 ‘ 

By (X.66) the equation of the sphere is 

* , + 0'-!)* + U- 

or ** + / + **->— 2t- 14=0 . . . (0 


The equation (* - 2) (jr + 2) + O’ + » O’ - 2> + (* - 4 » U + 2) - 0 reduces 

Otherwise, let (S, /, z0 be any point on the sphere; 'hen the equations of 
the lines joining this point to the points (2. — 1, 4) and ( 2, 2, i) are 



x- 2 v + 1 4 

x' — 2 /+! ^-4 

(2) 

and 

x+2 v-2 r+2 

✓+2~y-2 /+2 • 

. (3) 


By hypothesis the lines (2) and (3) arc at nght angles, so that we have 
Cx'- 2)(x / + 2) + + !)(/- 2) + <*'-4)(*' + 2) - 0 

Hence, the locus of (x* , /, zO is the sphere 

(*- 2) (x + 2) + O' + 0 O'- 2 ) + (z — 4) (z + 2) = 0 
The distance of the centre (0, I) of the sphere from the plane lx + y — z — 3 
_ 0 + 4 - 1-3 7^6 
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The radius r of the section of the sphere made by the given plane is given by 

r a = (radius of sphere) 3 - ( 7 — ) = 6 i _ 49 _ 3 i 7 

V 12 / 4 24 24 

Area of section = nr- = — 

24 

115. The Ellipsoid. In the equation (X.59) put 

fV = bJ 1-S 

where c is a constant. The equation becomes 

**+/- = A* (,_£!) 


i-u-L 2 


(X.70) 


This is the equation of an ellipsoid of revolution generated by 

the rotation of the ellipse £5 + “2 — I about the r-axis. If c is 

greater than b , the axis of rotation is the major axis and the surface 
a P rolate spheroid ; if c is less than b the axis of rotation is 
minor axis and the surface is termed an oblate spheroid. 

Putting/(z) = b J I — “2 in equation (X.60) we obtain 


x 2 y 2 


r 2 + zr 2 =I -c - 2 


* 2 , yl , * 2 

a 2 + b 2 + ? 


(X.7I) 


The surface (X.7I) is called an ellipsoid. Since 


* 

b 2 + 1 d 2 


d the sum of the squares of any number of quantities cannot be 

folf atlVe and Can ° nIy be zero each the q uantities is zero » ,l 

J>ws that x cannot exceed a numerically, and also that y = 0 and 

h ~~ ® simultaneously when x = ± a. Similarly y cannot exceed 

and z cannot exceed c; also z = 0, x = 0 when y = ± b t and 
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x = 0, y = 0 when z = ± c. If a > b > c, the greatest axis of the 
ellipsoid lies along the .v-axis and the least along the r-axis. Any 
plane section of the ellipsoid is an ellipse. 

If P is any point (.r, y, z) on the ellipsoid and the semi-diameter 
OP = r has direction-cosines /, m t n t then at = r/, y = rm, z = rn, 
and, substituting these values in (X.71), we obtain 


rV 2 rV rV , I r- m 2 /;* 
a* + & + ^ ~ '* 0T 7- ~ a* + + ? 


(X.72) 


We deduce from (X.55) that the equation of the tangent plane 
at the point (.r lt y lt r,) on the ellipsoid is 


, )7i 

IF + 'P 



(X.73) 


In Ex. 2 below, wc prove that the equation of the diametral 
plane of chords of the ellipsoid having direction-cosines /, m, n is 


Lx my nz 


0 


(X.74) 


The normal to the ellipsoid at the point (Ar„j„ r,) is perpendicular 
to the plane (X.73); its equations are therefore 


*-*> = y->\ = 

2i y± z i 

a 2 b 2 c 2 


(X.75) 


EXAMPLE 1 

X* 2* 

Find the equations of the tangent planes to the ellipsoid — + ^7 + T — 1 

at the points in which it is met by the line j = ^ Find the equation of the 

projection on the Ary-plane of the section of the ellipsoid made by the plane 
through the centre parallel to the above tangent planes. (U.L.) 

From the equations of the given line we havey = x and z = :',x. Substituting 
in the equation of the ellipsoid, wc obtain 

~4 + Ye + T = 1 • ° r x “ =*= whcnc * y = ± i and z = ± 2 


By (X.73) the tangent plane at the point (‘„ 2) is 

f (j) + 16 (i) + £ (2) = 1 or 12x + + 8r “ 36 = ° * (l) 

and the tangent plane at the point (- «, - *, — 2) is 

!2x + 3y 4- Sz + 36 = 0 


(2) 
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fnrm ny i? la Tf ar f ll o l *° C , hc tan 3 cm P lancs (» and (2) lias an equation of the 
( 0 ,0, 0 ) yJi Hence * ~ °* and ,f lhis P lanc P ass °* through the centre 

12.v 1 -V I 8: = 0.(3) 

!* thc ° f Che P ,anc throu § h thc centre parallel to the tangent planes 

U) and (2). The plane (3) meets the ellipsoid where 


4 16 


9 1 9 




(4.v I y ) 2 
64 


which reduces to 32** 4- 8*r + Sy* = 64. This is the equation of the projection 
on the Ay-plane of thc section of the ellipsoid made by the plane (3). 

EXAMPLE 2 

Show that the middle points of parallel chords of an ellipsoid lie on a plane, 
ain thc equation of the diametral plane of chords having direction-cosines 

A w, n in thc ellipsoid ~ + y — + ~ = j. 

For thc ellipsoid a 2 + 3_y 2 + 2z 2 = I, find thc equations of thc diameter in 
inc plane z « 0 conjugate to thc line \x - 2y - r. and also thc equations of 
tnethird conjugate diameter. (U.L.) 

We have proved in Art. 109 that thc locus of thc mid-points of a system of 

parallel chords of a quadric surface is thc plane f/w ~ + // ^ - 0 . 

a 1 1 a* v 2 z 2 C V Dz 

Applied to the ellipsoid ^ + p - I, this equation becomes 


/a my nz 

fl* + '5* + ? - 0 


(I) 


/ c 9 ua, i° n (I) gives the diametral planc of chords having direction-cosines 

In the ellipsoid a 2 + 3y 2 + 2z 2 = 1, thc equation (1) becomes 

lx + 3 my + 2 nz =0 . . . • (2) 


If the plane (2) is diametral to thc line Ja = 2y = z or \ = f 38 thcn 

A w, n are proportional to 4, 1, 2, and thc equation (2) becomes 

4 a + 3y + 4z = 0 . O 

If three diameters of an ellipsoid arc such that thc planc containing any two 
or them is diametral to the third, the three diameters arc said to be conjugate. 
The intersection of the planc (3) with the planc z = 0 is thc line given by 

+ 3y = 0, z = 0, or j = and this line is thc diameter in thc planc 

2 “ 0 conjugate to the given line \x = 2y - z. 

Ut Ax + By + Cz = 0 . 


. (4) 
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2 , x y z 

2 and j = Z~4 = 5’ Ihen * s,nce 


X V 

be the plane containing the diameters - = - 

*• 1 j — *t \j 

the normal to the plane (4) is perpendicular to both diameters, we have 

4A + B + 2C = 0 
and SA-4B + 0.C = 0 

Eliminating A. B, C between the equations (4), (5), (6), we obtain 


* y 

4 I 

3-4 


= 0 . which reduces to 8.r + 6 y — 19* 


(5) 

( 6 ) 


(7) 


If the plane (7) is diametral to the line £ = then from (2) wc see 

i m n 

that (7) must be identical with the equation I'x + 3 my -f 2n'z = 0. Hence 
wc have 

/' 3 m' In' „ , 

g* " “j = or / : m : n = 16 : 4 : — 19 

and the equations of the third conjugate diameter arc therefore 

— = y = __ ± 

16 4 19 


116. The Hyperboloids. In the equation (X.59) put 

m = bj i + J 

so that the generating curve in thc^’r-planc is the hyperbola 

>?-L 2 = I 

b 2 c 2 ~ 1 

The equation (X.59) becomes .r 2 + y 2 = b 2 ^ I + 


or 


x 2 y 2 z 2 
b 2 4 £ 2 ~ P = 1 


(X.76) 


This is the equation of a hyperboloid of revolution of one sheet , 
the sections by planes parallel to the xy-plane being circles. With the 
same value of/(r) substituted in equation (X.60), we obtain 


a 2 ' b 2 c 2 ~ 1 


(X.77) 


This is the equation of a hyperboloid of one sheet. When x = 0 
and>* = 0, z is imaginary, so that the r-axis does not cut the surface. 
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^=Va = p? and z = 0 . -v = ± a, and when .v = 0 and = 0 , 
hvDerbolWF arallel to , the -'-- an d -v-planes cut the surface in 
ellipses planes P arallel to "«e .rj-plane cut the surface in 

Now, in equation (X.59), put 


/<*> = bJ Z ~~ , 

so that the generating curve in the j-r-plane is the hyperbola 

c 2 b- ~ 1 

which is conjugate to the hyperbola 

y* *• , 

b 2 ~7 2 = 1 


The equation (X.59) becomes x* + y* = b * (^- l) 

or z 2 x 2 y 2 

b 2 ~ X * * * < X - 78 > 


th-rp uj cc l uation a hyperboloid of revolution of two sheets , 
; map hCr ? tW ° ? c P arale branches of the surface, the one (he 

Apain t °! her » with the xy-p\anc as the supposed mirror. 

8 m ’ substituting the same value for f(z) in equation (X.60) we 


obtain 


or 


i 2 1 ^_i 2 . 

a 2 * b 2 ~ c 2 ~ l 

c 2 a 2 b 2 ~ 1 


(X.79) 


This is the equation of a hyperboloid of two sheets. If z is numeri¬ 
cally less than c, — 1 i s negative and therefore — 2 -f- is negative, 

Whirh • • Q O 

betw IS * m P os ?*ble. It follows that no part of the surface lies 
bv a 660 1 ,imits z = — c to z = + c. The section of the surface 
ahv \ i C parallel to the plane y = 0 or to the plane x = 0 is 
calK, Perb0 a * and the section by the plane z = k, where k is numeri- 
y 8 reater than c, is an ellipse. 
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117. The Paraboloids. In the equation (X.59) put/(z)= Vkz, 
where A is a constant, the generating curve in the rr-plane being the 
parabola/- — kz. The equation (X.59) becomes 

-v 2 + y 2 = kz . . . (X.80) 


which is the equation of a paraboloid of revolution. The sections 
of the surface by the planes x = 0 and y = 0 are parabolas with the 
same axis, and the section by any plane z = c (where c is positive) 
is a circle. The surface lies wholly on the positive side of the xy-plane. 

With the substitution / (z) = \ kz in equation (X.60) we obtain 

.v 2 i ■* 1 f 

_ _I_ -L _ b r 

a- b- b- 


or 


where 



(X.81) 


This is the equation of an elliptic paraboloid , the sections by 
planes z — c (where c is positive) being ellipses. The planes .v = 0 
and y = 0 cut the surface in parabolas. 

If q is negative and equal to — q' where q is positive, the equation 
(X.81) becomes 

— — —,*** 2z . . . (X.82) 

r ? 

This is the equation of a hyperbolic paraboloid , the sections by 
the planes x = 0 and y = 0 being parabolas with the same axis 
and vertex, the one concave downwards, the other concave upwards. 
The sections of the surface by the planes z = ± c are hyperbolas. 


EXAMPLE 

Find the equation of the tangent plane at the point (*,.>•„ z x ) on the paraboloid 

If + y* ~ 2r - Deduce the equations of the normal at this point, and show that 

five normals can be drawn to the paraboloid from any point. 

By (X.55), the equation of the tangent plane is 

<*- + (y-y,)2y, + (z- zjc- 2) = 0 

*.r, + Ayy x - 4(z + z,) = 0 


or 


. (1) 
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sassstss»-■ *»«*«. 

•v ~ V| v r, r r, 

*1 ~ 4 »-, ■“ -4 * • • • (2) 

If the normal ( 2 ) passes through the point (*, , /f £) we have 

£r.*« = n-yi _ * - - » , 

AT, 4v x - 4 - A - wy- 

o that a:, - £ + j, ^1 = ~ k z, = £ • 4A. Substituting in the equation 
of the paraboloid, we have 

_ V 2 

* 4(Ar + 1)* ’ (4 k + I)* * 2 * + 8Ar ' • • (3) 

parabolmH*^! ,S °J l , he f,flh de S rec in *• so that five normals to the given 
paraboloid pass through the point <*, £). 


EXAMPLES X 

(,) Find lhe P° ,ar co-ordinates of the following points— 

® (2 ’ 5 * 9) ' < U > (- 3, - 5, 7). (iii) (4, 0,-1). (iv) (5. - 3. 10). 

(2) Find the rectangular co-ordinates of the following points— 

(i) (12 * 30 °» 60 °>- (") (4, 50°, 150°). (iii) (2, 134°, 24°). 

cn-PrH??®./. CCt ? ngU,a f co " or dinatcs of a point P arc (7, - 3, 4), and the polar 
lines DP P°' nt Q are (6. 64°, 70°); find the direction-cosines of the 

(41 xL? °?' Whcrc ° is thc origin of co-ordinates. 
rcsDcctivHv nfi B- P° in . tS ° f a lnan 6 lc arc (2. 4, 6), (3, 6. 9), and (- 4. 2, - 4) 
thc*a» cia , nd . e ,cn gths of the sides of thc triangle and the angles which 
(51 F h Tf' With lhc axes of reference. b 

and (iii rh. 0 th * d,stancc between the points />(3, - 4. 15) and Q( 8, II, - 5), 
(61 Finn ^'Ordtnates of thc point which divides PQ in thc ratio 3 : 2. 

P and Q in Quwf *** 5°* ^ strai ^* lt * ine w b' ch passes through thc two points 

pernemt* 16 J 5 ^ ua, * on ,of a plane is 5x — 3y + 4z = 4. Find thc length of thc 
din.ia. , ar on this plane from the origin and the angles which the perpen- 
(8 A" 13 , CS With the axcs of reference. * b 

arefg v5 passes through the three points whose rectangular co-ordinates 
length f ’h' ^ 2 * *» “ 4 )» and (2. 4, — 6). Find the equation to this plane, thc 
that ,^ 0t th f. Perpendicular on it from the origin, and the direction-cosines of 

(91 P F PCnd,CUlar - (U - L .) 

nlanio * nd ,hc eS uat «ons of the two planes which bisect the angles between thc 

nm f Z + 5z = 3 and 5 * + * y- 42 = 9 - 

7x—v .*9 Ihe Perpendicular distance from the point (—3, 1, 5) to the plane 
co-ord' 2Z + 14 = 0; find also the equations of this perpendicular and thc 
mates of the point in which it meets the given plane. 
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(11) A plane passes through the point (4. — I, 2), and is perpendicular to 
the line joining the points (1,-5, 10) and (2. 3, 4); find the equation of the 
plane and the angles which it makes with the co-ordinate planes. 

(12) If 0 be the angle between two straight lines whose direction-cosines are 
/, w, n and /', m\ n\ prove that cos 0 = //' -f- mm' + nri. 

The feet A, B. C of a tripod, having legs of equal length, are at the points 
(0. 0). (3. 9), (7. I) referred to rectangular axes in a horizontal plane. The apex P 
of the tripod is at a height 12 above the plane. Determine the cosines of the 
angles between (i) the lines AP and BC. (ii) the planes PAB and PAC. (U.L.) 

(13) A tripod has its feet A. B, C on three walls. C being 2 ft higher than B 

and B 3 ft higher than A. In plan ah = 18 ft. he = 20 ft, ca = 21 ft, and d, the 
plan of the apex of the tripod, is equidistant from a. b, and c. If D is 25 ft higher 
than C. find the lengths of the legs and the true values of the three plane angles 
at /). (U.L.) 

(14) Define the direction-cosines of a line in space referred to three rectangular 
axes. Find the direction-cosines of the line of intersection of the planes 
3.t 2 y * z 5 and x • y - 2 z 3 ; and determine the angle this line makes 
with the line of intersection of 2.x ^ y • z and lx t- lOy = 8 z. (U.L.) 

(15) Find the equation of the plane which passes through the points (2, 0, 3), 
(0, 4. I), (5. 7. 10). Find also the equations of the straight line in the plane 
which intersects the r-axis, and whose inclination to the arv-plane is a maximum. 

(U.L.) 

(16) Define the direction-cosines of a straight line with reference to three 
mutually perpendicular axes, and find the condition that two lines whose 
direction-cosines are given should be at right angles. 

Taking the axis of z as vertical, find the direction-cosines of the line of greatest 
slope in the plane which passes through the points (0. 0, 0), (3. 5, - 2), and 
(4. I, I). (U.L.) 


v y z 

(17) With given rectangular axes, the line -r —r ■■ r is vertical. Find 

the direction-cosines of the line of greatest slope in the plane 3.t — 2y + z " 5 

and the angle this line makes with the horizontal plane. (U.L.) 

(18) Find the angle between (i) the planes 4.t f y— ; « 7 and x— 2y + 3z 

x - 2 y+ 5 z — 1 x y + 2 z 

r “ 4-r- ;,nd j = ~ 6 ~ = =i 


= 0, (ii) the lines 


(19) Find an expression for the cosine of the angle between two lines whose 
direction-cosines arc given. 

A right pyramid stands on a square base and the vertical angle of each of 
the isosceles triangular faces is «. Taking the vertex as origin, the axis of z 
along the axis of the pyramid and the axes of x and y parallel to the diagonals 
of the base, obtain the equations of the planes of the triangular faces and of 
their lines of intersection, and find the angle between the lines which join the 
vertex to a pair of opposite corners of the base. (U.L.) 

(20) The vertical angle of each of the triangular faces of a right pyramid on 

a square base is 28*. A plane cuts the pyramid, the section being a quadrilateral 
A BCD such that the distances of A, B. and C from the vertex arc 4. 8, and 6 in. 
respectively. Find the distance of D from the vertex. If the pyramid is now 
placed with A BCD on a horizontal plane, draw its elevation on a vertical plane 
perpendicular to AC. (U.L.) 
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(21) A straight line is inclined to the axes of x and z at angles of 58° and 134° 
respectively: find its inclination to the axis of y. Write down the equations of 
the line, given that it passes through the point (3, — 3, 7). M 

un 22 ^-? 0 ^ co-ordinates of two points P and' Q arc (8, 45°. 62°) and 
ol CO ordinates Fmd a " g 6 between ,he lines OP and °Q< O being the origin 
(23; A plane passes through the point (5. - 5, 9) and is perpendicular to 
me nnc 6 — - = —~• Find the perpendicular distance of the point 

(4* “ 2, 8) from this plane, and the co-ordinates of the point at which this 
perpendicular meets the plane. 

(24) Show that the plane 5x - 10 y- 62- 29 = 0 contains the line 

y ~h 2 z — 1 4 

” _ 1 — 5 ’ Find angle between this line and the line of greatest 

slope in the given plane, the xy-plane being assumed horizontal. 

(25) Show that the line perpendicular to both of the lines whose direction- 

cosines are proportional to /, m, n; /', m\ //', has direction-cosines proportional 
to mn — m n, nV — n't, bn' — I'm. A plane parallel to the line x— 1 2y — 5 
= 2 z and to the line lx = 4y — 11 = 3z — 4 passes through the point (2. 3, 3). 
Find its equation. (U.L.) 

(26) Find the angle between the line of intersection of the planes 2x + 2y 

- z + 15 = 0 and 4 y+ z + 29 - 0, and the line - y -^- - 

What is the shortest distance between the two lines? 4 ” 3 1 

the shortest distance between the lines x = y + 4 — | and 




(27) Find 
x- 1 y 

2 

(28) Define direction-cosines, and find the cosine of the angle between two 
straight lines whose direction-cosines arc given. 

The plane of a square ABCD and thed iagonal AC make angles of 60° and 
45° with the horizontal. The axis of z is vertical, and the axis of x is horizontal 
and in the plane of the square. Prove that the positive senses of the axes 

can be chosen so that the direction-cosines of AC arc —r=. —r=. and that. 

V 3 Vo V 2 

I x V2 V 2 + I 

when this is done, the direction-cosines of AB, AD arc -7=—, - 

V2±l V6 2V6 

~~2V2~* W ^ crc al1 l ^ c u PP cr s ‘6 ns arc 10 & c taken for one, and all the lower 

signs for the other. (U.L.) 

(29) If u = 0, v = 0 be the equations of two planes, show that u -f kv = 0 
is the equation of a plane containing their line of intersection, k being any 
constant. 

Find the length of the common perpendicular to the two lines 

(i) lx = Sy = z - 2 

and (ii) x + 3 = y = 4z (U.L.) 

(30) Prove that the three planes 2x — 5y + llz = 33, 8x + 9y — 3z = 31, 
14x + 23_y— 17z = 29, intersect along a straight line. Find the direction- 
cosines of this line. 
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(31) Prove that the two lines x— 3 = , V * *-- = Z —— and x — 4 = - -- 

z 4- 6 3 3 3 

4 intersect, and find the co-ordinates of their point of intersection. 

Find also the perpendicular distance from the point (3, — 2, 3) to the plane 
containing the lines. 

(32) The co-ordinates of the corners of the plane sloping roof of a shelter 
open on all sides are (6, 6. 8), (- 6. 6. 8). (- 6. - 6, 10). (6, - 6. 10). The axes 
of x and y are horizontal and their positive directions point due west and south 
respectively. Ihe axis of z is drawn vertically upwards, the origin is on the 
ground, and the unit of length is I ft. Find the area of the shadow cast by the 
roof upon the ground when the sun's altitude is 60 and its direction south-east. 

(U.L.) 

(33) Show that if the projections of an area S on the co-ordinate planes arc 

s . .s .s, ( respectively, then S v S 9X * • S ax * F S xw s 
Find Ihe area of the projection on the ar-plane of the triangle whose angular 
points are (3,-4. 7). (2. I. 5). (4. 2. 6). 

( 34) Prove that the volume of a tetrahedron the co-ordinates of whose angular 
points arc (t„ y t , z,). (*.. y z . z.), (r 3 . y x . z 3 ). U 4 . y t , r 4 ), is equal to 

>'\ -i 1 
i x z y* *i i 
* | y* “3 1 
v 4 z 4 I 


Find the volume of the tetrahedron whose angular points arc (0, 1.2), (2,3, — 5). 
(- I. 2. 4), (3. 5. 7). 

(35) A tetrahedron has its vertices at the points (I, 0, 0). (0, 0, I), (0, 0, 2), 
(I. 2. 3) respectively. Find the lengths and direction-cosines of the six edges, 
the equations of the four faces and the volume of the tetrahedron. (U.L.) 

(36) Find the volume of the tetrahedron formed by the planes 2x 4- 3y 4- z 
« 6, Zx 4- 3 y -» 0, 3y -f z * 0 , and z 4- 2x * 0. 

(37) Write down the equation of the sphere whose radius is 4 and whose 

centre is at the point ( 6, I, 3). Find the area of the section in which the sphere 

is cut by the plane x — y 4- 2z 4- 5 -* 0. 

(38) Find the equation of the tangent plane to the sphere in Question 37 at 
the point (—2, I, 3). Deduce the equations of the normal to the sphere at that 
point. 

(39) A sphere passes through the four points (2, 0. 4), (- 2, 3, I). (0. - 4, 2), 
(4, 3, — I); find its equation. 

(40) Determine the centre and radius of the section of the sphere x * 4- y* 4- ’* 
= 16 made by the plane Zx 4- y 4- 2z = 9. 

Find the orthogonal projection of this section on the xy-planc. (U.L.) 

y* z* 

(41) Find the equation of the tangent plane to the surface x* 4- ^ 4- j — 49 


at the point (2, 6, 18). Also find the equations to the normal to the surface at 
the same point. (U.L.) 

(42) A circular cylinder of radius 2 has for its axis the line (x - l)/2 = y 

— 3 — z. Find (i) its equation, (ii) the lengths of the axes of the ellipse in which 
it is cut by the plane x — y. (U.L.) 

(43) Show that the plane 4x — 6 y — z 4- 14 = 0 touches the surface x 1 4- 3> J 
4- 2z = 0, and find the co-ordinates of the point of contact. 
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z — r 
n 


may touch 
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/Y"’' 1 ' hC ° f «* r'anc containing all the chords of the ellipsoid 

9 ' 4 + * ‘ ' WhiCh are bisec,cd J1 «* ^1". (I, Find a|so , he 

equations of the tangent planes to the ellipsoid parallel to this plane. 

(45) Prove that the condition that the line -~£ = >- V 
the ellipsoid £ + £ + £ = | js ' 

l-md the equation of the cone with vertex a. the origin and generators parallel 
to tangent lines from ip,r) to the ellipsoid •; . £ ; i’ , ((J , ) 


(46, Find the locus of the mid-points of chords of the ellipsoid 

“ 25 4 


“ 1 w hich arc parallel to the line | ~ JL 
(4 ? > F «ncl the principal planes of the surface 
28a 2 -I 24y* 4- 20r 2 - I6yz - 16a y - 36 a 


-2 

•* 

9 


4 *V- 48.’ 21 - 0 


ft 8 ' *^° w , lha ‘ "; c equation of the tangent plane to the surface /(*„,. 0 

at the point (a, b, c) on the surface is 1 ' u 

(* b, c) *| (y - b)f b (a, b. r) -I (z — c) f,fa, b, c) * 0 

Find the tangent plane to the surface xy {- yz zx 17 n whirls 
parallel to the plane 2a - y y z 0. ^ ’ 17 0 

3 * No,c ‘ b, c) t / 0 (a, b, c), f .(<?, b, c) denote here the values of y /(a, y, Z ), 

5yf (Xt y ' z) ' Tz^ x ' 2) res PCC««vely f when x ~ a, y - b t z - c *i.c. at the 
point (a, b, c) on the surfacc.J 

oftiic ellipsoid* C °'° rd ' na,cs of lhc ccn,rc Jnd ,hc ‘'"Silts of the principal axes 
9 a 2 I- 4y 2 4 36z 2 — 54a + 8y - 72z f 13 = 0 

(50) Find the equations of the tangent planes to the hyperboloid - | y* - 2z 2 
““ 1 which arc perpendicular to the line £ = y =, * L 
(SDShowthat the projection on the xy. plane of the section of the cone 

Mcentricitjfof the*ellipse. ^ ' hC P ' anC 2 '" * ' ' ° “ a " ^ «•» 

(52) Find the equation of the tangent plane to the surface 3x ! | v* + z* ~ 21 
hl ’the fi S T 1Ui I y ,nc ' ,ncd '? ' hl = "tree axes of reference and touches the surface 
awr .7. Prove that the volume of the tetrahedron whose faces are the 
ptanes a — 0, y — 0, z = 0, and this tangent plane is 57'. 

thennrfhH? a'-. ° P "' C 'T of intersection of the tangent planes to 

h!, P .l b ? d 2X + Y = ,2z al ,hc P°' ms (3 - 4. 5-5, and (6. - 2. 7,. Show 
he nl H P P r S u n f ,hrou 6. h ' h< ; l,nc ° r intersection of the tangent planes and 
the mid-point of the line joining the points of contact is parallel to the z-axis. 
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(54) The points (3. — 2, 5) and (5. 4. 8), are the ends of a diameter of a sphere; 
find the equation of the sphere and the equations of the two tangent planes to 
the sphere which are perpendicular to the line joining the centre of the sphere 
to the origin. 

(55) Find the equation of the tangent plane to the sphere 

(x - a) 2 -F (k — //)* • (z — y) 2 = r 2 

at the point (*,, v,. z,). 

Find the equation of the sphere which touches the sphere x 2 + y 2 + z 2 
4- 2.r 6/4- 1 = 0 at the point (1,2,— 2) and passes through the origin. 

(U.L.) 

(56) Find the equations of the diameter of the sphere x 2 4- y 2 4- z 2 = 29 
such that a rotation about it will transfer the point (4, — 3, 2) to the point 
(5, 0, — 2) along a great circle of the sphere. 

Find also the angle through which the sphere must be so rotated. (U.L.) 

(57) Find the equations of the planes which contain the line of intersection 

of the planes 

.r - / 4- 2z = 0 
3.v 4- / 4- z = 5 

and arc inclined at 45* to the r-axis. 

Find also the equation of the plane which contains this line and is parallel 
to the r-axis, and deduce the shortest distance between the line and the r-axis. 

(U.L.) 

(58) Find the perpendicular distance of the point ( f,g % h) from the line 

x — a y— ft 2 - y 

I m n 


Find the equation of the cone, whose whole vertical angle is 90', which has 
its vertex at the origin and its axis along the line x — — 2y — z, and show that 
the plane r 0 cuts the cone in two straight lines inclined at an angle cos -1 

(U.L.) 

(59) Show that the sphere 


is cut by the plane 
in a circle of radius 


(x-a) 2 4- (y-b) 2 + (z- c) 2 = r* 
Ax 4- By F Cz 4- D =* 0 

I , (Aa F Bb 4- Cc 4- D) 2 
F A 2 4- B 2 4- C 2 I 


Find the equation of a sphere which passes through the circle x 2 4- /* = 4 . 
z = 0. and is cut by the plane x 4- 2 y -F 2r = 0 in a circle of radius 3. (U.L.) 

(60) Prove that the surface x 2 4- y 2 — 4r* = c 2 is met by the plane 
x cos 0 4- / sin 0 = 2z in two parallel straight lines whose shortest distance 
from the axis of r is constant, as also their inclination to the axis of z, and that 
the surface could be generated by the revolution of cither of these lines about 
the axis of z. (U.L.) 



CHAPTER XI 


SPHERICAL TRIGONOMETRY 

118. The Spherical Triangle. The section of a sphere made by any 
plane is a circle. If the plane passes through the centre of the 
sphere the circle is termed a great circle , and if the plane does not 
pass through the centre the circle is termed a small circle. The 
poles of any circular section of the sphere are the extremities of the 
diameter perpendicular to the section. The planes of two great 
circles intersect along a diameter of the sphere and cut ofT on the 
surface of the sphere two pairs of 
congruent areas, called hates. The 
figure included by the arcs of 
three great circles is a spherical 
triangle. 

In Fig. 87 ABC is a spherical 
triangle formed by the arcs of 
the three great circles ABA'B\ 

BCB'C'y CAC'A'. The sides BC) t 
b(= CA) t c(= AB) of the triangle 
arc measured by the angles BOC t 
CO Ay AO By which they subtend 
at the centre O of the sphere. The 
angles A, B, C of the triangle 

arc the angles between the planes of the three great circles. 

119. Area of a Lune and Area of a Spherical Triangle. The surface 
CAC'BC (Fig. 87) is a lune. It is evident that the area of a lune is 
proportional to the angle between the planes of the two great 
circles which cut it ofT on the surface of the sphere. Hence, the 
angles being measured in radians, we have 

Area of lune CAC'BC C 
Surface of sphere — 2 n 



Fig. 87 


C 

Area of lune CAC'BC = — x 4nr 2 — 2Cr 2 

2n 


(XI.l) 


where r is the radius of the sphere. 

441 


15 —(T.Oli) 
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Wc have then 

Area of Iune CAC'BC = 2Cr 2 
Area of lune AC A'BA = 2 Ar 2 
Area of lune BCB'AB = 2 Br 2 

Now Area of lune CAC'BC = area of triangle ABC 

4- area of triangle ABC 
Area of lune AC A' BA = area of triangle ABC 

4- area of triangle A'BC 
Area of lune BCB'AB = area of triangle ABC 

4- area of triangle ACB' 

Sum of areas of the three luncs = 2(A 4- B 4- Qr 2 

= 3(arca of triangle ABC) 4- sum of areas of triangles 

ABC\ A'BC , ACB' 

= 3(arca of triangle ABC) 4- sum of areas of triangles 

A'B C, A'BC , ACB' 

= 2(arca of triangle ABC) 4- half surface of whole sphere 

For the triangle A'B'C is equal to the triangle ABC' and the triangles 
ABC , A'B'C , A BC , ACB' together form the surface of a hemisphere. 

Thus, 2(A 4- # 4- C)r 2 = 2(area of triangle ABC) 4- 2nr 2 or, 
area of triangle ABC = (A + B + C— n)r 2 . . (XI.2) 

The amount by which the sum of the angles of any spherical 
polygon exceeds the sum of the angles of the corresponding plane 
figure is termed the spherical excess of the polygon. Thus, since the 
sum of the angles of a plane triangle is rr , the spherical excess E of 
a spherical triangle is given by 

E= A + B + C-7T 

and the area of a spherical triangle can be expressed as Er 2 or 
^ x (surface of sphere). 

We can divide a spherical polygon of n sides into/i— 2 spherical 
triangles by joining one angular point to the other opposite angular 
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points by means of arcs of great circles. Applying (XI.2) to each 
triangle and adding the results, we obtain 

Area of spherical polygon = {sum of angles - (// - 2 )tt}/- 2 

£ 

= Er 2 or — x (surface of sphere) 

where E = spherical excess of polygon = sum of angles — (// — 2 )t 7 
since (n — 2)n is the sum of the angles of a plane polygon of n sides. 


120. Formulae connecting Sides and Angles of a Spherical Triangle. 
Corresponding to the formulae connecting the sides and angles 
of a plane triangle, there are formulae connecting the sides and 
angles of a spherical triangle. We 
prove the most important of these 
in the course of the present 
chapter. 

(i) Cosing Formulae. In Fig. 

88 , ABC is a spherical triangle 
on the surface of a sphere whose 
radius is r and centre is O. AM 
is drawn perpendicular to the 
plane OBC. The plane through 
AM perpendicular to OB cuts 
the planes OAB, OBC along the 
lines AP y MP respectively, and the 
plane through AM perpendicular 
to OC cuts the planes OCA t 
OBC along the lines AQ y MQ respectively. Thus, each of the angles 
OP Ay OP My OQAy OQM is a right angle, and the angles APM y AQM 
are the angles between the planes OAB t OBC and OCA y OBC 

respectively. Therefore, APM = B and AQM = C. Let PR be 
drawn perpendicular to OC , and MS perpendicular to PR. Then 

SPMy being the angle between lines at right angles to OB y OC t is 

equal to BOC or a. We have 



cos a = cos BOC = 


OR 

OP 


OQ RQ OQ-SM 
OP OP 


Now OQ = r cos CO A = r cos b 

SM = MP sin a = AP cos B sin a = r sin c cos B sin a 


OP = r cos c 
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cos a = r COS h - rsinc sin * cos B cost- sin e sin a 

'■cose cose 

or cos b = cos e cos a + sin c sin a cos B 

Similarly 

cos e = cos a cos b + sin a sin b cos C 

cos a = cos b cos e -f sin b sin e cos A 

(ii) Sine Formulae. From Fig. 88, we have 

sin c = sin AOB = — = - 

r r sin B 

and sin b = sin CO A = = } 

r r sin C 


By division, 


sin e sin C sin B 


sin b sin B ° r sin b 


sin C 

sin c 


We prove similarly that 

sin a sin b 


Hence 


sin A sin B _ sin C 
sin a sin b sirTe 


or 


(iii) Cotangent Formulae. From Fig. 88 , we have 
PR = PS + SR = PS + MQ 
OP sin a = MP cos a + AQ cos C 
r cos e sin a = AP cos cos a + r sin /> cos C 
r cos c sin a = r sin c cos B cos a + r sin A cos C 
cos e sin a = sin e cos a cos B + sin 6 cos C 


Dividing throughout by sin e, we obtain 


cot e sin a = cos a cos B -f cos q 


i.e. 


cot e sin a = cos a cos B + 


sin c 

sin B 
sin C 


cos C 


cos B 


(XI.3) 


(XI.4) 
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or cot c sin a = cos a cos B -f sin B cot C 

Similarly cot c sin b — cos b cos A + sin A cot C 

cot a sin b = cos b cos C + sin C cot A 

cot a sin c = cos c cos B -f sin B cot A 

cot 6 sin c = cos c cos A -f sin /f cot B 

cot 6 sin a = cos a cos C + sin C cot B 

121. Formulae Deduced from Polar Triangle. In Fig. 89 ABC , 
A \ B \ c i are two spherical triangles on the surface of a sphere so 
related that the point A x is the pole of the 
great circle BC on the same side of this 
circle as A t the point B x is the pole of the 
great circle CA on the same side of this 
circle as B t and the point C x is the pole of 
the great circle AB on the same side of this 
circle as C. AyByCy is called the polar 
triangle of the triangle ABC. We leave 
the reader to deduce from the figure that 
ABC is the polar triangle of A X B X C X . 

Let B x O be produced to any point K. 

Then, since OA x is perpendicular to the 
plane BOC and OK is perpendicular to the 
plane CO A, the angle A x OK = angle between the planes BOC 
and CO A = C. 

If a ly b lt c v denote the sides of the triangle A x B x C X y then 
c i = angle A x OB x = n — angle A x OK = n — C 

We prove similarly, a x = n — A and b x = n — B 

Also, since ABC is the polar triangle of A x B x C lt we have 

C = TT — Cj, a = TT — Ay t b = 7T — Bj 

or Cy = 7r C, Ay = 7T <7, By = TT — b 

Applying (XI.3) to the triangle A X B X C X> we obtain 

cos by = cos Cy cos a x + sin c x sin a x cos By 
i.e. cos (tt — B) = cos (tt — C) cos (rr — A) 

-f[sin (jr — C) sin {tt — A) cos (tt — b) 
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Hence 

--cos B = cos C cos A — sin C sin A cos b 


or 

cos B -f cos C cos A 

cos b =-. ——-- 

sin C sin A 


Similarly 

cos C A- cos A cos B 
cos c = -:——— - 

sin A sin B 

. (XI.6) 

and 

cos A -f cos B cos C 

cos a ==-- - 



sin B sin C 

We note then that if, in any formula connecting the sides and 
angles of a spherical triangle ABC , we substitute tt-C, t t-A, 
it — B, 7T — c t 77 — a, 7T — b for c, a t b, C t A t B respectively, we obtain 
another formula which is also true for the triangle ABC. 

122. Solution of Right-angled Triangles. In the spherical triangle 
ABC let A = 90°. The formulae (XI.3) then give 

cos a = cos b cos c 4- sin b sin c cos 90° 
whence cos a = cos b cos c .(XI.7) 

Also cos b = cos c cos a -f sin c sin a cos B 

and substituting from (XI.7) we have 

cos b = cos c cos b cos c -f sin c sin a cos B 

or cos B — cos ^ ( * — cos2 c ) __ cos b sin 2 c 

sin c sin a sin c sin a 

cos b sin c _ cos a sin c 
sin a ~~ cos c ' sin a 

cos B = ~ .(XI. 8 ) 

tan a 

Similarly cos C = (XI.9) 

tan a 

The formulae (XI.4) give 

sin 90° _ sin B sin C 
sin a sin b ~ sin c 

whence sin B = ^.(XI.10) 

, . _ sin c 

and s,nC = ihTS. (XIII) 
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Again 

tan B = *“4 = — /*“£ 
cos B sin a/ tan a 



sin b sin a cos c sin b cos c 



sin a cos a ' sin c cos b cos c sin c 


• • 

r» tan b 

,an5 = iTnl. 

(XI. 12) 

Similarly, 

tan C = r . 

sin b ... 

(XI. 13) 

The formulae (XI.6) give 



, cos B + cos C cos 90° 

COSb sin C sin 90° 


whence 

cos B = cos b sin C 

(XI. 14) 

Similarly 

cos C = cos c sin B . 

(XI. 15) 

Also 

cos 90° 4* cos B cos C 

cos a -;——. - 

sin B sin C 


whence 

cos a = cot B cot C . 

(XI.16) 


The formulae to be used in any given case will depend on the data. 
For example, if we are given the hypotenuse a and the angle /?, 
we find efrom (XI. 8 ), Cfrom (XI. 16), 
and b from (XI. 10). An ambiguous 
case occurs when we are given one 
side and the angle opposite that 
side, say b and B. For, using the 
formula (XI. 14) to obtain C, we have 


sin C = 


cos B 
cos b * 


and since 

sin C 


sin (77— C), 


we have two values for C and, there¬ 
fore, in general, two possible triangles. 



123. Napier’s Rules. Divide a circle (Fig. 90) into five sectors 
and write b> c, ^ — ^*2 — a> 2 — C in order, one in each sector. 
Having selected any one sector, call that sector the middle part , 
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the sectors immediately next to it the adjacent parts, and the other 
two sectors the opposite parts. Then Napier's Rules state that for 
right-angled triangles— 

(i) the sine of the middle part = the product of the tangents of 

(he adjacent parts; ° 

(ii) the sine of the middle part = the product of the cosines of the 
opposite parts. 

I or example, selecting j — B as the middle part, we have, 
from Rule (i), sin = , an r . tan ^ - o) or cos B = 

which is formula (XI.8) above; and from Rule (ii), sin (3 ~ 

cos A .cos c) or cos B = cos b sin C, which is formula 
(XI. 14) above. 

Any one of the formulae (XI.7) to (XI.16) can be obtained from 
Napier’s Rules, which serve simply as a memory aid to the reader. 

EXAMPLE I 

AliC is a spherical triangle in which A - 90’, B = 135°, c = 45°. Find 
a, b, C, and find also the area of the triangle, given that the radius of the sphere 
on which it is drawn is 4 (XX) miles. 


From (XI.8), 


tan a 


tanc tan 45 


cos D cos 135^ / | 




- - V 2 « - 1-4142 


a = 180’ — 54° 44' * 125° 16' 

From (XL12), 

tan b = tan tfsinc = tan 135° sin 45° => (- 1). (^7|) " “ 0-7071 
6 = 180° - 35° 16' = 144 5 44' 

From (XL 15), 

cos C = cos c sin B = cos 45° sin 135° = -4- x ~ = 0 5 

v 2 y/2 

C = 60° 

The sum of the angles A, B, C = 90 5 + 135° + 60° = 285° 

Therefore spherical excess. E = 285’- 180’ = 105’ = 1-8326 radians 
By (XI.2), area of triangle ABC = £>* = 1-8326 x 4 000 s 

= 2-932 x 10 7 square miles 
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EXAMPLE 2 

Prove that in a spherical triangle ABC, right-angled at C, 

cos c = cos a cos b 
and cos A = tan b/ tan c 

sn^N h TJ akeS 3 §FCat f irclc coursc from a P oinl longitude 125° W., latitude 
P? im .? n ,hc c <l ualor a < longitude 155 W. Find the length of the 
^3 960 miles ] C d ' rCCt, ° nS of dc P ar,urc a ”d arrival. [Radius of the earth 

ryf T Ar, •" lhC f ' rSt P ? rl of lhis c l ucslion arc proved by the methods 

Of i? 2 K ^ C K S nOW a n§hl anglC in p,acc of A ‘ ,n Fi S- 91. NS is the axis 
of the earth, O being its centre. The 

section of the earth’s surface by any N 

plane through the axis NS is termed a 
meridian. That meridian which passes 
through the Observatory at Greenwich 
is taken as the prime meridian, and the 
angle between the planes of this prime 
meridian and the meridian through any 
place on the earth's surface is the longi¬ 
tude of that place. The great circle whose 
plane is at right angles to the axis NS is 
termed the equator. The latitude of any 
place on the earth's surface is the angle- 
subtended at the centre O by that part 
of the meridian of the place between the 
place and the equator. In the figure A 
is the point whose latitude is 50' N. and 5 

longitude 125° W.,and B is the point on Fig. 91 

the equator whose longitude is 155° W. 

Thus, /IOC =» 50° and BOC « 30°, which is the difference of the longitudes of 
A and B. AB is the arc of the great circle along which the ship travels. Con¬ 
sidering the spherical triangle ABC, we have b - AOC = 50', a =- BOC 30° 

C — 90', since C is the angle between the planes of the meridian through A and 
the equator. * 

Using the formula cos c = cos a cos A, we obtain 
cos c — cos 30° cos 50® 


\fgm 


log cos c « log cos 30' + log cos 50° = 1-9375 4- 1-808 1 = T-7456 
i.c. log cos c = log cos 56° 10'; whence c = 56' 10' 

Again, cos A = tan A/tan c = tan 50"/tan 56* 10' 

/. log cos A = log tan 50° — log tan 56° 10' = 0 0762 — 0-1737 = T-9025 

log cos A = log cos 36° 58'; whence A = 36° 58' 

Also cos B = tan a/ tan c = tan 30 /tan 56® 10' 

•\ log cos B = log tan 30*- log tan 56® 10' = I-76I4- 0-1737 = T-5877 

log cos B = log cos 67® 14'; whence B = 67® 14' 
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The ship leaves A in the direction 36° 58' W. of S., and arrives at B from the 
direction 22° 46' (i.e. 90° - 6V 140 E. of N. 

The length of the voyage = length of arc AB 

= 3 960 x number of radians in 56° 10' 

i.e. length of voyage = 3 960 x 0-9803 = 3 882 miles 


EXAMPLE 3 

Show that the area of a spherical triangle is equal to the excess of the sum of 
its angles over two right angles multiplied by the square of the radius of the 
sphere. 

A square on the surface of a sphere of radius R has each of its sides of length / 
and all its angles equal. By dividing the square into four right-angled spherical 
triangles by its diagonals, or otherwise, show that its area is equal to 

4R 5 sin-* (tan* 2 ^) (U.L.) 


For the first part, sec Art. 119. 

Let the diagonals of the square intersect at A and let ABC be one of the 
four right-angled triangles into which the square is divided. Then in triangle 

ABC, B-C.A-^,a-j 

The formula (XI. 16) gives cos a =* cot Bco\ C, whence cos — =* cot 3 B 

A 

2 cos 3 2 ^- I = coscc- B- I, or 2 sin 3 B = see 3 ^ 

1 — cos IB = | -E tan 3 =4 

ZK 

— COS 2 B mm tan 3 ^.0) 

Now the area of the triangle ABC 

*= (A + B + C- n )/? 3 = (^ + 2 B- tt) R 3 

i.e. area of triangle ABC =» ^2 B—l^Rr 

Also sin ( 2 # — ^) = — cos 2 B, so that from (I), sin ( 20 — = tan 3 ^ 



Area of triangle ABC = R* sin -1 (tan 3 —); and, hence, the area of the 

I l \ 1 

square = 4 /?* sin -1 jtan 3 
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124. Napier’s Analogies. From (XI. 6 ) we have 

cos A = cos a sin B sin C— cos B cos C 

and cos B = cos b sin C sin A — cos C cos A 

Adding (XI.17) and (XI.18) 

cos A -h cos B = sin C (sin A cos b 4 - cos a sin B) 
— cos C (cos A -f cos B) 

(cos A + cos B) (1 4- cos C) 
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(XI. 17) 
(XI.18) 


or 


sin C 


= sin A cos b + cos a sin B 

a i . sin b 
= sin A cos b 4- cos a —— sin A 


s in A 
sin a 


sin a 


(sin a cos b 4- cos a sin b) 


i.e. 


(cos A 4- cos B) (1 4- cos C) sin A 

sinC- = slH a s,n (a + *> < X,,9 > 

Again 

sin A 4- sin B = sin A 4- sin A = (sin a 4- sin b) (XI.20) 

Dividing corresponding sides of the last two relations, we obtain 

sin A 4- sin B sin C sin a 4- sin b 
cos A 4- cos B' 14- cos C ~~ sin (a 4- ~5) 

^ . A B A — B . C C . a 4- b a — b 

2 sm — 2 — COS — 2 — 2 Sm *2 COS ~2 2 S,n — 2 — COS ~ 2 


.e. 


i.e. 


/I 4 - B A- B 
2 cos —^— cos — 2 — 

A 4- B 


2 cos* | 


_ . a 4- b a 4- b 
2 sin —r cos ^ 


tan 


a — b 

c cos -T“ 

2 ta " 2 ~ fl + b 


cos 


2 

a — b 


or 


tan 


A + B 005 2 


cos 


TT 6 cot 5- 


(XI.21) 
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We prove similarly 


a — b 


A-B S,n 2 


2 C 

- r~L cot ^ 

. a + b 2 

sin —— 


. (XI.22) 


Substituting ” — a, tt — b, tt — A, tt — B, tt — c tor A, B, a, b, C 
respectively in (XI.2I), we obtain (See Art. 121) 


(tt — a) -f- (7 t — b) 


(77 A) - (77 B) 

_ 2 _ 

(77 — A) -f- (tt - B) 


TT — C 


B- A 


cos j 


A — B 


— tan 


+ COS 2 


— cos 




A-B 

a + b COS ~ c 

lan 2 = -4 4- Z? tan 2 ‘ 

cos 2 

With the same substitution in (XI.22) we obtain 

.A-B 

a-b Sm 2 c 

,an — = TT+fi ,an 2 
sm —2— 


(XI.23) 


(XI.24) 


The formulae (XI.2I) to (XI.24) are known as Napier's Analogies. 

125. Formulae Involving Half-angles and Half-sides. From (XI.3) 
we have 

cos a — cos b cos c 

cos A =- — ;- 

sin b sin c 
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I.C. 


1 + cos A = 1 + — s a r f° s b cos c 

sin b sin c 

_ sin c -f- cos a — cos b cos c _ cos a — cos (6 -f c ) 
sin 6 sin c sin 6 sin c 

- . 4 - £ 4- c . a—b—c 

d ^ sin -x-sin--- 

2 cos 2 ± -- 2 ~— - 2 _ 

•4 sin b sin c 


cos 


w 


/ . a r 6 4- c . 6 -f c — a 
sin-^- sin - 2 - 


2 ' v sin 6 sin c 

Let a 4- b 4- c = 2s; then b + c — a = 2s — 2a = 2(s — a) 

. A /sin s sin (s — a) 

COS ~2 = *J sin b sin c " * < XI25 > 

Again, from the relation 1 — cos A = 1 — COS a . ^°? b C 91S wc 
deduce similarly s,n b sin c 

. A /sin (j— b) sin (s — c) 

S,n 2 = J sln^Tsinc-- * * < X, ' 26 > 

Dividing (XI.26) by (XI.25), we obtain 

sin (s — c) 

. (XI.27) 


A /sin (s — b) sin (s — c) 
tan — / ". . * v ~ . 

2 V sin j sin (5— o) 


Substitute tt — a t n — A, n — B y tt — C for A , a , £, c respectively 
in (XI.25). Then, since 

2s = a 4- b 4- c = (n — A) 4- (w - 5) 4- (w — C) 

= 3rr — (A + B + C) = 2 >tt — 2S 
where 25 = /I 4- B 4- C, we obtain 


tt — a 


sin 


cos 


(t-*)"■(?-*=*) 


i.e. 


sin 


sin (77 —B) sin (77 — C) 
a /— cos 5 cos (5— A) 

2 ~ V sii 


sin 5 sin C 


. (XI.28) 
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With the same substitution in (XI.26) we obtain 


cos 


\-j 


co s (S — B) cos (S — C) 
sin B sin C 

Dividing (XI.28) by (XI.29), we have 

a _ / — cos 5 cos (5 — A) 

2 ~ V< 


. (XI.29) 


tan 


cos (S — B) cos (5- C) ‘ 


(XI.30) 


We have corresponding formulae for the sines, cosines, and 

, , r B C b c 

tangents of y, y y 

126. Delambrc's Analogies. Since cos —!—- — cos ^ cos y — 
*4 /? 

sin y sin yand, using the formulae of the last article, we have 

A -f B I sin .v sin (v a) / sin \ sin (v b) 

2 V sin 6 sin c V sin c sin a 


i.c. 


or 


y sin ( s — b ) sin ( s — c) /sin ( s — c) sin (s — a) 
sin b sin c V sine sin a 

y sin (\ a) sin (v — b) Isin .v sin (s — c)\ 

sin a sin b Isinc sine I 


C (sin s — sin (s — c)| 
sin — {-:-J 

(s - |) sin | 


2 ( sin c 

* 

2 cos 


= sin ^ 


* . c c 
2 sin ^ cos - 


a 4- b 


A + B 
cos —2— = s,n 2 x 


C C0s 2 


cos- 


A + B c a + b . C 

cos —^— cos 2 = cos —2— sin 2 ' 


. (XI.31) 
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We prove similarly 


A - B . c 

. a -\- b 

. C 


cos 2 sin 2 — 

sm —^— 

sin - • 

. (XI.32) 

A + B c 

a — b 

C 


sin 2 cos 2 — 

cos —— 

cos 2 • 

. (XI.33) 

. A-B . c 

. a — b 

C 



sin —— sin 2 = sin ~2~ cos - . . (XI.34) 

The formulae (XI.31) to (XI.34) are known as Dehmbrc's 
Analogies. 

127. Solution of the General Spherical Triangle. A spherical 
triangle has six parts, three sides and three angles, and three of these 
six parts are in general sufficient to determine the triangle. There are 
six cases to consider. 

(i) Lett the Three Angles A, B t C be Given. We can find a from 
the formula 

cos A -f- cos B cos C 
cos a = -:— jr —.—- 

sin B sin C 

but the formula 

a I — cos 5 cos (S — A) 
tan 2 V cos(S-B)cos(S- C) 

is better adapted for logarithmic calculation. To find b and c we 

b c 

use the corresponding formulae for tan - and tan - 

(ii) Let Two Angles and the Adjacent Side be Given, say 
A, B y c, to find a and b we can use the cotangent formulae 

cot a sin c = cos c cos B 4- sin B cot A 

and cot b sin c = cos c cos A -f sin A cot B 


tan 


a -f- b 
2 


A — B 
cos —^— 

A + B 
COS 2 


tan 


c 

2 


or the formulae 
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a — b 


A - B 

2 c 

TT~b lan 2 


the latter being preferable. To find C we use the formula 


A + B 


a + b . C 


cos — y~ cos ^ = cos —2— s,n 2 

We can also use the sine formula to find C, but the reader should 
avoid this formula wherever possible. (See cases (iii) and (v).) 

(iii) Lit Two Angles and a Side Opposite One of Them be 
Given, say A t B, b. To find a t we use the formula 

sin a sin b 
sin A sin B 

Now sin a — sin (rr — a), so that there arc two values of a and, in 
general, two possible triangles. Having found a we use the formula 


A -f B 


a — b 
cos —--— 


7il COt 2 


Co* — 


A - B 

a + b COS 2 c 
and ,an — = -^rr B ^- 2 

cos —2— 

to find Cand c. 

(iv) Let Two Sides and the Included Angle be Given, say 
«, />, C. To find c we can use the cosine formula 

cos c = cos a cos b + sin a sin b cos C 

and then find A and B from the formulae for tan —^— and 
A — B 2 

tan —2 —‘ Otherwise, having first found A and B from these 

formulae, we can find c from the formula 


A -f- B 


cos ^ = cos —^— s,n 2 
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(V) Let Two Sides and the Angle Opposite One of Them be 
Given, say a, b, B. We use 

sin A _ sin B 
sin a ~ sin b 

to find A y and, as in case (iii), there will in general be two possible 
solutions. Having found A t we find C and c from the formulae 

a — b 


tan 


A + B 


cos — 


V+b COi 2 


cos — — 


and 


tan 


a \ b 


cos 


A — B 


A 4- B 
cos —x— 


2 c 

tan x respectively 


(vi) Let the Three Sides a, b, c be Given. To find A , B, C we 

ABC 

can use the cosine formulae or the formulae for tan tan ^, tan 

example 1 

In a spherical triangle ABC, a « 68° 24', b - 45° 14', c - 56° 38'; find the 
angles A, B, C. 

We have from (XI.27). Ian £ _ J* &- 4 

2 v sin 5 sin (s — a) 

„ 68° 24' + 45° 14'+ 56° 38' 

Here s «= - - -- = 85° 8', so that s- a - 16° 44', 

s- b = 39° 54', s- c = 28° 30'. 

/. log tan j = i [log sin 39° 54' + log sin 28° 30' - log sin 85° 8' 

- log sin 16° 44'J 

= | [1*8072 + 1-6787- 1-9984- 1-4593] 

= t [0-0282J — 0-0141 

^ - 45° 56' and A = 91° 52' 


Also tan # - f ^ 

2 v sin s sin (s — b) 


A 

log tan - = 1 [1-6787 + T 4593 - 1-9984- 1-8072) 

= | [I-3324J = 1-6662 
B 

j = 24° 53' and B = 49° 46' 



458 


PRACTICAL MATHEMATICS 


Again .an £ _ Ain fr - «) sin (, - ft) 
2 v sin s sin ($ —r) 


/. log tan - = I[1-4593 + 1-8072- 1-9984- 1-67871 
= t [1-58941 = 1-7947 


= 31° 56' and C = 63° 52' 


EXAMPLE 2 

In a spherical triangle ABC , a — 79 5 26\ b = 60° 20', C= 32° 44'; find 
c, /f, B. 


a — h 


19 ° 6 ' 


^ /? COS ~2~ C COS 2 

Wc havc lan — = —^co. - = —— 46 


- cot I6 3 22' 


cos 


cos 


A B 


log tan —j-- - log cos 9 ° 33 ' + log cot 16 ° 22 ' - log cos 69 ° 53 ' 
= 1-9939 + 0-5321 - 1-5365 => 0 9895 


Again, lan 


A + B 

= 84 ^ 9 ' . 
a — b 

A - B S,n ~2~ C sin 9° 33' 


„ , b C0 ‘ 2 " siiT69°Ti' X COt 16 22 
sin — j — 


^ p 

log tan —z— = 1-2199 + 0 5321 - 1-9727 - 1-7793 


2 

A — B 


= 31° 2' 


( 1 ) 


( 2 ) 


Adding and subtracting (1) and (2) in succession, wc obtain 

A *= 115° IT and B = 53° T 

... . - , A • B c a + b . C 

Using the formula cos —^— cos 2 = cos — 2 ~ s,n 2 * wc havC 


cos 84° 9' cos ^ = cos 69 5 53' sin 16° 22' 


log cos 2 = 1-5365 + 1-4499- 1-0083 = 1-9781 


2 = I8 J 2' and c = 36° 4' 
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EXAMPLE 3 

Prove that in any spherical triangle cos a = cos b cos c + sin b sin c cos A. 

. fr sh, P ,s proceeding uniformly along a great circle. At a given moment the 
atitude is observed to be /,; after the ship has travelled distances j and 2s the 
latitudes are observed to be / 2 and / 3 respectively. Show that 

cos 5 = sin \ (/, + /*) cos \ (/, - /*)/sin / 2 
Also express the total change of longitude in terms of the three latitudes. 

For the proof of the cosine formula see Art. 120. ^ 

In Fig. 92, P Q t R arc the three points on the ship’s course at which the 
latitudes are I lt / 2 , / 3 respectively. The meridians NP t NQ, NR are drawn. Let 



Fig. 92 


the plane of the meridian NQ make angle a with the plane of the great circle 
PQR. Hence, for the triangle NPQ we have 

cos (side NP) =» cos (side NQ) cos (side PQ) 

+ sin (side NQ) sin (side PQ) cos a 

i.e. cos (/j) -= cos / 2 ) cos s + sin / 2 ) sin scos a 


cos a 


sin /, — sin i 2 cos s 


• • I - • • • • • 

cos /, sin s 

For the triangle NQR we have 

cos (side NR) = cos (side NQ) cos (side QR) 

+ sin (side NQ) sin (side QR) cos (n — a) 

i.e. cos ( j — / 3 ) = cos (- — l 2 ) cos s — sin (^ — t t ) sin s cos a 


. 0 ) 


sin l 2 cos s — sin /, 

cos a = - j —:- 

cos / 2 sin s 


. (2) 
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Equaling ihe two values of cos i in (I) and (2), we obtain 

sin /, — sin /, cos s _ sin /, cos s — sin /, 
cos / 2 sin a cos /, sin s 

sin /, -f sin / 3 = 2 cos s sin / 2 . 


(1) 


or 


cos s = 


2lin ^;'> cos '!_^ 


2 sin /, 


sin 


/. + /, 


— cos 


sin /, 


The total change of longitude is equal to the angle between the planes of the 
meridians of P and R. Call this angle <f>. Then, for the triangle NPR, we have 
from (XI.3), 


i.c. 


cos ^ = 
cos <t> = 


cos (side PR) - cos (side HP) cos (side NR) 
sin (side A P) sin (side NR) 
cos 2v - sin /, sin / 3 
cos /, cos / 3 


( 2 ) 


Now, 


cos 2s = 2 cos 1 s - I; hence, from (I), 


cos Is 2 


fsm/, • sin/ 3 1 2 

l 2 sin /, J 


I 


sin 2 /, t sin 2 /, 4- 2 sin /, sin / 3 —2 sin 2 1 2 
2 sin 2 /.. 

Substituting this value of cos Is in (2). we obtain ultimately 

cos ^ s ' n * ■ sin*/ 3 * 2 cos*/, (sin/, sin/, I) 2 

2 cos /, sin* / 3 cos /, 

. 2cos*/ 2 (sin/, sin/, + I)— cos*/,- cos*/, 

or cos = _ . . , - , ■ ■ - 

2 cos /, sin- /, cos /, 

This equation gives the total change of longitude. 

EXAMPLE 4 

Two ports arc in the same latitude /. their difference of longitude being 2A. 
Show that the distance saved in sailing from one port to the other along a great 
circle, instead of due cast or west, is 2 r{). cos /- sin -1 (sin A cos /)}, where r is 
the radius of the earth. 

Calculate the distance thus saved if the latitude is 60° and the difference of 
longitude 90', taking the radius of the earth as 3 960 miles. (U.L.) 

Let O be the earth's centre and A and B the positions of the two ports 
(Fig* We consider the triangle ABC formed by the meridians CA, CB 
of A, B respectively, and the arc AB of the great circle through A and B. In this 

triangle a = b = - — /, C = 2A. Using the cosine formula, we have 

cos c = cos ( j - / J cos ( j - /) + sin (j - /) sin (j - /) cos 2A 
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cos c = sin 2 / + cos 2 / cos 22 
1 — 2 sin 2 ^ = 1 - cos 2 / + cos 2 /(I - 2 sin 2 2) 


sin 2 X cos 2 / = sin 2 - 


or c = 2 sin -1 (sin 2 cos /) 

Therefore length of arc AB of the great circle = rc = 2r sin' 1 (sin 2 cos /). 

Let the small circle through A and B whose plane is perpendicular to OC 
cut OC at D. Then angle ADB = 22 and AD = r cos/. Hence, length of 



arc AB of the small circle = AD x 22 =» 2rX cos /, which is the distance the 
ship would have to cover from A to B if its direction remained due west. 

Therefore distance saved = 2 rX cos /- 2r sin** 1 (sin 2 cos /) 

= 2r{2 cos /— sin** 1 (sin 2 cos /)} 

If / = 60°, 22 = 90°, or 2 « 45°. r = 3 960 miles, then 

the distance saved = 2 x 3 960 cos 60° — sin -1 (sin 45° cos 60°)J 

= 7 920 — sin-* 0*3535} 

= 7 920 (0-3927 - 0-3613) 

- 248-7 miles 


EXAMPLES XI 

(1) Prove that the area of a spherical triangle ABC is equal to £r 2 , where 
E is the spherical excess of the triangle and r is the radius of the sphere on 
which the triangle is drawn. Deduce the formula which gives the area of a 
spherical polygon. 
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(2) Prove that in any spherical triangle ABC , - j - ; = Show 

J & sin A sin D sin C 

that, if the triangle is equilateral, it is also equiangular. 

(3) State Napier’s Rules, and deduce from them that in a spherical triangle 
ABC in which A = 90°, cos a = cos b cos c and cot B = cot b sin c. 

Solve the triangle in which A = 90 J , b = 48 3 12', c = 53° 25'. 

Find the remaining parts of the triangle ABC in the following cases— 


(4) A = 90°, B = 84° 14', C = 39' 21'. 

(5) C = 90', c - 67° 33', B = 44° 44'. 

(6) B = 90*. A = 73° 54', a = 34° 25'. 

(7) A = 90’, a = 85°, b - 70°. 

(8) C = 90\ B = 46° 2', a = W 47'. 


(9) Prove that in any spherical triangle ABC , sin A =» --—, where 

* sin b sin c 

2 n - V sin s sin ( s - a) sin (s — b) sin (s - c), s being equal to a 

(10) Prove that, in any spherical triangle, L 

cos a *= cos b cos c + sin b sin c cos A 


Find the remaining parts of the triangle in which A *= 120°, b = 30°, c = 90°, 
and find the ratio of its area to that of the sphere on which it is drawn. (U.L.) 

(11) Prove the formula (A + B + C— n)r* for the area of a spherical triangle 
drawn on a sphere of radius r. 

The sides of a spherical triangle arc 90°. 70*. and 70°; show that its area is to 
that of the sphere on which it lies in the ratio 0 076 to I, approximately. 

(U.L.) 

(12) Prove that cos c =* cos a cos h -P sin a sin b cos C, and deduce that 
sin c cos A <■ cos a sin b — sin a cos b cos C. 

In a spherical triangle ABC. the side a = 76° 35' 36', the side b = 50° 10' 30', 
and the angle C — 34 15' 3'; find the other side and the other angles. (U.L.) 

(13) Prove that in any spherical triangle in which A - 90*. tan B sin c — tan b. 

From A, a point on the earth’s surface in latitude 51°, a distance AB of length 

20 000 feet is measured along the great circle perpendicular to the meridian 
through A. Calculate the angle which a great circle through B perpendicular to 
BA makes with the meridian through B. (Consider the earth as a sphere of 
radius 3 960 miles.) (U.L.) 

(14) If 0, and 0, denote the north latitudes of two places on the earth’s surface 
and b the difference of their longitudes, show that the angle between the earth’s 
radii through the two places is 4> given by the equation 

cos = cos 0j cos 0, cos <5 -F sin 0, sin 0 a 

Use this to find the (solar) time of sunset at a place in latitude 52° north 
when the sun is 234° south of the equator. (Assume that, at sunset, the line 
joining the earth’s centre to the sun is perpendicular to the radius through the 
place.) (U.L.) 

(15) Prove the formula of spherical trigonometry 

cos a = cos b cos c + sin b sin c cos A 


The shortest distance between two points on the earth’s surface is one-tenth 
of the earth’s circumference at the equator, and their latitudes are 40° and 50°. 
Find the difference of their longitudes. (U.L.) 
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Find the remaining parts of the spherical triangle ABC in the following cases— 

(16) A = 80° 20', B = 63° 46', C = 55* 11'. 

(17) B = 32° 11', C = 87° 32', a = 15° 23'. 

(18) A = 46°, B = 64°, b = 90*. 

(19) a = 53° 17', b = 40° 51', c = 37* 16'. 

(20) C = 81° 30', a = 50° 9'. b = 55* 19'. 

(21) * = 70°, b = 60°, c = 90°. 

(22) A = 65* 56', 6 - 71° 29', c = 84* 42'. 

(23) A = 39° 8', = 69* 18', C = 88* 50'. 

(24) b = c = 59° 45', C = 79° 27'. 

(25) Two points P and Q on the earth’s surface are in north latitudes /, and 
u and east longitudes 2, and respectively. Assuming the earth to be a sphere 
of radius R, find the length of the shortest path which joins P to Q and lies on 
the earth’s surface. 

Use your result to find the shortest course a ship can take in travelling from 
latitude 34° 10' N., longitude 12° 36' E. to latitude 33° 26' N., longitude 20' 14' E. 
(Radius of earth *» 3 960 miles.) 

(26) A, B, and Care three places on the earth’s surface; the shortest distances 
between the places arc as follows: A to B, 4 146 miles; B to C, 2 073 miles; 
C to A, 3 110 miles. 

Find the area of the spherical triangle ABC, assuming the earth to be a sphere 
of radius 3 960 miles. 

(27) OA and OB are two radii of a sphere. The ends A and B move along 
great circles of the sphere, the angle between the planes of which is < 90°). 
In the initial position OA lies along the line of intersection of the planes. If 
the angle AOB is constant and equal to 90°, show that when OA has turned 
through an acute angle 0, the angle turned through by OB is tan -1 (tan 0 cos <f>). 

For the application of this to the theory of the mechanism known as "Hooke’s 
Joint,” sec Theory of Machines (Pitman). 

(28) In a spherical triangle XYZ the angle XZY is a right angle. 

Prove that cos YXZ - cot XY tan XZ 


From the vertex A of the spherical triangle ABC a great circle arc is drawn to 
meet the side BC at right angles at the point P. 


Prove that 


cos BAP _ cot B A 
cos CAP ~ cot CA 


Find an expression for sin AP in terms of the sides of triangle ABC. (U.L.) 

(29) The most southerly latitude reached by the great circle joining a place 

P on the equator to a place Q in north latitude A is 4>. Prove that the difference 
of longitude between P and Q is sin " 1 (tan A cot <t>), and find the angle between 
the meridian through Q and the great circle PQ. (U.L.) 

(30) A ship sails along a great circle. At noon on three successive days the 
latitudes arc observed to be A.„ A,, and A 3 , while the distance sailed each day is 
(in angular measure) <5. 

Show that cos <5 = sin J(A, + A 3 ) cos ](A, — A,)/sin A 3 

and express the total difference of longitude in terms of the three given latitudes. 

(U.L.) 
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NOMOGRAMS 

128. In a nomogram the values of the variables in a formula are repre¬ 
sented by graduations on axes, which may be straight or curved, and 
any index line cuts these axes in points the readings at which satisfy the 
given formula. In other words, corresponding values of the variables 
give collincar readings in the nomogram. For this reason a nomogram 
is often called a line chart or alignment chart. A nomogram, therefore, 
affords a means of finding very quickly and easily a result which may 
take minutes to obtain by calculation or by the use of a slide rule. 
Once a nomogram has been constructed, it can be used quite as 
readily whether the formula which it represents is complicated or 
otherwise. The degree of accuracy obtainable from a nomogram 
will depend on the overall size of the diagram, the disposition of the 
axes, and the degree of closeness of the graduations, but in any case 
it should compare very favourably with that obtained from a slide 
rule. 

A nomogram can be constructed to represent a formula containing 
two or three or more variables, the actual form which it takes 
depending on the type of that formula. 

In this chapter systematic methods of construction arc established 
for nomograms which represent formulae of types likely to be 
encountered in scientific and, in particular, in engineering practice. 
The treatment is designed to generalize and unite the subject in 
such a way as to avoid the necessity of treating any formula ab initio . 
In any given case it is necessary merely to determine the particular 
type which the formula under consideration follows or can be made 
to follow by transformation, logarithmic or otherwise, and then to 
use the method shown for this type of formula. 

By means of typical examples it is shown how the methods used 
in connection with three-variable formulae can be applied, frequently 
in combination, to the construction of nomograms representing 
formulae which contain more than three variables. It will be noted 
that the methods employed allow for a proper planning of the 
figure. 

In actual practice the degree of closeness of the graduations would 
be greater than that shown in the diagrams drawn to illustrate the 
various methods of construction. 
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129. Two-variable Formula X — Y. Any formula of the type 

X = Y . . . . (XII.1) 

where X and Y are functions of two variables a* and y respectively, 
can be represented by a single straight line graduated on both sides. 
If X 0t Y 0 and X mt Y m are the values of X y Y respectively correspond¬ 
ing to the extreme values of .v, v, and L is the actual length of the 
nomogram between the graduations at these extreme values, then 
the scale-factors ). x on the x side and ?. 2 on the y side are given by 

X x (X m -X 0 ) = L and X£Y m - Y 0 ) = L 

Now X m = Y m and X 0 = Y 0 \ hence 2, = 2 2 , i.e. the same 
scale-factor is used for both sets of graduations. 


EXAMPLE 

Construct nomograms to represent the following formulae, the overall length 
of each nomogram to be 9 in. approximately— 

(a) T = 2t rj- t where T (sec) is the time of swing of a simple pendulum of 

length / (ft), the length to vary from 1 ft to 4 ft. 

(b) pv' - 437, where p (lb/in.*> is the pressure of a mass of gas when its 

volume is v (in. 3 ), the volume to vary from 5 in. 3 to 10 in. 3 


(a) It is convenient to write the formula as 



T 2 - 1-226/ 


The scale-factor ?. is then given by 

2(1*226 x 4 - 1*226 x 1) 


- 9 

- rfrs - 25 * say 


If T 0 and T m are the extreme values of T, then 

T 0 = V1-226 x I = 1107 and T m = VF226 x" 4 = 2-214 
Distance (in inches) from base-line to any graduation / 

= 2-5(1-226/- 1*226 x I) 

= 3065(/ — 1) 

Distance (in inches) from base-line to any graduation T 

= 2-5 (r 2 - 1*107*) 

= 2-5(7-*— 1*226) 
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The straight line can now be graduated by projection from a uniform scale 
and a scale of squares, or by the use of a table of values built up from the above 
distance relations. 



, -L-/ /Q7 5 —*— 

It v- p 

Fio. 94 


From the nomogram, which is shown in Fig. 94 (a), it is seen that a pendulum 
of length 3 - 26 ft has time of swing 2 sec. 

(6) In this case the formula is put into the form (XII. 1) by logarithmic trans¬ 
formation ; thus 

1-41 log v = log 437— lo gp 
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The scale-factor A is given by 

A(I-41 log 10- 1-41 log 5) = 9 

9 

i.e. A = . —z = 20, say 

1-41 log 2 J 

When v = 5, p = = 45-17, and when v = 10, p = =17*00 

Distance (in inches) from base-line to any graduation v 

= 20(1-41 log v- 1-41 log 5) 

= 28-2 log ^ 

Distance (in inches) from base-line to any graduation p 

= 20[(log 437 — log p ) — (log 437 — log 45-17)] 

= 20(1-6549- log p) 

The straight line can now be graduated by projection from a logarithmic scale, 
or by the use of tables of values calculated from the distance relations above. 
The nomogram is shown in Fig. 94 ( b ). 

The graduations on the p and v sides of the straight line arc in opposite senses, 
the value of p decreasing as that of v increases. The volume is seen to be 7-61 in. 3 
when the pressure is 25 lb/in.* 

130. Three-variable Formulae. Before consideration is given to 
methods of construction it is convenient to determine types of 
formulae containing three variables which give rise to the various 
forms of nomograms listed below— 

( A) Three curves. 

( B ) Two curves and a straight line. 

(C) A curve and two non-parallel straight lines. 

(D) A curve and two parallel straight lines. 

( E ) Three concurrent straight lines. 

(F) Three non-concurrent straight lines no two of which are 

parallel. 

(G) Two parallel straight lines and another straight line. 

(//) Three parallel straight lines. 

(A) Three Curves. In Fig. 95 a straight line cuts the three 
curves, the x- t y- y z- axes, at F, Q y R respectively. For all positions 
of this straight line, the readings at F, Q y R (when the axes are 
graduated) must satisfy the formula (type at present unknown) 
which the nomogram represents. Axes of reference—for convenience 
called here the u- and v-axes respectively—are taken in the plane 
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of the curves. In the figure these axes of reference are rectangular, 
but they may equally well be oblique. The co-ordinates of P will 
be functions of x t those of Q will be functions of y\ and those of R 
will be functions of r. Thus, at P, it = f x (x) and v = / 2 (x), where 
/i (.x:) and / 2 (.v) are functions of x; at Q y u = 4> x (y) and v = <j> 2 (v)» 
where <£,(v) and are functions of y\ and at R t u = F x (z) and 
v = F. i {z) y where F x (z) and F.,{z) are functions of z. 



Fig. 95 


The equation of the straight line PQR is of the form 

au + bv + 1 = 0 . • • (XII.2) 


where a and b are constants. 

Since the points P t Q % R lie on this line, their co-ordinates will 
satisfy (XII.2). 

Hence af x (x) + bf 2 (x) +1=0 

+ b<f> 2 {y) + 1=0 
and aF x (z) + bF 2 (z ) +1=0 

If a and b are eliminated from these three relations, then 

/,(*)[«/) - F**)] + AOWfr) -AM] + FiMlftM - AO01 = 0 

(XII.3) 

or, in determinant form 

AM AM i 

AO’) AO’) 1 = 0 

F,(z) F s (z) 1 
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If/^.v),/ 2 (.x), <f> x (\) t My), F x (z) 9 F.,(z) are denoted by X\ X”, Y\ 
Y"> Z\ Z" respectively, the equation (XII.3) becomes 

X\ Y” - Z") -F Y\Z" - X") + Z\X" - Y") = 0 

(XII.4) 

A formula of the type (XI 1.4) can, therefore, be represented by a 
nomogram consisting of three curves suitably graduated. 

(D) Two Curves and a Straight Line. Suppose that one of the 
curves in Fig. 95 is a straight line—say the x-axis, which without 
loss of generality may be assumed to coincide with the v-axis. 

In this case,/i(.x) = 0, and the relation (XII.3) becomes 

^O)^) -AW] + FxWlfzW - My)] = o 

i e -AWlMy)-F x (z)] -F My) * Mz) -f My) * - f x {z) = o 

If A' = -f 2 (x) t Y' = My ), y" = My), z ?iW, and z" = f 2 (z) 
then this relation becomes 

X( Y' + Z') -f T'Z" -F Y"Z' = 0 . (XII.5) 

Thus a formula of the type (XI 1.5) can be represented by a nomo¬ 
gram consisting of a straight line (the x-axis) and two curves (the 
y- and z-axes) [Fig. 96 (a)]. 

(C) A Curve and Two Non-parallel Straight Lines. Suppose 
that the at- and ^-axes are non-parallel straight lines, the xr-axis, 
as in (B) t coinciding with the v-axis, the z-axis is a curve, and the 
u t v origin is taken at the intersection of the x- and r-axes. In this 
case,/,(x) = 0, and, since the j'-axis is a straight line passing through 
the origin, My) = m 4>\(y), where m is a constant. The relation 
(XII.3) now becomes 

UyW 2 (z) -f 2 (x)] + F,(z)lf 2 (x) - m^O )] = 0 
i.e. <f>i(y)lF t (z) — mF,(z)] + F,(z) x f 2 (x) = f 2 (x) x <f>,(y) 
ie. YZ' + Z"X=XY . (XII.6) 

where X =/ 2 (x), Y = </>,(}’), Z' = F 2 (z) - n,F,(z) t and Z" = F,(z) 

On division by XY, (XII.6) becomes 

7' 7 " 

-p-F-y = 1 • • • (XII.7) 

When the y-ax'is is at right angles to the xr-axis, m = 0. In this 
case Z' = F 2 {z) instead of Z' = F 2 (z) — mF x (z)y and the type of 
formula represented does not differ from (XII.6) or (XII.7). 



470 


PRACTICAL MATHEMATICS 


It is seen that a formula of the type (XII.6) or (XII.7) gives rise 
to a nomogram consisting of a curve (the z-axis) and two non- 
parallel straight lines (the x- and y-axes) which may be taken at 
right angles to each other or not according to convenience (Fig. 96 (£)]. 

(D) A Curve and Two Parallel Straight Lines. Suppose that 
the x- and z-axes are parallel straight lines at distance d apart, 



( 9 ) 

Fio. 96 


the x-axis, as before, coinciding with the v-axis, and that the y-axis 
is a curve. 

Here f x (x) = 0 and F x (z) = d t so that the relation (XII.3) becomes 

-AM] + dlfzM - &0’)) = 0 

which can be expressed as 


i.c. 


r (x) x d -~ ~ d **M , F(z) = o 

AM* + * lO 0 

XY'+ Y" + Z = 0 


(XII.8) 


*>»» * -/, W , r . r- — - W> 
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Accordingly, a formula of the type (XI 1.8) can be represented by a 
nomogram consisting of two parallel straight lines (the at- and z-axes) 
and a curve (the j-axis) [Fig. 96 (c)]. 

( E ) Three Concurrent Straight Lines. Suppose that the x-, 
y-> ^-axes are straight lines having a common point of intersection, 
the x-axis, as previously, coinciding with the v-axis, and the w, v 
origin being at the point of intersection of the straight lines. Here 

fi ( x ) = 0, <f> 2 O) = m x 4>iky\ and = n x Fj(z) 
where m and n are constants. 


The relation (XII.3) now becomes 

<f>i(y)[" F i(z)—/ 2 (x)) + F i(z)[f 2 (x) — m4> x 0)J 0 

which leads to 


^ x 

= Uy) x + FM 

x ^ 

n — rn 

i.e. 

XY = YZ + ZX . 

. (XII.9) 

or 

z XY 
x+ Y • 

. (XII.10) 

or 

1 = 1 + 1 

Z Y 

. (XII.11) 

where X = y = 

n —— m 

MO. and z = F i ( z ) 



Thus, any formula of the type (XII.9) or (XII.10) or (XII.11) 
can be represented by a nomogram consisting of three concurrent 
straight lines. 

As in (6), two of the straight lines can be taken at right angles 
to each other, and usually this is found most convenient [Fig. 96 (</)]. 

(F) Three Non-concurrent Straight Lines no Two of which 
are Parallel. Suppose that the x-,^-, z-axes are three non-concurrent 
straight lines no two of which are parallel, the x-axis coinciding with 
the v-axis and the w, v origin being taken at the intersection of the 
x- and ^-axes. 

In this case, f Y (x) = 0, <f> 2 (y) = and F 2 (z) = nF x (z) -f k> 

where m , n , k are constants. 
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The relation (XII.3) becomes 

+ k-f 2 (x)] + FJLz)IMx) - m4>Ay •)] 
which may be expressed as 

[W _ + Uy) [,,(,> + jAJ 

ayz- n + y(z + <i) = o 


= o 


= 0 


i.e. 


or 


or 


XY = Y(Z + a) + ZX 


*±f+2-i 

X Y 


(XII.12) 
(XII.13) 


where AT = Z = f,(r). and a = 

The formula (XII. 12) or (XII.13) is not altered in type when the 
x - and r-axes arc at right angles to each other. Thus, any formula 
of the type (XI 1.12) or (XII. 13) can be represented by a nomogram 
consisting of three non-concurrent straight lines no two of which 
arc parallel [Fig. 96 (<*))• 

(6) Two Parallel Straight Lines and another Straight 
Line. Suppose that the .v- and r-axes are parallel straight lines at 
distance d apart, the .Y-axis coinciding with the v-axis, and that the 
v-axis is a straight line not parallel to the other axes. 

Here f x (x) = 0, F x (z) = </, and £,(/) = mi&y) + ", where m and 
n arc constants. 

The relation (XI 1.3) now becomes 

&0W&) -AM) + dlAM - m Uy) - "1 = 0 

which can be expressed as 

[AM~ ") * p dm] = 0 

i.e. XY + Z = 0 . . . (XII.14) 


where X = AM Y= and Z = F - (z) 

A formula of the type (XII.14) can be represented, therefore, 
by a nomogram consisting of two parallel straight lines (the x - and 
z-axes) and another straight line (the/-axis) [Fig. 96 (/)]. 
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(//) Three Parallel Straight Lines. If the .v-, r-, and r-axes 
are parallel straight lines, the .v-axis coinciding with the r-axis, and 
the distances of the r-axis from the x- and r-axes are a f- b and b 
respectively, then 

/i(.v) = 0, &(_>•) = a t and F,(r) = a -\- b 
so that the relation (XII.3) becomes in this case 

a[F 2 (z) -f 2 (x)) 4 - (a + b)[fax) - </> 2 (v)] = 0 
ie - bf 2 (x) - (a + b)<f> 2 (y) + aF 2 (z) = 0 

ie. X + Y + Z = 0 . . . (XII.15) 

where X = bf 2 (x\ Y = - (a -f b)<f 2 (y) t and Z = aF 2 (z). 

Thus, the formula (XII.15) can be represented by a nomogram 
consisting of three parallel straight lines [Fig. 96 (#)]. 

In the rest of this chapter methods of construction arc shown for 
nomograms representing what are probably the most important 
of the above types of formulae, or at any rate the most frequently 
occurring, starting with the simplest case X -j- Y + Z = 0. 

131. Formula X -f- Y + Z = 0. A formula of the type 

f + Z = 0 . . . (XII.16) 

gives rise to a nomogram consisting of three parallel straight lines, 
as established in Art. 130. In Fig. 97 a base-line ABC cuts three 



parallel straight lines, the x-, y- t z- axes, in the points A, B , C 
respectively, the corresponding readings being x 0 , y Qt z 0 . This base¬ 
line is drawn perpendicular to the axes, but it may be drawn at 
any convenient angle to these axes. 

(T.6ix) 
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A method of graduating these axes and of determining the ratio of 
their distances apart has now to be found. Let any straight line 
intersect the axes at P y Q y R respectively. Then the readings x y y y z at 
these points must satisfy the formula (XII. 16). Let the actual 
lengths of AP y BQ y CR be p, q y r, and those of AB y BC be a y b y as 
shown in the diagram. It is easy to prove that 

<!-P = « 

r — p a + b 

which reduces to 

bp — (<a 4- b)q -f ar = 0 . . (XII. 17) 

If X Qy K 0 , Z 0 are the values of .V, >', Z respectively at the base-line, 
i.c. where x — .v 0 , y = r 0 , r = r„, then by (XII. 16) 

A'o -h Y 0 -hZ 0 = 0 

By combining this relation with (XII. 16) 

(X-X 0 ) + (Y- y o ) + (Z — Z 0 ) = 0 . (XII.I 8 ) 

Now let A,, Aj, A 3 be scale-factors such that 

p = X x (X— X 0 \ q = Ag( Y — Y 0 ) y and r = A^(Z- Z 0 ) 
and substitute these values in (XII. 17). 


Then 

bX x (X — A'o) - (a + />)A-»( Y— Y 0 ) + a?^Z - Z 0 ) = 0 . (XII. 19) 

(XII. 18) and (XII. 19) are equivalent relations, and the latter must be 
the former multiplied through by a common factor. 


Hence 
from which 


and 


bX x = — {a -f b)?^ = aX 3 


b 
^ 2 


A, 




A, 4-A 3 


. (XII.20) 
. (XII.21) 


Suitable values for X x and A 3 are chosen in accordance with the 
required ranges over which x and z are to vary and with the length of 
paper on which the nomogram is to be constructed, but once these 

values have been fixed, the values of ^ and A 2 are determined 

accurately from (XII.20) and (XII.21) respectively. 
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The length a -f- b is chosen to suit the breadth of paper and the 


a 


ratl ° b' sca * es arc graduated so that .v, y, r increase upwards. 

A, a • 

If the ratio j- = ^ is positive, the j’-axis falls between the other two; 


if the ratio lies between 0 and — 1, the /-axis is on the left, and if the 
ratio lies between — 1 and — co, the y-a\\s is on the right. If the 
ratio is — 1, the j’-axis is at infinity, and an adjustment of one of the 
values A, and A 3 is necessary to bring the ratio well away from — 1. 

A great variety of formulae can be expressed in the form (XII. 16), 
frequently by logarithmic transformation. 


FXAMPLE 1 

The formula k 2 


3 r 2 /,* 

4- — gives the radius of gyration k of a uniform 


20 ' 10 

circular cone, radius of base r, height /i, about a diameter of the base. It is 
desired to construct on a sheet of paper, 30 in. by 22 in., a nomogram to represent 
this formula, r to vary from 2 in. to 9 in., and h to vary from 7 in. to 15 in. 

The formula is written as 

3r* + (- 20**) + 2/i* = 0 

which agrees with (XI1.16) if X, Y, Z are substituted for 3/*. — 20k 2 , 2h 2 
respectively. 

A,, A,, A 3 arc the scale-factors along the r, k, h axes respectively. The length 
between the lowest and the highest graduations on the r-axis will be 

A,(3 x 9 * - 3 x 2 *), i.c. 23Mj in. 

The length of the paper is 30 in., so that with a 2 in. allowance for borders, 

* 28 

231A| = 28, and hence A t - 23 T - 012, say 


28 


Similarly, A,(2 x 15* - 2 x 7*) - 28, and hence A* - 352 “ 0 08, say. 

A, is now determined accurately from the relation (X1I.21). 

_ 0 12 x 0 08 = __ 0 0096 = _ Q>()4g 

1 


0 12 + 008 


0-20 


From (XII.20), 


a h _ l 

b ~ A, 0 08 = 2 


a and b being the distances between the axes, as in Fig. 97. 

The breadth of the paper is 22 in., and here it is convenient to take 
a + — 20 in., so that a = 12 in. and b = 8 in. 

The extreme values k 0 and k m of k occur when r — 2 in., h - 7 in. and when 
r = 9 in., h = 15 in. respectively. 
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Hence, 

. , 3 x 2 2 7 3 

*• 20 + i0 0-6 + 4-9 - 5 5 in. 3 

and 

k 0 = V 5 5 = 2-345 in. 


3 x 9 s 15* 

*m* = 20— + To = 1215 + 22 5 = 34 65 in '* 

and 

k„, = \/34-65 = 5-887 in. 


For the graduation of the r-axis, distance (in inches) from base-line 

= 2,(3 x r 3 - 3 x 2 3 ) 

= 0-36(r 3 — 4) 

For the graduation of the /r-axis, distance (in inches) from base-line 

- 2,(2 x /i 3 - 2 x V) 

= 0-16(/i* — 49) 

For the graduation of the A:-axis, distance (in inches) from base-line 

- 2,((- 20 x k*) - (- 20 x 5-5)J 
= 0 96(A 3 - 5*5) 

The axes can now be graduated, either by projection from a 
scale of squares, or from tables of values calculated from these 
distance relations. 

The nomogram is shown reduced in scale in Fig. 98. 

When r = 7-3 in. and h = 10-5 in., the nomogram gives k = 4-36 in. 


EXAMPLE 2 


Construct a nomogram to represent the formula T =* d lo vaf 7 from 

4-5 in. to 10 in. and/to vary from 2 000 lb/in. 3 to 9 000 lb/in. 3 Paper, 22 in. by 
IS in. 

Logarithmic transformation gives 

log/ + (log — log r) + 3 logd = 0 

which is in the form (XII.I6) where X - log/, Y = log — log T t and 
Z = 3 log d. 

2„ A,, 2, arc the scale-factors along the/-, 7*-, d -axes respectively, and the values 
of these arc obtained as in the last Example. 


so that 


2,(log 9 000 - log 2 000) 
21 21 
1 log 4-5 0-6532 


21 

32, say 


2,(3 log 10-3 log 4 5) = 21 



7 _7_ 

1 - 0-6532 “ 0 3468 ~ 


so that 


20, say 
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Then 


i.e. 


V-3 _ 32 x 20 640 

+ A, 32 + 20 “ 52 

A* =— 12-31 


The ratio of the distances a and b between the axes is given by 

a A, _ 32 _ 8 
b~ X 3 “ 20 _ 5 

r k 


9 - 


5887 



5'75 - 



55 - 

8- 


525 - 

73 

' „ 

5 - 

7- 



4 



6 - 


4 25 

m 


4 - 

5 


3 75 - 



35 

4 - 


3 25 - 



3 - 

3 - 


2 75 - 



25 - 

2— 


2-345 — 

r 

k 


4-36 


h 

| 

~/S 

-14 

- 

-13 

-12 

-II 

-10 

I- 9 
8 
7 




3r 2 

Fig. 98. Nomogram for Formula k 2 = + 

A convenient value for a + b is 13 in., so that a = 8 in. and b 
If 7*,, and T m are the extreme values of T. then 

T„ = x 2 000 x 4-5* = 35 780 lb-in. 

10 


h 

£ 

10 

= 5 in. 


T m = — x 9 OOO x l(P 


1 767 000 lb-in. 
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For the graduation of the f- axis, distance (in inches) from base-line 

= >-.(!«£/■- log 2 000) 

= 32 log 2 000 

For the graduation of the F-axis, distance (in inches) from base-line 

= K [( lo § Ye “ ,og T ) ~ ( los il ~ ,og 35 780 )] 

= - 12-31 (— log T + 4-5536) 

= 12*31 (log F- 4-5536) 


f T d 



(in/ 0 3 /bl/n 9 ) (in ! 0 6 lb-in) (in in) 


Fio. 99. Nomogram for Formula T = 

For the graduation of the </-axis, distance (in inches) from base-line 

= 2*0 log d- 3 log 4-5) 

= 60(log d— 0-6532) 

The axes can now be graduated by projection from a logarithmic scale, or 
from tables of values calculated from these distance relations. 

Fig. 99 shows the nomogram on a reduced scale. 
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From the diagram, T = 543 000 lb-in. whcn/= 4 500 lb/in. 2 and d = 8-5 in., 
and also d = 6-34 in. when T = 300 000 lb-in. an d/= 6 000 lb /in. 2 

132. Formula XY' + Y" 4-2 = 0. A formula of the type 


XY' 


Y" + Z = 0 


. (XII.22) 

can be represented by a nomogram consisting of two parallel 
straight lines (the a:- and z-axes) and a curve (the j’-axis). 

In Fig. 100, A and C are the points on the x- and z-axes respectively 
corresponding to the lower extreme values at = .v 0 and z = z 0 , and 
the point B in which the straight 
line AC cuts the y-axis will cor¬ 
respond accordingly to the value 
y = JV PQR is any straight line 
cutting the a;-, y-, z-axes at P, Q y R 
respectively. Then, when the axes 
arc graduated, the readings at P y 
Q » R must satisfy the relation 
(XII.22). 

Let the actual length AP and CR 
be p and r respectively, and let 
AN = £ and NQ = rj y where N is 
the point in which the line through 
Q parallel to the x - and z-axes meets AC. [This base-line AC can 
have any inclination to the parallel axes, but it is usually convenient 
to have AC perpendicular to these axes, as in Fig. 100.] 

It can easily be proved that 



Hence 


v-p 

r-p 

P (d — £) — drj -F r$ 


3 , where d 
a 


length AC 
0 


(XII.23) 


If X Qy Z 0 are the values of X y Z respectively at the base-line, 
i.e. where x = at 0 , z = z 0 , then AP represents the function X — X 0 
and CR represents the function Z — Z 0 , so that 

p = X x (X- X 0 ) and r = X£Z - Z 0 ) 

where and 2 3 are scale-factors chosen to suit the ranges of values 
of x and z and the required overall length of the nomogram. If 
these values of p and r are substituted in (XII.23), then, after 
division by V (XII.23) becomes 


(Z- X 0 ) x 


A,( t * S) -rl + ( z - Z 0> = 0 • (XII.24) 
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Now the relation (XI 1.22) may be written as 

(X- X 0 )Y' + X 0 Y’ + y" + (Z-Z 0 ) + Z 0 = 0 
or (X - X 0 ) Y 9 + (X 0 r + Y" + Z 0 ) + (Z - Z 0 ) = 0 

(XII.25) 

The relations (XII.24) and (XII.25) hold for all positions of the 
straight lines PQR t and these relations are identical, so that 


rand-'" 






X. r + y" + 


From the former of these equations 


V 

s lx + W 


. (XII.26) 


rj = — 


. (XII.27) 


and from a combination of both equations 

Va (XqY' + Y" + Z 0 ) 

*i+*3 Y' 

Thus, £ and rj are functions of v, and, as y varies, the corresponding 
values of £ and /; determine points on a curve, the/-axis. 

If the starting values of .v and z arc such that 

X 0 = 0 and Z 0 = 0 

then in this case the relation (XII.27) becomes 

V ~ A t + AfY’ ■ 


. (XII.28) 


the relation (XI 1.26) remaining unaltered. 

Exs. 1 and 2 below illustrate the method of construction. 


EXAMPLE 1 

On a sheet of paper, 1 4 in. by 10 in., construct a nomogram to represent the 
formula T, = M + \ M 2 4- 7**, A/ and T both to vary from 2 ton-in. to 10 ton-in. 
The formula is written as 

2 x M x T 0 — T* + r* = 0 

which is of the type (XI 1.22), where X = 2 x M, Y' = T, % Y" = - T,\ and 
Z = 7**. If the overall length of the nomogram is taken as 12 in., the scale-factors 
and Aa on the M- and 7*-axcs arc given by 

2,(2 x 10- 2 x 2) = 12 and 2,(10* - 2*) = 12 
2, = o-75 and 2, — 0125 


so that 
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Hence, distance (in inches) from base-line to any graduation on Af-axis 

= 0-75(2 x A/- 2 x 2 ) 

= l-5(A/ — 2) 

and distance (in inches) from base-line to any graduation on T-axis 

= 0 I25(r=- 4) 

dfa T a convcnienl distance apart, say 8 in., can now be 
graduated from these two distance relations. 


From (XII.26), 
and from (XII.27), 


0-75 x 8 


48 


l.C. 


0-75 + 0 125 x T, 6 + T e 

_ 0 75 x 0-125 (2 x 2 x T f - T 2 + 2*) 
0 75 -i- 0-125 xT f 

m _ 3 l(T e - 2) 2 — 8) 

4(6 + T e ) 


The extreme values of T e are 

2 + Va + 4. i.e. 4-828 ton-in., 

and 10 + V ]00 + 100 , i. c . 24-14 ton-in. 

for V ? l i' C !i 0f r * ran g in S fr om 4-828 to 24-14 are substituted in these expressions 
C and r), and the 7>axis plotted and graduated accordingly, 
inc nomogram is shown (on reduced scale) in Fig. 101 . 
ne broken lines in the figure give the following results— 

When M = 5-5 ton-in. and T ~ 6-2 ton-in., then T e - 13 8 ton-in. 

When T t =* 18 ton-in. and M - 7 ton-in., then T = 8-49 ton-in. 

EXAMPLE 2 

.. ,n J hC formu,a « = 0 - e sin 0, a and 0 arc angles in radian measure and c is 
tha! CCnlnC, f^ an orh ' f ’ Assumin g that both « and 0 vary from 0 to and 
Expressed as° m ° l ° ° 5 * construct a nomogram to represent this formula. 

e sin 0-0 + a *0 

the formula is in the form (XII. 22 ), where X = e. Y' = sin 0, Y" « - 0, 
ana z. = a. 

A n'a’ lS c * 1 ° scn as , l ,e overall length of the nomogram, then the scale-factors 
1 na on lhc and a-axes respectively, are given by 

8 


so that 


A,(0-5 - 0) = 8 and A,(»r - 0) 

g 

A| = 16 and Aj = — 


Thus the distance from the base-line of any graduation on the r-axis is 16r, 
and the corresponding distance on the a-axis is - oc. These axes can now be 
drawn at a suitable distance apart, say 5 in., and graduated. 
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Inthis C3 se the base-line values on the e- and a-axcs are both zero, so that from 
tAll.Zo), 

+ sin 0 



Fio. 102. Nomogram for Formula a = 0 — e sin 0 
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From these expressions for £ and rj values of these co-ordinates are calculated 
for values of 0 between 0 and n, and the 0-axis is plotted and graduated accord¬ 
ingly. 

It will be seen from the nomogram which is drawn in Fig. 102 that the 0-axis 
is a curve which cuts the a-axis in points at which the readings are 0 and »r 
respectively on each of the two axes. 

The broken line in the figure gives a = 2-45 when c = 0-3 and 0 = 2-6. 

133. Nomogram for Solving Equation of the Form af(x) -f <f>(x) -f 
b = 0. The equation 

af(x) 4- <t>(x) + b = 0 . . (XII.29) 

where a and b are constants, and /(x) and <£(x) are different functions 
of x , is in the form (XII.22), and by the method of Art. 132 a nomo¬ 
gram can be constructed to give solutions of this equation for 
given ranges of values of a and b. 

Many equations occurring in practice are in the form (XII.29) 
or can readily be put into that form, e.g. the quadratic equation 
x 2 4- ax 4- b = 0 (written as ax 4 - x 2 4 - b = 0 ), the cubic equation 
x 3 -f- ax 4- b = 0 (written as ax 4- * 3 4- b = 0), and equations 
such as a sin 0 - 1 - cos 0 4- b = 0, a log* x 4- x 2 4- b = 0, tan 3 x 
4- a cos x 4- b = 0, and so on. 

In each case the method of construction of the nomogram is that 
explained in Art. 132. It will be sufficient to choose one of the 
equations noted above—say the cubic equation x 3 4 - ax + b = 0 
and to construct a nomogram to represent this equation for given 
ranges of values of a and b. 

The equation is written as 

ax 4- x 3 4- b = 0 

and is then in the form (XII.22), where X = a, Y' = x t Y" = * 3 > 
and Z = b. Let the range of values for both a and b be — 10 to 
4 - 10. The distance between the extreme graduations on the a-axis 
and also on the 6 -axis is taken as 5 in., and the scale-factors and Aj 
on these axes arc then given by 

W!0-(- 10)] = 5 
and ^[10 — (— 10)] = 5 

so that Aj = A 3 = 0-25 

With the notation of Art. 132 

02Sd 

* ~ 0-25 4- 0-25x 
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d 

1 + x 


0-25 x 0-25(— \0x + * 3 — 10) 
0-25 -f- 0-25x~ 
0-25(.x 3 — \0x— 10) 

1 + a: 



0-25x 3 
1 + * 


Values of £ and tj are calculated for values of x such as those 
shown on the diagram, and the corresponding points plotted to 



determine the x-axis. It is seen from Fig. 103 that this axis consists 
of two branches of a curve. In order to keep the useful part of the 
curve within the limits of the paper, the length chosen for d must not 
be too great—this length is here 2 in. Careful graduation is necessary 
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to ensure that the nomogram gives the solutions of the equation to a 
reasonable degree of accuracy. Nevertheless, a nomogram such as 
that in Fig. 103, where the axes are not graduated closely, can furnish 
good approximations to the roots of the cubic equation. The broken 
lines in the figure, for example, show that 

(1) the equation x 3 -f- 4x — 1 = 0 has only one real root, and this 
root is 1-25 nearly; and 

(2) the equation .v 3 — 8* — 3 =0 has three real roots, one of which 
is 3, and the other two are approximately — 2-6 and — 0-4. 


134. Formula XY + Z = 0. If in (XII.22) of Art. 132, Y" = 0 
and Y' = Y> the formula becomes 

AT + Z = 0 . . . (XII.30) 

where X 9 Y , Z arc functions of variables x 9 y 9 z respectively. 


From (XII.26) 


and from (XII.27) 


V 




TJ = - 


*MX 0 Y + Z 0 ) 
*l + *3 Y 


. (XII.31) 


. (XII.32) 


If Y is eliminated between these two relations then 




X x X Q — x>z 0 


)«-*.■ 


which is a linear relation between rj and £; hence, the/-axis is a 
straight line. 

If two values of / are substituted in (XII.31) and (XII.32), the 
corresponding pairs of values of £ and tj determine the position or 
the/-axis, a straight line. 

Corresponding to any value / = y lt the value of £ from (aii.jij 
determines a point on the base-line, and the perpendicular drawn 
to that line from the point cuts the /-axis in the reading / = /i- 

If the /-axis is inclined to the other axes at a small angle, it is 
advisable to calculate values of rj and plot these against £, so that 
the scale values of / may be accurately marked. 

It will be noted that, when the base values X 0 and Z 0 are zero, 
then rj = 0, and in that case the /-axis is perpendicular to the other 
axes. The example below illustrates the method of construction of a 
nomogram representing a formula of the type (XII.30), this method 
being similar to that of Art. 132. 
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EXAMPLE 

Obstruct a nomogram of overall length 11 in. approx, to represent the formula 
P v - 300, lhc vo,ume v *o vary from 4 to 9, and /; from 0-6 to 1-5. 

The formula is transformed thus— 

(log v)n 4 - log 4 = 0 

which is in the form (XII.30), where X = log v t Y = /i.andZ = log _ P ~. At the 

base-line, v = 4 and n = 0 6; hence, p = = 217-6. Also, when v = 9 and 

71 = = * 852 . 

The scale-factors ?. t and Ag on the »•- and p- axes respectively arc given hy 
A,(log 9 - log 4] = II and A, [log - log = 11 

so that X. = ——__ LL_ c™ 

‘ log 2-25 " 0-3522’ , C ' / * 30 ’ sa * 


■* * 12676 - 2-3377 " 1-0701’ ,C ’ ** - ,0 * say 

Distance (in inches) from base-line to any graduation v 

« 30(log v — log 4) 

- 30 log V - 

Distancc (in inches) from base-line to any graduation p 

“ - 10 K -'°e w] 

= 10(2-3377- log/7) 

Tables of values for the graduation of the v- and //-axes can now be built up. 

From (XII.31) a = 30d = 12 . 

* 30-10/1 3 - n 

where 4 in. is taken as a convenient value for d. 

Thus, when n = 0-6, £ m in = 5 in., and when n = 1-5, £max “ 8 in. 

From (XII 32) n = - 30 x ~ 10[(log4)/i + log (2/7-6/500) ; 

' 30 - IO/i 

i.e. = 30(0-602 Ihj— 0-3613) 

V 3 — n 

When n = 0-6, 77 = 0, and when n = 1-5 , tj = 10 84. 

tW ° points S ivcn by (£ = 5 in., r, = 0 in.) and (£ = 8 in., /, = 10-84 in.) 
* me position of the n- axis, a straight line. 
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If values of c are calculated for various values of n between 0-6 and 1-5, and 
perpendiculars to the base-line arc drawn from the corresponding points on that 
line, these perpendiculars cut the /i-axis in points at which the readings arc the 
respective values of n. 



Fig. 104. Nomogram for Formula pv n = 500 


Fig. 104 shows the nomogram on a reduced scale, and the broken line in the 
figure gives the result v = 7-44 when p = 45 and n = 1-2. 

It will be noted that in this case e is greater than d, so that the /i-axis is on 
the right of the /»-axis. 

It has already been noted that, if in the formula XY 4* Z = 0 the 
base values X 0 and Z 0 arc both zero, then t] = 0, as can be seen from 
(XII.32), and the/-axis is then perpendicular to the other axes. 

The following Example is given as illustrative of this case. 
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EXAMPLE 

Construct a nomogram to represent the formula = a", where is assumed 
to vary from I to 100 and n from 0 to 10 . 

By logarithmic transformation, a log a = n log a, and this is written as 

(log a) x ~ + <-'0 = 0 

which is of the type (XII.30), where X = log a, Y = and Z = - //. 

The scale-factors ?. x and A, along the a - and /i-axes respectively, are given by 
Ajdog 100 - log 1) = 5 and A,((- 10) - 0 ] = 5 
ie - A t = 2-5 and A 3 - - 0 5 

the distance between the extreme graduations on the a - and //-axes being taken as 
5 in. in each case. 


From (XII.31), 


2-5 - 0-5 x 
(5 log a )d 


log A 


5 log a — x 

The values of the functions log a and (— n) at the base-line, i.c. when a = I and 
n — 0, are both zero, and from (XII.32) it is seen that * 0 in this case. The 
Ar-axis, therefore, is a straight line perpendicular to the a- and n- axes. 

Values of £ arc calculated for various values of a from 1 to 200, and the 
corresponding points plotted on the A-axis. 

Fig. 105 shows the completed nomogram. 

The expression for £ can be put into the form £ «=* -—— so that 

5 - —^— 

log A 

obviously £ has its greatest numerical value when the function - — is greatest, 

d / x \ * 

which occurs when -j- ( ;- ) = 0, i.c. when x = e (the base of Napierian 

logarithms). dxWogxf 

Thus, there are two sets of graduations on the A-axis, the one set giving 
readings from 1 to e , and the other set giving readings in the opposite direction 
from e onwards. 

From the broken line in the figure it is seen that, when a = 10 and n =» 7-15, 
the two possible values of a arc 5 and 1-77 (nearly). 

A formula of the type (XII.30) can be transformed into one of the 
type (XII. 16). For example, the formula pv n = 500 (for which a 
nomogram has been constructed by the method of Art. 134) may be 
expressed as 

500 

log n — log log ——h log log v = 0 
by double logarithmic transformation. 



Fig. 105. Nomogram for F« 
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Since this latter formula is in the form X -I- Y -| Z -= 0, it can be 
represented by a nomogram consisting of three parallel straight 
lines. In this particular case the method of Art. 134 is to be preferred 
as it obviates the necessity of using log log values. 


Z' Z" 

135. Formula -pH- 

A Y 


= 1. The formula 
Z' Z" 

x + ~y = 1 


x + ~y = 1 • • • (XII.33) 

where X and Y are functions of variables .v and y respectively, 
and Z and Z" are different functions of a variable r, can be repre¬ 
sented by a nomogram consisting of 
two intersecting straight lines (the * 
x- and >>-axcs) and a curve (the z-axis). 

It is generally advisable to have the * 

intersecting straight lines at right / 

angles to each other, as in Fig. 106, / 

and to take O , their point of inter- o / 

section, as the point at which X = 0 
and Y= 0. The x- t y-, z- axes must be 
so graduated that, if any straight line • \ 

cuts them at the points P y Q y R - - y- -f- --^5 — x 

respectively, then the readings at these -- —P -> 

points will satisfy the relation (XI 1.33). Fig. 106 

Let the actual lengths OP and OQ 
be/? and q respectively. Draw RN perpendicular to the x-axis, and 
let ON = f and NR = r,. 

From the similar triangles NPR y OPQ y 

NP NR 
OP OQ 

i.e. Pjzl = I 

P ? 


P 7 


. (XII.34) 


Let Aj and be scale-factors along the x - and v-axes respectively, 

such that 

p = X x X and q = ?^Y 

and substitute these values of p and q in (XII.34). 
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. (XII.35) 


(XII.33) and (XII.35) are equivalent relations, so that 

y = Z' and y = Z" 

A l *2 

i c. £ = ). X Z' and rj = ?^Z" . . (XII.36) 

Thus, £ and tj are functions of z, and as z varies, the corresponding 
values of £ and tj determine points on a curve, the z-axis. 

If Z" is a linear function of Z', say Z" = m x Z' + n, where 
m and // are constants, the formula (XII.33) becomes 


Z' m x Z' -f n 
X Y 

From (XII.36) 


. (XII.37) 


so that 


£ = ?. l Z' and // = x Z' 4- //) 
m x ?. 2 




{ + «x^ 


Hence, in this case the z-axis is a straight line of gradient 


m x ?-2 


m iviivv, iii iiiij vuaw nit --iiAis i» ci suaigm nut ui giauivm ^ 

which cuts the y-axis at distance n x ^ from the origin O. 1 


EXAMPLE 


Construct a nomogram to represent the formula 


z z*- 2 

i + y* 


1 


where x varies from I to 6, y from 0 to 4, and z is positive. Overall dimensions 
of nomogram, 7 in. by 7 in. approx. 


Here A,((6 — I) — (I — I)] = 6, say, so that A, = 1-2 
and *,[4* - OJ - 6, so that A, = 0-375 

From (XII.36), £ = ?. x z = l-2z 

and ,, = A,(z* - 2) = 0-373(z* - 2) 


The axes can now be drawn and graduated in the usual manner. 

The nomogram is shown in Fig. 107. 

From the broken line in the figure it is seen that z = 2-25 when x = 4 and 
y = 3-5. 

Nomograms for the solutions of equations of the type 

"/W + <K X ) + 6 = 0 
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V 



treated in Art. 133 can also be constructed by the method of this 
thus° n F ° r thC e ^ ualion ma y bc wrillen in lhe form (XH.33), 

, *M _ 1 

_b_~^ - b ~ 
a 


i.e. 


f{x) <f>(x) 
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When suitable scale-factors and have been chosen for the 
a - and //-axes respectively, the x-axis is then given by the relations 

£ = >1 x /(x) and 77 = ^2 x <£(x) 

As examples of this method, the reader should construct nomo¬ 
grams to represent the equations p sin 0 -f q cos 0 = r and px 2 
4- qx -f- r = 0 , first writing these equations in the respective forms 

sin 0 cos 0 r r x \ lx 

— -1- r — = I, where a = - and b = -, and - -f - 7 - = 1, where 

a b p q a b 

a = -- and b = -- 
P r 


it . 1 1 , 1 

Formula - = — + 


136. 

formula becomes then 


In (XII.33) let Z' = Z" = Z; the 


From (XII.36) 
so that 


I _ 1 1 

Z~ X V Y 
£ = X x Z and 77 = A>Z 

77 ^ 

f 


(XII.38) 


Hence, 
passing 


?, in this case the r-axis is a straight line of gradient j 
through O (Fig. 108). 

Corresponding to any value r = r„ 
the value of £ from £ = X x Z deter¬ 
mines a point N on the x-axis, and 
the perpendicular drawn from N to 
the x-axis cuts the r-axis (i.e. the 

straight line at angle tan" 1 ^ to the 

x-axis) in the reading z = z x . 

When the scale-factors along the 
x- and /-axes are equal, i.e. X x = A* 
the r-axis is inclined at 45° to each of 
the other two axes. 



Fig. 108 


Probably the most important case of (XII.38) occurs when 

X = x, Y = y t and Z = z 
The formula (XII.38) then takes the form 

I . I . 1 
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Since here f = A t z, the reading at any point on the z-axis shows 
the x-co-ordinate of that point, and this fact provides the obvious 
method of graduating the z-axis for this particular formula. 

The following example is illustrative of this case. 


EXAMPLE 

Construct a nomogram to represent the formula 

ill 

R r, + r 2 

where R is the joint resistance of two resistances r, and r 2 in parallel, r, and r 2 
both to vary from 0 to 10 ohms, and the distance between the extreme readings 
for r x and r 2 to be 6 in. in each case. 

Here the scale-factors A, and ) 1* on the r,- and r,-axcs respectively arc equal 
and arc given by 

The R- axis thus bisects the angle between the r,- and r 2 -axes (Fig. 109). 

Since the given formula is of the type (XII.39), the 7?-axis can be graduated as 
follows— 

From any point on the r,-axis whose reading is r, «= a, say, a straight line is 
drawn perpendicular to the r.-axis. This perpendicular cuts the /<-axis in the 
reading R : - a . 

From Fig. 109 it is seen that R = 3-21 ohms when r, « 9 ohms and r 2 — 5 ohms. 

It is evident that (XII.38) can be expressed in the form (XII. 16) 
thus— 



and, therefore, can be represented by a nomogram consisting of 
three parallel straight lines bearing reciprocal scales. The method of 
this Section, however, has this advantage over the three parallel 
axes method, that no reciprocals of functions are involved in the 
calculations leading up to the construction of the nomogram. In 
general, a formula of the type (XII.38) is most conveniently repre¬ 
sented by concurrent axes. 


137. Multi-variable Formula X + Y -}- Z -f V -f- . • • — 0. In 
the case of a formula of the type 

X + Y+Z+ V =0 . 


. . (XI 1.40) 
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where X y Y, Z, V are functions of variables x t y y z 9 v respectively, 
the method of Art. 131 is applicable, a reference axis being used as 
connecting link. 

Let a denote the sum of two of the functions X y Y y Z, V y say 

ct = Y -f - Z 

Then A' -f a -f V = 0 . . . (i) 

and a — Y — Z = 0 (ii) 


0 



A nomogram consisting of three parallel straight lines can be 
constructed to represent the relation (i), the a-axis, which is the 
reference axis, being ungraduated. 

Then, with the same a-axis, a nomogram of similar type can be 
constructed to represent the relation (ii), and the complete nomo¬ 
gram will thus contain five straight parallel axes one of which will 
be ungraduated. 

The procedure is illustrated in the following Example. 
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EXAMPLE 1 

The “centrifugal force** F (lb) acting on a body of weight If'(lb) which is 
moving with velocity v (ft/scc) in a circular path of radius / (ft) is given by the 
formula 

F - — 

S r 

where g is the acceleration due to gravity. A nomogram is to be constructed to 
represent this formula for the following ranges of values of IV, v, and r— 

W, 20 to 150; v, 5 to 35; r, 2 to 10 
By logarithmic transformation the formula becomes 

2 log v — log F + log ( W/g) — log r = 0 
Let a = — log F 4- log (W/g), so that 

2 log v 4 a — log r = 0 .(j) 

and a 4 log F— log ( W/g) = 0.(jj) 

For the relation (i), let A.„ A 2 , A, be the scale-factors along the a-, r-axes 
respectively, a the distance between the v- and a-axes, and b the distance between 
the a- and r-axes. The a-axis is the reference axis and will not be graduated, but 
the value of the scale-factor A* along that axis must be found as this value enters 
into the subsequent calculation. 

Suppose the overall length of the nomogram is to be 7 in. 

Then, A,<2 log 35-2 log 5) « 7 

, 3-5 3-5 

50 ,ha ' “ lol? - 08451 - 4 - “y 

log 10) - (- log 2)J = 7 

80 ,hat “ ^5 " - 0 6 ? 99 - - 1 '°’ 

, 4 x - 10 20 

= “ J7TT, “ ~ 4-10 " “ 3 
a A, 4 2 

b~ ?.3 -10 5 

The length a 4- b will be determined later. 

For the graduation of the v-axis, distance (in inches) from base-line 

= 4(2 log v — 2 log 5) = 8 log (v/5) 

For the graduation of the r-axis, distance (in inches) from base-line 

«- 10[(— log r) -(-log 2) J = 10 log (r/2) 

For the relation (ii), let A/, A*', kj be the scale-factors along the a-, F -, IV-axcs 
respectively, a the distance between the a- and F-axcs, and b' the distance 
between the F- and W'-axes. 



(r.r) 

(F.w.) 



Fig. 110. Nomogram for Formula F = 
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The a term in (ii) must have the same sign as in (i), and the value of the scale- 
factor V must be the same as that of A.. 


Thus, 


v-j. — ? 


v [(-.° e ^)-(-.° e f )]= 7 


so that 


-- ^ “ -log 7-5 ~ “ 08751 " " 8 ’ sa y 

_ - (20/3) x — 8 _ 40 
* - (20/3) - 8 11 

o' - (20/3) 5 

b'~ - 8 “6 

For the graduation of the F-axis, distance (in inches) from base-line 

40 40 

- yy (log F— log 7-762) = — (log F— 0 8900) 

7-762 being the value of Fat the base-line, i.e. when W = 20, v ■* 5, and r -=2. 
For the graduation of the W'-axis, distance (in inches) from basc-lmc 


- 8 [(- log j) - (- log j )] 


--5 

In determining the distances between the axes, full advantage should be taken 
of the breadth of the paper on which the nomogram is to be constructed, and the 
axes kept as far apart as possible. 

Suppose that the distance between the outside axes is to be 9 in. approx. 

Since the ratio ^ ” 5 anc * lhc ratio p = g, the r- and x-axes will be on oppo¬ 

site sides of the v-axis, and the F- and H'-axcs will be on the same side of the 
a-axis. The axes may then be spaced conveniently as follows, the direction being 
from left to right— 

r-axis to v-axis, 2-7 in. 
v-axis to oc-axis, 1-8 in. 
a-axis to F-axis, 2 in. 

F-axis to W'-axis, 2-4 in. 


This spacing gives 8-9 in. as the distance between the outside axes. The axes 
can be graduated by either of the methods indicated in Ex. 2, Art. 131. 

Fig. 110 shows the completed nomogram. 

When readings are taken from the nomogram, the reference axis must be used 
in conjunction with the v- and the r-axes, and with the F- and the If'-axes, and 
not, for example, with the v- and the F-axes. 



500 


PRACTICAL MATHEMATICS 


In Fig. 110, the point r = 4-2 on the r-axis and the point v = 19 on the v-axis 
are joined by a straight line which cuts the reference axis at K. The straight line 
joining the point K to the point W = 45 on the W'-axis cuts the F-axis in the 
reading F = 120. 

Hence, when = 45 lb, r = 4 2 ft. and v = 19 ft/scc, then F = 1201b. 
Again, the straight line joining the point \V = 80 on the B'-axis to the point 
F = 60 on the F-axis cuts the reference axis at L, and the straight line joining the 
point L to the point v = 8 on the r-axis cuts the r-axis in the reading r = 2-65. 
Hence, when \V = 80 lb, F = 60 lb, and v = 8 ft/sec, then r = 2-65 ft. 

The method of construction employed in the case of the formula 

X+Y+Z+V=0 

can be extended to suit a multi-variable formula of the type 

X+Y+Z+V+W+... = 0 . (XII.41) 

Ex. 2 below illustrates the process. 


example 2 
Given the formula 


YV = 


43 260 qH 
kN*R* 


where W (tons) is the weight of flywheel rim necessary for an engine indicating 
// horse-power at N r.p.m., R (ft) being the radius of gyration, q an energy 
fluctuation ratio, and A a speed fluctuation ratio, construct a nomogram to 
represent this formula, the ranges of values being as follows— 

N t 120 to 300; R, 2 to 4; H, 40 to 80; 

A, 0 010 to 0 020; and q. 0 08 to 0-32 


By logarithmic transformation, the given formula becomes 

3 log N F log W- log (43 260 q) + log k - log H + 2 log R = 0 


Let 

a =* log W / — log (43 260 q) + log A - log H 



ft = log W — log (43 260 q) + log A 


and 

y = log W- log (43 260 q) 


Then, 

3 log N + a + 2 log F = 0 

. . (i) 


a — ft + log H — 0 

. (••) 


— ft + y + log A = 0 

. . (UO 

and 

y - log W + log (43 260 q) = 0 

. (iv) 


Each of the relations (i) to (iv) is in the form (XII.16), and, therefore, can be 
represented by a nomogram consisting of three parallel straight lines. For the 
relation (i), let A,, A, be the scale-factors along the N-, a-, F-axcs respectively, 
a the distance between the N- and a-axes, and b the distance between the a- and 
F-axcs. 
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Then, 

2 x [3 log 300- 3 log 120] = 7-2 

where the overall length of the nomogram is taken as 7*2 in. 

Hence, 

, 2-4 2-4 

1 log 2-5 0-3979 6 * sa * 

Also, 

**[2 log 4 - 2 log 2] = 7-2 

so that 

, 3-6 3-6 

*• log 2 0 30l0 =,2 * sa y 

Then, 

, 2 , 2 , 6 x 12 

2 , + 2, 6+12 4 

Further, 

a 2, 1 

6 “ 2, “ 2 

For the relation (ii), let 2,', 2*', X V be the scale-factors along the x-, //-, H -axes 
respectively, a the distance between the a- and /f-axes, and b' the distance between 
the p- and //-axes. 

Then, 

V - A, - - 4 


VOog 80 - log 40] =- 7-2 

so that 

, , 7-2 7-2 

■® log 2 0-3010 24 * sa y 

, -4X24 

* - 4 + 24 " 4 8 


a' -4 1 

b' 24 6 

For the relation (iii), let A,", 2*", 2V' be the scale-factors along the //-, y- f 
k-ixxQS respectively, a” the distance between the p- and y-axes, and b " the distance 
between the y- and A>axcs. 

Then, 

2," - 2,' = 4-8 


2,"[log 0-020 - log 0 010] = 7-2 

so that 

- 0 30.0 - 24 > -y 

48x24 

- 4-8 + 24 4 


a" 4-8 1 


b" 24 5 


For the relation (iv), let A,'" 2,"', 2,"' be the scale-factors along the y-, W-, 
axes respectively, a’” the distance between the y- and W'-axcs, and b' y ' the distance 
ctween the W- and ?-axes. 
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Then, 

so that 
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V" = V' = - 4 

[log (43 260 x 0-32) - log (43 260 x 0 08)] = 7-2 

W" = *2 = 7-2 
^ log 4 


V" = - 


0 6021 

- 4 x 12 _ 

- 4 + 12 ” 


12 , say 


cT 

b" 


-4 

12 ” 


Since the scale-factors arc now fixed, tables of values for the graduation of the 
axes can be built up. The x-, //-, )*-axcs arc the reference axes and do not require 
to be graduated. 

The distances between the axes arc chosen in accordance with the values found 
a a’ a" a" 

for the ratios and -gr. % and with the breadth of paper on which the 

nomogram is to be constructed. 

Fig. 111 shows the completed nomogram. 
i* H) (0.10 (RR) 

t/./O W.qnfi.H) 


N 

-300 

-260 

-260 

-240 

-220 

-200 

-ISO 

-160 


0-12 

■ 0 14 
0/6 

■ 0-/8 
* 02 

' 0 22 
: 0 24 
; 0 26 
O 28 
• 0 J 


■ 04 

■ OS 

- 06 ---J 

- 07 

- 08 
: 09 
- / 


Y-140 


133 


N 


'r>20 


4 

s? 


r 

V 14 

16 
18 

%~l003 


1 

£ 




* 

* 

* / 


0 020 
0-019 
0-0/8 A 
0017 -1 

ooy£-( 
✓ 


0 0/5 
* 


oo/y 


- ' p " - - _ ^0O/J-| 




oo/H 


oo//H 


oo/o-J 

A 


-032 

-030 

-028 

-026 

-024 

-022 

-020 

-0>8^ - " ' 
-016 

-014 

~(Ti2- - _ ^ 


H 

80 A 

78- 
76- 
74- 
72- 
70- 
68 - 
66 - 
64- 
62- 
60- 
se- 

55 - 
5 <- 

3 


0/0 


!-ooa 


Fio. 111. Nomogram for Formula W 


46 A 

44- 

42- 

*° J H 
43 260 <jH 
kN*R} 


R 

4 - 
3 8- 
3 6- 

3-4- 

3 2- 

3 - 

28- 

• 

26- 
•» 

I 

2 4- 

2 2 - 


2 -R 
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In this figure the distance between the extreme axes is 9 in., and it is to be noted 
that in the spacing of the axes full advantage is taken of this breadth of paper so 
as to have the axes as far apart as possible. 

Suppose that it is desired to obtain from the nomogram the value of W when 
N = 190, R = 2-3, H = 62, k = 0 015, and q = 0-27. 

The point N = 190 on the A-axis is joined to the point R = 2*3 on the ^?-axis, 
the straight line joining these points cutting the a-axis at A ; then the point A is 
joined to the point H = 62 on the H- axis, the straight line joining these points 
cutting the //-axis at D\ then the point B is joined to the point k = 0*015 on the 
Ar-axis, the straight line joining these points cutting the y-axis at C; and, finally, 
the point C is joined to the point q = 0*27 on the ?-axis, the straight line joining 
these points cutting the ff'-axis in the reading W = 1 -33. 

Thus, the required weight of the flywheel rim is 1*33 tons. 

138. Some Other Multi-variable Formulae. Further examples on 
the construction of nomograms for formulae containing four or five 
variables are given below. 


example 1 


Fig. 112 shows a nomogram representing the formula 

y = ax" .(XII.42) 


a 

[n 




Fig. 112. Nomogram for Formula y = ax n 
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a varying from I to 12, x from 10 to 25, n from I to 1 -5, and hcncc y varying 
from 10 to 12 x 25*\ i.c. from 10 to I 500. 

The method of constructing the nomogram is as follows— 

By logarithmic transformation, the formula becomes 

logi = nlogx 

y 

and if R denotes log this can be written as 

(log x) n - R = 0 . . . . (XII.43) 

which is of the form (XII.30). where X = log x, Y = n. and Z = - R. The 
nomogram for (XII.43) is constructed by the method of Art. 134. The rt-axis is 
the reference axis and is not graduated. 

y 

Then, since R = log-, this relation is written in the form 

- /?- log a + logy =» 0 . . . (XI 1.44) 

the first term being made - R in order that the function of - should be the same 
in (XII.43) and (XII.44). “ 

The nomogram for (X1I.44) is then constructed by the method of Art. 131. 
The completed nomogram thus contains four parallel axes (the ay-. ar-axes 
and the reference axis) and one sloping axis (the //-axis). 

In using the nomogram it is necessary to note that the reference axis must be 
taken in conjunction with the x- and n- axes, and with the a- and y-axes. Thus, 
to find y when a 3. x « 20. and n = 1-4. let the straight line joining the read¬ 
ings x 20 and n 14 cut the reference axis at K, and then draw the straight 
line joining A to the reading a - 3. This latter line cuts they-axis in the reading 
y ^ 199, which is the result required. Again, to find n when y = 90. a - 5, 
and x = 12, let the straight line joining the readings a = 5 and y = 90 cut the 
reference axis at L, and then draw the straight line joining L to the reading* 12. 
This line cuts the //-axis in the reading n = 1-16, and this is the value of n 
required. 

The law pv n C, where p, \\ n , and C all vary, can be treated in a similar 
manner. 

EXAMPLE 2 
In the formula 

G- .... (XII.45) 

Hog.£ 

there arc four variables, and the nomogram representing the formula contains a 
reference axis. 

The formula is written as 

R V 

r lo S< 7 = c = At 

i c. r(log f R - log, r) = A 

'• c - c— log, R)r + r log, r + A = 0 


. (XII.46) 
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This relation is in the form (XII.22), where X = - log, R, Y' = r, Y" = r log r r, 
and Z = A, and accordingly a nomogram representing (XII.46) can be con¬ 
structed by the method of Art. 132. * 

The /f-axis is the reference axis and is not graduated. 

y 

Then, the relation A = — is written in the form (XI 1.30), thus 

AG - V = 0 . . . . (XII.47) 



A nomogram representing (XII.47) can be constructed by the method of 
Art. 134. Although the reference axis is not graduated, the calculations require 
the value of the scale-factor along this axis, and it is essential that this scale- 
factor retain in the case of (XII.47) the same value as used in the case of (XII.46). 

Fig. 113 shows a nomogram constructed to represent the formula (XII.45), 
where r varies from 2-5 to 6 cm, R from 6 to 10 cm, and V from 10 to 90 kv. 
The broken line in the diagram gives the result— 

G = 27-9 kV when r = 4 cm, R = 8-2 cm, and V = 80 kV. 

EXAMPLE 3 
In the formula 

W = ^ [D y z — D t T \hw . . . . (XII.48) 


17— (T.6IX) 
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iherc are five variables, and any nomogram representing the formula will include 
two reference axes. 

The following method of construction can be adopted in this case 
1 he formula is written in the form 


where /?, = 


4 IP 
7th tv 


R t - ZV 4- Z> 2 2 = 0 . 


(XII.49) 


method of Art. 131 a nomogram is constructed to represent the formula 
(XII.49), the Z<,-a\is being umjraduatcd. 

41T 

the* form 11 ^ = = *** fr ° m abovc » and lhis rclalion »s expressed in 

R x h - R t = 0 . . . . (XII.50) 

I he formula (XII.50) is of the type (XII.30). and the nomogram for this formula 
is constructed by the method of Art. 134. the /?,-axis being ungraduated. 

.. 4,>/ 

Finally, since R. —. then 

ItW 

.. 4 IK 

_ r, w + - - 0 . . . (XII.51) 

IT 

The formula (XII.5I) is also of the type (XII.30). and the method of Art. 134 
is again applied. 

Ihus, in the completed nomogram there will be five parallel straight lines, 
namely, the D r , IK-axcs and the reference axes R x and R 2 , and. in addition, 
other two straight lines, the //- and w-axes. • 

1 he system to be followed in reading the nomogram, i.c. in finding one of the 
five quantities W . D lt D 2 , h. w, given the values of the other four, can be 
indicated briefly thus— 

To Find \V (or w) 

Z), to Z) 2 to R t : then /?, to h to R 2 ; and then R 2 to »*■ (or IK) to IK (or h-). 

To Find Z), (or D 2 ) 

w to w lo R z\ ^cn R 2 to h to /?,; and then R x to D t (or D x ) to Z), (or D t ) 

To Find h 

D x to Dj to R x ; then w to IK to R 2 ; and then R x to /?, to h 
A nomogram representing the formula 


= l D 2 ']hw 

is shown in Fig. 114, the ranges of values being as follows— 

D x, 0 to 12 in., D 2 , 0 to 9 in., h, 3 to 8 in., and h*. 01 to 0*3 lb/in.* 

It will be noted that the h- and iv-axcs arc perpendicular to the other axes. 
The base values of D x and D 2 arc both zero, so that the base values of R lt R 2 . 
and W are also all zero. It follows that, with the notation of Art. 134, r, = 0 
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in the case of (XII.50) and also in the case of (XII.51) of this Section. Both the 
h- and the u-axes are thus perpendicular to the other axes. 

In Fig. 114, the straight line joining Z>, = 11 to D, = 8 cuts the reference 



Fio. 114. Nomogram for Formula W = — (ZV — D 2 l )hw 

axis /?, at K\ the straight line joining K to h = 7 cuts the reference axis R 2 at L \ 
and, finally, the straight line joining L to w = 0 24 cuts the W'-axis at W “ 75’2. 

Therefore, when £>, = 11 in., D t = 8 in., // = 7 in., and = 0 24 lb/m », 
W = 75 2 lb. 
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EXAMPLES XII 

Note. Test each nomogram at least twice by checking two read¬ 
ings against the corresponding calculated values. 

Construct nomograms to represent the formulae (1) to (18) below, taking into 
account the dimensions of the paper on which each nomogram is to be drawn. 

(1) V- = 2"//, where V is the velocity acquired by a body in falling vertically 
under gravity through a distance H from rest. // to vary from 0 to 16 ft. [Take 
g = 32-2 ft/sec 2 .1 

(2) C = 0-03397 D 2 , where C gallons is the capacity of a foot length of a pipe 
of internal diameter D in., D to vary from 0 to 24. 

(3) pv 0 ** = 360. where p lb/in. 2 is the pressure of a mass of gas when the 
volume is v in. 3 , v to vary from 4 to 10. 

(4) C = 32). where C degrees Centigrade is the temperature equivalent 

to the temperature F degrees Fahrenheit. F to vary from 32 to 212. 

(5) V = - n(R* — r 3 ), where V is the volume of material forming a hollow 

sphere, external radius R and internal radius r, R to vary from 1 in. to 5 in. and 
r from 0 to 2 in. 

, " 64 where / in. 4 is the moment of inertia of a circular ring. 

outer diameter D in. and inner diameter </in., about a diameter, D to vary from 
2 to 8 and d from 0 to 5. 

(7) 746// ^ A V t where // is the horse-power supplied to an electric motor, 

A is the amperage, and V is the voltage, A to vary from 2 to 12, and V from 
100 to 250. 


( 8 ) W ■» - d 3 »»•, where W is the weight of a solid sphere of diameter d and of 

weight w per unit volume, d to vary from 5 in. to 10 in. and n- from 0-3 lb/in . 3 
to 0 6 lb/in . 3 


< 9 ) b = cf + cF* Where C is the electrostatic capacity equivalent to two 
capacities C, and C 2 in scries. C, to vary from 0 to 0-2 /*F and C 2 from 0 to 01 pF. 

( 10 ) where / is the focal length of a lens and u and v are the 

distances of the object and image respectively from the lens, u to vary from 0 
to 10 cm and v from — 20 cm to 5 cm. 


(II) A = 


nOL 


I 44 -, where A ft 2 is the area of the curved surface of a solid cylinder 
of diameter D in. and length L in., D to vary from 2 to 8 and L from 5 to 20. 

( 12 ) A = (l + .where A is the amount of £1 in n years at r per cent 
compound interest, r to vary from I to 5. and n from 1 to 20 . 

(13) log, ~ = / —, where ^ is the ratio of the tensions on the tight and slack 
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sides of a bell on a pulley. // being the coefficient of friction between belt and 
pulley and <f> the angle of lap in degrees, // to vary from 015 to 0-25 and 6 from 
90 to 270. 


(14) pv n = C, v to vary from 0-5 ft 3 to 2 ft 3 , n from 0-8 to 1-4, and C from 
5 000 to 10 000. 

(15) W = "q. 0826^ where is lhc wei S hl per foot length of copper pipe 

of external diameter D in. and thickness of wall / in., D to vary from 0-5 to 3-5, 
and t from 01 to 0*25. 

£) 4 _ £) 4 

(16) T 3 = 0 0244 - 1 , a flange coupling formula for a hollow shaft, 

f in. being the thickness of flange, and D, in. and D t in. the external and 
internal diameters respectively of the shaft, />, to vary from 4 to 12, and D 2 
from 1 to 5. 

D 2 

(17) A = — (0 — sin 0), where A is the area of a segment of a circle of dia¬ 
meter D and 0 is the angle in radians subtended at the centre of the circle by the 
arc of the segment, D to vary from 1 in. to 6 in. and 0 from 0 to «. 

( 18 ) W — — d 2 hw. where W is the weight of a solid right-circular cone of 

height //, base diameter d, and weight w per unit volume, d to vary from I in. to 
8 in., h from 1 in. to 12 in., and »v from 0-2 lb/in. 3 to 0-4 lb/in. 3 

(19) Show how Fig. 109 may be extended to represent the formula 

i i J_ . i 

R ~ r x r t r 3 

and construct a nomogram to represent this formula for the following ranges 
of values of r„ r 2 , r a — 

r„ 0 to 5 ohms. r 2 , 0 to 4 ohms. r 3 ■ 0 to 2 ohms 

(20) Explain the methods you'would adopt in constructing nomograms to 
represent the following formulae— 

(1) / = A I /i 3 ), where A 


3- 


(2) A = ^(5 D- H) 


(3) F 

(4) L 


wbrv 2 

8 

nn(D + d) 
24 


In (1) to (3) all the quantities arc to be assumed variable, n and^', of course, 
are constants. 

(21) Assuming a and b both to vary from — 10 to 4- 10, construct nomograms 
to give the solutions of the following equations— 

(1) x* 4- ax 3 4- b = 0 

(2) x l * + ax + b = 0 



3. Aabc 
6. 5 040 
9. - 868 
13. I, - 2- n 


to 


ANSWERS TO EXAMPLES 

EXAMPLES I. Page 32 
2 . 0 
5. 3 531 
8 . - 103 

12. I, 1-39,- 14 39 
15. - 1-75 
+ nr • s) A'* -4- m*(l 4- //»*)) 

18. a: 5 -f .>•* + 2* + - 8 « 0 

2 


! P* =qr 


24. / * 0, 3; a: « ^ -- r. When / =» 3, the equations arc identical. 
abed 0 
0 abed 
a b' r' 0 0 
0 a' A'.[r' 0 

0 0 a' A' c ' 


1 . 0 
4. - 30 
7. 144 
11 . — 2 £| 

14. 0-684, - 0-742 

16. 5(1 - s) [k* H 2(1 

17. 5 040 


19. .* - 1 

t y - 3, z - 2 

P - 7 

/ 

20. * - 3,j * 5,z : 

r -<i 

22. G = 

r — j a 

/» H(/ +j £ 

/, 

— (f + r 1 s)r - s 

s b b + (] + s 


26. 


“ 0; x ■■ 2, y — 3, i = — 4 


28. 

31. 
v = 1 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 
did) 
dh 


- 3 384 
A - I,* 


5.,.,; a—A- 12.,-}. 


0-085 

4-4318; 3-2288 
3-376854 

15-5in./scc; 6-13in./scc 7 

1-586 x 10-*; - 1-2874 x 10" 4 

6-65058 

0-32330; 0-03688 

15-70; 17-31 nautical miles. If d and h arc expressed in the same units 
204-5 when h = 250 ft. and = 2 072 ft/sec 
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40. 2-598 in.* 
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5 // 53 //- 

4, ‘ 1 --T2 + TT 


I// 3 7// 1 

IT + 24 * 871 


42. i-70418 

43. 0-3076; - 0 04698 

44. 3-814 radn/scc; 6-725 radn/sec 2 

45. 6-86441 

46. 1-0511137 


EXAMPLES II. Page 61 


1. 

\ab(a 4- b) 

2. \a 2 b 2 

3. 

$ab(a 2 4- b 2 ) 

4. 

nR 2 

5. \irR l 

6. 

18 

8. 

- 2 

9. He 4- D(e- 1)* = 29-842 

10. 

\brr 

11. 

12 

12. \nr 2 

13. 

lY.”'' 4 

14. 


15. $rra 2 

16. 

30 

17. 

$abc(b 2 - 1 - c 2 ) 

18 . labcia 2 + b 2 + c*) 

19. 

i\. w ' 6 


20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 
/ox = 

28. 


Area £ ab\ / ox *■» ,'._.t/A 3 ; centroid at point (^. ^) 

Area — \nab\ / oX ■» l”ob 3 ; centroid at point (0, —•) 

Area *■ : \na 2 ; centroid at point (r ■= ‘a, 0 ~ 0) 

Inu'b / oY for ellipse; ]rrab(a 2 -f 6*) « / for ellipse about centre. 
a 2 // a 3 // a 2 6 2 

2 1 3 1 4 

°; o 


146-3; centroid at point (2-4, 0) 

_ _ \a(4a 4- 36) b( 3a I 46)1 

C.G. at po.nt [ 6(fl + fc) . h) J • 

. .6*(2<J + 3*) . ,, 3a 1 — ab -i 36= 

M ~6(TTb ) ;/oT = w <r 

... w oX* .... 


ab 

mass ;V/ = (a 4- b); 


n<j 0 2 LR 2 
4N 


31. 

33. On central radius at distance 


32. As in No. 31 
2 r sin a 


3x 


from centre of circle. 
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34. — (9a — 8 sin a) 


35. sc* 

38. 0; — 


36. la* 

39 f 


37. ,' s 


40. 18 880; j 
4 


41. Centroid on central radius at distance — from centre. 

in 




45. Radius of gyration 


. 9a . 9a 

4 3 ‘ * 20->' = 20 


n n 

44 * = * = ; 


=7¥-o. 


7746r 


tf 3 | 

46. -g (3 tt — 4) = 0-3014a 3 ; — (sin arr + sin bn — sin (a + 6 )ttJ 

47. Let A BCD be the end. A being the highest point and AD being an edge of 
length 4 ft. Total fluid thrust on A BCD =» 12(2^3 -f 3)»w = 4 849 1b. where 
w - weight of I ft' of water ^ 62-5 lb. Taking the axes along AB and AD 

respectively, we find that * and 7/, the co-ordinates of the centre of pressure, arc 
given by 

I =* 2v^3 = 3-464 ft and i? - 5(7- 2\ 3) = 2-357 ft 

49. Let the oblique plane be parallel to the ar-axis; then 

* = 0 p - a _ 5/>* f 6pq + 5? 

Mp -f qY 16 ip + q) 

50. Vol. =■ 'nr 3 

51. Centroid on radius perpendicular to circular base and at distance |r from 
centre. 

52- 4 ti in. 53. 

inb 


54. (a) If x is the depth immersed, the mctaccntric height 

- l*fr* + A’) - /-’I 

(b) Metaccntric height = 0 

(c) If h is the depth immersed, the mctacentric height 

k 2 . 


» - z> t 




56. 22 5n 


57. J\a‘ = 0-6325 a 
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58. Centre of pressure on vertical axis of symmetry and at depth 25 ft. 

59. Centre of pressure is at a depth — cos- x -j- h below the surface and lies 

on the line through the centre perpendicular to the line in which the plane of the 
circle cuts the surface. 

72_4 r 2 

60. a = 0-5. (i) Metacentric height = —; (ii) Mctacentric height = 0 

64. 4 tt-qc 65. \a' 66 . 


EXAMPLES III. Page 94 

1. 1 — la 2 sin 2 t — Ja‘ sin* / — ,Y.a® sin® r -* A D cos 2 f C cos 

I.. . _ - _ 1 


D cos 6 /, where A = ^72 (256 — 64a 2 — 12a* — 5a®); Ii 


256 


I 


*5a®); C - - ^- < 8 "' + D = jjjj 
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4/ 4- 
(128a 2 32a» 


2. /(a) — | 4- ^ (1 sin x + J sin 3 a -r I sin 5 a 


) 


3. /(a) “ 2 ”^ (]* COs r r cos ' $- COs * x • • • ) 


4a 

4. /(a) = " (5 sin x + J sin 3 a + \ sin 5x 


. . •) 


5. /(a) - 4 


rrr 2 1 

l7 + 7* 


cos X + 2 * cos 2-t r cos 3 a t- 


6 . fix) - 


— h + 1* 


«<i sin x -i- } sin 2 a H- J sin 3 a 


cos x cos 2a cos 3 a 
T + 2 2 4 i h 3* -r I 


•>] 







sin a 

2 sin 2 a 

3 sin 3a 






r* + 1 • 

2 2 

1 

3 2 -r 1 



4a 2 r 

1 

»A 1 

2 "A 

1 

3 rrx 

I 

7. /(A) 

- w 

-•yl 

j- 2 c°s 

-—, COS- : 

a 2 2 a 

r; COS- - 

3 2 a 

-. . j 

8- fix) 

= (^- 

._a \ 

f * 

/ * 

nx 


1 

2wa- 

“ * ) | 

12a 

"'a*- 

COS- 

a 

a 2 

4n 2 a 


I 


3ttA 

\ 





+ 

a* + 

97 2COS 

a 

. .) 







I 

TTA 

2 

. 2tta 

1 __ 

3 

3rrX 

sin • 

“ 


■~ sin — ■ 

; jt 2 a 

a 2 + 4~ 2 

sin 

a 


+ 9rr 2 

a 
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2 "0 + *) [— 1 
5 


Sin rrx -f 


I 2 ^.- * | + 3 2 tt~ 

H rrs & s,n 5 « + ■ • 


sin 3nx 


2 «'- e > [nA^ si 


f 2 2 !t 2 sin 2 ” *- 


sin 4ttx 


I 6-tt 2 


sin 6rrx 


10. c”* = 


i (, _ ,-^[^_L_ cos ^ 


I 3 rrx 

— -7X-1 COS - 

u- + 3-rr 2 a 


+ 2a(\ 


-•■I. 


a- + 5*** COS T + 

2rrx 


SrrX I 

- + -‘ 


2V cos T 


4n-.t 


«* + 4***®°* a h <r + 6V 


6rrx 

COS--f 

o 




2c 

• • /(■*) =■ — (| sin x -f i sin 3* + £ sin 5* -f . . . 


+ 2(1 sin lx + h sin 6x + ,' 0 sin lOx + . . .)J 


tt n\ /•/ \ 3' 3/fl .Ml 2 rrx I . 4nx I . Srrx 
12. (.)/<*) - -^r sin -J + - sin -- - - sin — - sin — 

I . 7tta: I . 8 w.t l 

+ f3 s.n- r + g - 1 s.n- r -. . .j 

®/W-i + pLL,(i)(*-T-0« ! 7 
+ , aUi)(-7 -O-xl 
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14. fix) = 2 tt* + \2n [p cos a: 4- p 2 cos 2x + p cos 3.V -J . . .] 

h 4 [(p ~ T") sin ■* + (p - T") sin 2< - 

+ ( - 3 -) sin 3* + • • ] 

15. (i) fix) = — [J sin X ; i sin 3.t 4- ! sin 5x ... 

7T 

4- 2(1 sin 2x 4- £ sin 6x 4- sin IOa: 4- . . .)] 
(ii) f(x) — ~ ^ + J cos x i cos 3* 4- ! cos 5x - . . . j 
8c . nrr 

16 . *■ pp sin —, so that 

8c f I . rrx I . 3*X I . 5 nx . 1 

y " ^ If* sm T “ 3* S,n T + 5* s,n T - • J 


17. /(*) = y (J sin x + l sin 5a: 4- ? sin 7x 4- sin 11 x 4- sin 13a: 

4- . . . — 2(i sin 3a: 4- * sin 9x 4- sin 15a: 4- . . .)J 

18. T — 7 846 sin 0 4- I 507 sin 20— 9 19 sin 30 4 11-55 sin 40 - 13-67 sin 50 


4- 13-33 sin 60 . . . All but 1st and 2nd terms negligible. 

nx _ _ rrx . _ _ _ "A 


2w.t 


19. y - 216-8 - 76-15 cos y - 25 cos -j - 11-83 cos -y - 5-83 cos — 

— 6 02 cos ~~ — 4 cos nx — 19 87 sin — 1-44 sin " 

6 6 3 

nx „ . 2wa: „ . 5"a: 

4- 0-17 sin y 4- 0-58 sin — + 0 04 sin — 


20. f(x) = 1-571 — 1-303 cos * - 0-175 cos 3a: - 0 094 cos 5a: - 
0-094 cos 7x . . . 

21. x = 3-9375 4- cos 0 f- 0 0625 cos 20, where 0 is the crank angle. 

22. 48 45 - 17-70 cos x - 3-12 cos 2a: — 0 35 cos 3a: 4- 0 30 cos 4a: 4- 0-75 
cos 5a: 4- 0-73 cos 6a: — 2-23 sin x — 1 -67 sin 2x — 1 -75 sin 3a: — 0-95 sin 4a: — 0-52 
sin 5a: 

23. 6-273 — 1-987 cos x — 0-671 cos 2x — 0-208 cos 3a: - 0 038 cos 4a: 4- 0 005 
cos 5a: — 0 048 cos 6x 4-0-715 sin a: - 0 694 sin 2x - 0 307 sin 3a: - 0160 sin 4a: 

— 0-131 sin 5x 

24. — 1-475 4- 6-045 cos x 4- 0-533 cos 2a- 4- 0-067 cos 3a: — 0-250 cos 4a: 

— 0-162 cos 5a: — 0-117 cos 6x — 4-180 sin a: 4- 0 289 sin 2a: 4- 0-283 sin 3a: 

— 0 029 sin 4a: 4- 0-063 sin 5 a: 
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2S ' A ° 2* fo /<X)dx - A ’ = 1 jf’/W 
/ (a:) = x = *r - 2 (J sin * -r *. sin ir + $ sin 3* + . . .) 

rt \ 4 Fl * 2rrx 

27. / U ) = -[-- r _ cos __ 


cos rxtix; B r = - fix) sin rxdx\ 


Arrx I 


tvs cos " - 5 ^r 


(>7TX 1 

7-5--...] 


28 . F,,> = / [} + |( cos 2 + £ cos ¥ + i, cos 52 + . . .) 
*■ »(> sin T + -* sin T 5 + 1 sin T 5 + • • •)] 


2\ 2Ji 


29. fiO) = l\ sin 0- $ Sin 30- A sin 50 + ! sin 70 + sin 90 


- sin 110- ,' a sin 130 -f . . .J 
32. /<*) - ^(sin 2 + isin + , sjn 52 + . . .) 

34 /Trl --i5?/i rnt 2 « I 6 tm: I I0rr* \ 

,/U) 2 ^ l2* COS ~ ? 6 * COS ~r + io* COS "T' + * • •) 

35. /(,) - ~ ( Si „ 2 + I sin ^ + i sin 52 + . . .) 

36. /,,, - - J ( sin 2 +i sin 52 + j sjn 52 + . . 

27. /(at) ” ( s ' n x — >J sin 3 a: -f J sin 5x + i sin 7 a: — . . . J 

38. ± —, according as p is even or odd. 

2V^3 

39. fix) = — (cos x — i cos 5 a: + 1 cos 7x — ,*| cos I lx + ,'n cos I3 a: — ...) 

40. fix) = ^ £sin x + ^ sin 3 a: + p sin 5 a: 4- . . .J 

41. fix) = ~ + -(sin a cos x + J sin 2a cos 2 a: i J sin 3a cos 3 a: + . . .) 

42. xix — I) ix — 2) = ^ sin rrx + =|j sin 2 »a: + sin 3 ?ta: + . . . 


1 . \ 
+ ^ Sin nrrx + ... J 
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EXAMPLES IV. Page 140 
a(3 4- cos 0) (7 4- 3 cos 0) 3a sin 0(1 + cos 0) 
2(5 4- 3 cos 0) ' y ~~ 2(5 4- 3 cos 0) 


_ , . / rrt rn \ 

5. ( a ) V 2 ^ cos ' s,n J2 / where r 


1, 9, or 17; (/>) - 2, I ± |V3 


6 ‘ <’) V 2 (± 1 ± (ii) C ° S + , sin where " " 1, 2, 3, 4; 

v/3 

(iii) -*,-*±1 — 

7. sin /jc = / sinh a:, cos ix = cosh .r 

14. 1 023; 0-5282 

15. 0-7646 [6° 54 ); 0-2299 (91° 58') 


16. (i) sin x cosh y — i cos x sinh y\ (ii) cos x cosh y 4- i sin x sinh y; 

sin 2x 4- / sinh 2y sinh 2x - / sin 2/ 

(,,,) cos 2x 4- cosh 2/ (,V) cosh lx + cos 2^ 

(i) u = 1-298. v - - 0-6349; (ii) 1 / - 0 8335, v - 0 9891; 
(iii) u - 0-2717. v - 1 084; (iv) u = I 084. v - - 0 2717 


18. (i) 0 6 + /0-8; (ii) ±4=(l +0; (iii) (cosh -/ sinh } > 

Semi-axes r ± when 0 — locus is rectangular hyperbola 

r 4 x 7 — y 2 


= 2 


19. (i) log 2 4- /2mr; (ii) log 2 4- / tan-'^3; (iii) log \ 'n* . 2 -/tan-* — 

(iv) log v/5 4- /(» - tan- 1 2); (v) log 5 4- /(* 4- tan" 1 .',); 

(vi) V2e l2n + * )w (cos ((2/i 4- i)"- log v'J) 1 * / sin I(2/i 4- logv' 2 }; 

(vii) e- 2n«r[cos (log 3) 4* / sin (log 3)J 


22. (a) 


sin h 2x 4- /’ sin 2 y 
cosh 2x 4- cos 2 y 


28. (1) Interior of circle, centre at origin, radius a\ 

(2) Interior of circle, centre at radius a; 

(3) Circumference and interior of circle of unit radius, centre at point 

2 4- /0; 

(4) Half z-plane on positive side of j'-axis, exclusive of that axis; 

(5) Exterior of circle, centre at point 1 4- i0, radius ; 
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31. (i) Straight line from origin; 

(ii) Circle, centre at origin, radius = given constant; 

(iii) Circle, centre at point z,. radius = given constant; 

(iv) Ellipse with points z, and r 2 as foci; 

(v) Circle, and it the constant has different values, a family of coaxial 

circles having z, andz 2 as limiting points. When constant = I. 
locus is perpendicular bisector of straight line joining z, to z*. 

32. (i) z 3 = 6 -f #1, z, = 3 -{- i'5, or z, = — 2 — /5, z, = — 5 _ /j 

(ii) z 2 = 0 — 1 3, = 4 -r i'5 

33. (i) Yes; (ii) No; (iii) No; (iv) Yes; (v) Yes. 

34. (i) Z =* /z; (ii) Z = cosh z; (iii) Z = z; (iv) Z = ^ 


c— b 


36. (i) // «a f- /», v = ay; u =* c gives family of straight lines x = 

parallel to y- axis, and »• = k gives family of straight lines y = 
parallel to x-axis 

00 " = x* + y*-2x+ I* v = ~ 27+ I ; " - c S' vcs famil >' 

of circles ^ + /-(2f-)x + I + £ - O.and v - k gives fam¬ 
ily of circles a* + y 2 — 2a 4- j + I =0 

(iii) " ™ *+y + 2,+ P” - + 2J. + l : " - ^ives famuy 

of circles a* + y 2 — ^ + 2/ 4- I — 0, and v — k gives family of 
circles x a + >4 + ( 2 + ^ ) y + I I- ~ = 0 

38. Semicircular arc, radius I. centre at origin, above real axis 

»*: — o' —■ 

radius v 2, centre at point 0 4- /1 
41. r 2 = 2 cos 2 0 

50. The straight line u = log k between the points for which v = — w and 


51. 


2 ak 


a 2 + k 2 


S3, (i, Z = L- 2 + + ' ■ (ij) ^ = (1 + 0 |_J 


a i*~ 
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EXAMPLES V. Page 175 

3. V 3 units at tan -1 —7= to DC 

4. (i) 5 ft/scc at 53° 8' to BA\ (ii) 16 ft; (iii) 2-4 sec 


5. (1 — n)r l + nr 2 \ (1 — k)r 2 + kr x 

6. Straight line through B and mid-point of diagonal AC 

7. (i) 5-795; (ii) 766; (iii) 12-25 

10. 3 501 ft-lb; 583-5 ft-lb/sce 

11. 17 units of work 


14. (i) 68° 12', 56° 9', 42° 2'; 68° 59', 53° 18', 44° 10'. (ii) 70° 33' 

16. a = - M- 3/ - 7k, b — - 6/ t 2/ + 2k; - 2 . 20/ + 44/ + \6k 

17. 11-18 ft/scc in direction tan-*(— ,-,)to direction of i 


18. 71 — 14 j + 14k; 70’32\ I3I C 49,48° II' 

19. _ 31 + 3/ -5 2k; 5/ f- 3/- 5k; - 2i- 6 j + 3k; 4-690. 7-681. 7 



5 a 

9V'3« 

20. 

yy from OP, and 

14 

21. 



7 s'26 

1 _ 

22. 

~w - 04576: 

V\S5 


23. (i) 39-78; (ii) 0-8184 

24. 6(21 + 6 1 -I- k) 

25. 3-307; 11-54 

2v^3 

26. - 7/ + 4/ -f 5k; —r- ; 


from OA 


(71 - 6 1- 10k) 


~(~l+ 12 1- Ilk) 


31. 10-96 ft/scc in direction of vector 3/ + 8/ + 10k 


35. 151-4 ft/scc 


EXAMPLES VI. Page 229 

3. 28c-*'; 10*V Z (26* 2 + 35* + 10); - 302-9e“ * sin (7x - 0-5882); 
- 48e~ 3x cos 3* 

4. 949 cos 3/; - 13 sin (3* : 1176) 

5. 0-2236e 4x sin (2x - 0-4636); je ix (2x* — 2x I); 

6 25 «■»* (125V - 75x* + 30* - 6); sin 1 tan ‘ a ~ ,an ~‘ 
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6 - s* «** (* - *); - 0-1193esin (7, + 0-5882); -jje-”cos3, 

7. Vile”cos <2, + 3 + tan-' §); 2 197e”cos (2, + 3 + 6 tan-* j); 
jJL«"co*( 2* + 3- 6tan-*s); ^=,”cos(3,- , an -. j ); 

yy^=e«cos(3,-3tan-»2); 13 Vile” cos (3* + tan-*g); 

2*: (18* a 4- 9* - 4) sin 3* + (4* + I) cos 3* 

8 . y =■ ^e-*+ 2x-2. y-Ae*’~ A; >• -/*e»* - ^j^sin ( 3*+ta n -«? ); 

' = + i-y - (/« + *- -"-*9 

9. y - /»e” + fle”; >• - .4,-* + /?«--«; , = sin (2\'2/ + 9 ): 

* — (At ■ /?)<•'; >- = (/ff -f £)*-•' 

10. y =* (A ■ /?*)«•**»; >» - (/f -f + C* 2 )^ 

U * J " Ae~ Xr sin (2* + </); j + E sin (3* + ?); 

V - Ac-** + Be- 1 ' + (Cr I- £>-»* 

l2 * ^ * (A *■ *•*> sin 3* f (C -• £*) cos 3*; * - /(r 1 * + Be “•« + CV 2 ' + £*-*' 

13. * - r*' -f » ; A *“*' • y <•»' 

14. (i) >» — (/( — 0 2 sin 2 a: — 01 cos 2x)e~ tJt + Be -**; 

(ii ) y-e—* (a + ** + j£) 

15. (i) >> « (I - * 2 )(C- log, \'l - at*): (ii) >•- 2* = c(y-x)*; 

(iii) X y* =* c - cos * 

16. (i) ^ = (i C cos a:) cos a:; (ii) (x + >*)* (2* + y? - c 

!7. (a) ^ = A*~ x (7 sin x + 12 cos a:) + j[(sin*- 2 cos*): 

(b) y - r'(2 - 3a: + ]* 2 ) 

18 . y = r c -\* S in (-^ a + q) + 3 cos* + 4 cos 2x 

\9. y = (\ + 6/ /V 5 '; y =* A + B sin (2t + ?) - 2 cos / 

20. * = r Be-* 1 - *». <-'(3/ 2 - 2/ • 2); 

' = .-"W sin 5 455, + flcos 5-455,) + ^^sin (5,-5) 
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21. (i) y = A sin 4a 4- B cos 4a — \x cos 4x; 

(ii) 0 = Re~ 2f sin (2/ 4- q) 4- ~~ cos (2/ — tan- 1 2) 

(iii) 7 = (A - L l x)e-* X 4- (D 4- !*)** 

22. (i) a: = y(c — log c a); (ii) y = Ha 3 4- e* 4- ax 4- b\ (iii) y 2 - ^ - A - 

23. (i) 7 = /l sin (3* 4- a) 4- J, (9 a : 2 t 9a: 4- 7); 

(ii) y = c see a: 4* J«*(l 4- tan x) 


24. 

(*) 13a- 

= 8(e~ * — 1) cos 4t 4- ( 1 

- e* ') sin 4/; 


(6) 7 = 

Ae* 4- Be** - (a 2 4- 7)e 2x 


25. 

(i) ^ = 

Ae-* 4- Be~ 2 *- 01e* x (2 

sin 2a 4- cos 2a); (ii) y = tan a 

26. 

(i) ^ - 

tan ^a: 4- ; (ii)sin x 

= e (3 sin a — sin 3 a - 4); 


(iii) y - 

e~0*[(l 4- a)*- 1J 


27. 

(i) >> = 

A 4- B sin 2a: 4- C cos 2a: 

- 2 cos a; 


(ii) >> = 

Ac* 4- Be~* 4- C sin x 4- 

D cos a — ! cos a cosh a ; 


(iii) - 

e -ar (l 4* ax 4- a-*) 


28. 

(0 xy — 

2-U+DIC+2 log, (1 4- x)J; 


(3 — 8 a: 2 ) sin 2 a: — 8x cos 2a: 
<U > •>■-256 


29. y = sin 2 a: 4- cos 2a: — cos x 

30. (i) y - t + x + p; (ii) y 2 4- 4x 4- 2 - Ce 2 ' 

31. (i) xy - C + log, a; (ii) x 2 - 2xy - y 2 4- 4x 4- 4y 4- c = 0 

32. (i) 9y = 6x - 2 4- ce" 3 *; (ii) x 2 + xy 4- y 2 - 2x - 4y 4- c = 0 

33. (i) y = e x (A 4- Bx - cos a); 

(ii) y = Ax 4- B^x 2 - 1 4- i ^a 2 - 1 cosh “‘a: 

35. (i) y = Ac** 4- Be- 0 ** - \e**; (ii) tan" 1 £ 4- log^A^A 2 4- /*) " 0 

36. (i) y = /If 3 * 4- (B- \0x)e-**; (ii) y = c^iAx 4- B) 4- J(2a 2 4 a: 4- 3) 

e~ * 

37. (i) y = Ae~* 4- Be- 2 * - pj cos 
(ii) y — Ce- tanr _ 3(1 _ tan a:) 

2 tt/ / l~wT 

38 - rf V 3gbdE SCC ’ igbdE ^ 
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£2 ./Sf vii 


39. J yyr vibrations per min 

"A ■* 

42. 0-505 ft; 0-245 radian 

43. M = 6?; r = r '.j 

44. 0-453 sec; displacement = 0-403 sin 7/ — 0-203 sin 13 90/ 

45. r 0 375 sin (7/ - 0-3732) 

47. * — 0-8(2 sin 4/ — cos 4/) 

5 IP 

48. — sin 3/ lb; 0 0511 sin (3/ 0 377) ft 

tz 

51. (2) is the boundary between eases (I) and (3) and represents critical 
damping. 

•»CV 0 

52. i — - - y^coscu/ 


I - orLC 


a 


53. y A sin (nl * ot) f- — sin (pi 4- </) 

w.‘-* + «.. R 


55. (i) / /ft* 

cos ( pt — tan 


-igg. 


N (I -/7*CL) f + C*K*pP 


' \~picl)- Wher * '* “ - C 


(II 


C/?* - 41 
C 

)!- Ae~ 2//sin ( N / 4/ * / t- *) + last term as in (i) 


58. * = ^sin{y(^-5)£-/> •) 

+ *»■"{•'/(-• 2 ~ " ) »l ■ ’ + f*} 

> - N * 2 ~ 1 » sin (-/( 3 ~ 2 X * )£< + »} 


a: and a: 4- y give the displacements of the upper and lower masses respectively 
from their equilibrium positions. 

61. (i) y = x(A log, a: 4 D)\ (ii) y = x(A log, x 4- D) 4- i* 3 

62. u = kr(a 7 — r 7 )/8 
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63. (?) y — — [(a 2 — b 2 )r - — a'b* - r*J; (ii) y = Ar -f- y + !r 4 - ? log, r 

64 * (i) V = i l ' j Sin < lo S< + Bcos dog, + \ 

(ii) y = ^ 4- ^ f-i log, x - * 

(ii*) ^ = •*(«** log, x + D) + £ (log, a:) 3 

(iv) >» = x(A log, a: + B) + ~ 


65. (i) ^ = AVx cos [v/ 3 log, (AV*)] + v * 3 x* 

( ii) ^ = 7i ( ,2 *’ log ' * + ? ” ? ” ** ) 

66. ^ = x(/l 4- £e~**) 

67. n « — 2; **y — /f 4- tfe" 4 * + (4 sin * - cos at) 

68. (i) x* + >»* - A(x 4- y): (ii) y - A see 2 (x + a) 

z? n i 2 

69. ^ - /Jr + y - /lr 4- - + j ** 4 - ~ log, r 

x 3 

70. (i) x — t 2 \ (ii) y - A 4- B log, x 4- C(log, x) 2 4- ^ dog, x - I) 

72. (a) v - i (x 3 4- (6) (x 2 - >« 4- c) (x 3 4- 3>- 4- 3r) - 0 


73. (i) O'- cx)(x*y- c ) = 0; (ii) (x 2 - 2>-- c) (x + y- ce~ z - 1 ) - 0 


74. (i) (4 y - x 2 - xVx* - 4 4-4 log, (x 4- v'x* -4 ) - c) X 
[Ay — x 2 4- xVx* — 4 — 4 log, (x 4- * x 2 - 4) f- c) = 


0 


3 + e 


V2x 


(i,) '-rr^ ( ^ 

75. (i) With p as parameter, x = cp~* e*P* and y = cp~\ 1 4- /> f )* 2 *’ 
(ii) y = A l(2x 8 — 3) cos x - 6x sin xj 

77. 31-62 sin (2/ 4- 1-322); cos (/ 4- 2-927); 3-606 sin (At 4- 0 588); 
sin (3/ 4- 2-983) 


78. l-280E m sin (500/ 4- 0-0189) 
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EXAMPLES VII. Page 283 


X 

1-0 

II 

12 

1-3 

1-4 

1 5 

y 

2-000 

2-200 

2-431 

2-697 

3001 

3-347 


2. 2 000, 2-216. 2-466, 2-753, 3 081. 3-455; 
y = 2Ze k{x ~ n - 2**- 8x - 16 ; 

3-455 by modified method. 3-453 by exact method 


3. 1-300. 1-620. 1-959. 2-319, 2-699, 3100. 3 523. 3-967, 4-434. 4-924; 
1-310. 1-640. 1-991, 2-362. 2-754. 3-168. 3-604, 4 063, 4-545. 5 051 


X 

1-0 

1-2 

14 

1-6 

1-8 

20 

»' 

1-000 

1-640 

2-362 

3169 

4 064 

5 052 


5. 2 465, 3 080. 3-877. 4 892, 6-165 

6 . 


x 12-0 12-1 2-2 2-3 2-4 2-5 2-6 2-7 2-8 2-9 3 0 


I i * 

(1) y 4-000 4-400 4 820 5 260 5-719 6-198 6-697 7-216 7-755 

1 

8-314 

8-892 

(2) y 

4 000 4-410 4-840| 5-290 

5-760 r> 2M> 6-760 7-290 7 S40 

8-410 9 000 

7. y - x(2 + log„ x) 

X 

1-0 II 1*2 1-3 

1-4 1-5 

16 1-7 

1-8 

1-9 

2-0 

y 

(formula) 

2-000 2-305 2-619 2 941 

1 

3-271 3 608 

3-952 4-302 4-658 

1 

5020 

i 

5-386 


y 

(Euler) 


2 000! 2-300 2 6 09, 2-9261 3-2S 1I 3-583 3-922 4-267 4 618 4 975 5-337 


8. x = 1-5. y = 3-600; x - 2. y = 5-371. Yes, since the graph of y against 
x is Oat and not steep. 

9 . r -i + \x+ s-** + ii* > + ss*' + das** r “••• 


10 v = x - — f — - — + —-+ . . .; 0-460. 0-7248 

l0 * y X 3 f 15 105 945 10 395 


11. y = 0-7248 + 0-2752(x - 1)- 0-5(x - I)* + 0 0749(x- l) s 

-f 0-1063(x- 1 )* — 0-0362(x — l) 5 + 0 0116(x — 1'* . 0-764.0-752 
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12 . 

X 

0 

0-2 

0-4 

0 6 

0-8 

10 


0 

0-197 

0080 

0-533 

0-650 

0-724 


( X 2 X 3 v* x i \ 

x + ? + ' i/y + pp + - •) 

14. y = o„ [ 1 + ^ + -jj + -jj- + ■ • -) 

( 2x* 2.5a 7 2.5. 8 a‘» \ 

+ \ x -*• U [To + ' ’ 

1 , x 2 A 3 4a 5 3a* 9a’ \ 

17.,-a 0 [l —|2—j5+i5 + -jj + -^---j7 • • ■) 

( x 3 2x‘ a* 6 a* 9a 7 \ 

a > [3 - |4 + [S ' |6 ' 12 ' • • 
n (n - I )a n + a n . 2 + «= 0 

18. — 1 + (x + 1 ) — ±(x + I) 3 - -f I)' + j|<* + I* 


2.5 


4.7 


+ jy (x + P»--iS-(r+ I)*- 


2.5.8 


x ,w + 


4.7. 10 


.IV 


20 


]9"" T ” qo T M2 

/ X* X * AT* \ 

»• 7 — «o \ 1 - 22 + 2*74* “ 2* . 4* . 6* “* 2* . 4* . 6* .8* ' ' ' 

( 4x 2 4 . I Ox* 4.10.16x* \ 

2,# / = \ * “ *J2 + |4 g ‘ V 

/ 7x* 7 . 13x J 7.13. 19x 7 

+ «. + —jj-| 7 

n{n — l)o fl • (3/i — 2)<i / , _ 2 = 0 

26. y = 0-47308 

28. x = Ae 91 cos (/ + «); / - 3/le*' [sin (/ i e) + cos (/ » *)J 

1 -f v/2 ( ^2 - 4 V | _ \/2 - < ^2 + 4X 


•): 


29. 


Ae 


*f* IT" ( 4I S ' n 2t 


- 30 cos 20 2 2 

= Ae (V ^2 - 4>/ + Be-^ ' 2 + 4K + (5 sin 2 / - 8 cos 20 

30. x = /f sin (3/ + a) - B sin (3^2/ + P)\ y = Bs\n(W2i i //) 
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31. x — (A + Bt)e' + (C + DDe- ' 

y = (A - B -f Bt)e* -h (C -f- D + Dt)e~* 

32. x = 01408, y = I 415 

33. * - £(*“ 3 ' e-') t y = '.(e 3 '- *-') 

34. x = /ft?*' + = - 2Ae*'~ Be " + *e* 

35. * = (36 f lOr* - 45c 1 - c *‘),y = (24 + 20e' - 4Se~‘ + e "•*) 

36. .r = - ,' : e- 3, (6r -f I) + _.' ; (3/ + 1). >* = - + 2) 

+ ," ; (2-3/) 

37. (i) v = e*(.4 sin x + B cos xl - cos 2* 

(ii) y = A + Be- 7 ' + e T , z = A - Be -** t ^ 


38. * 

39. z 

.V 

40. >• 

41. x 

42. x 

43. * 


2\ 26sin—_+ 2m cos y = - \ 2/> sin 


<? cos —7^ 


V2 


- /?. sin <3* + *,) + R 2 sin (4* + cu), 

« - 2 - 1 /?, sin (3a: + a,) + 3/? t sin (4* + a t ) 

* 4(cos 6/ -- cos 3/), 2 - 3(8 cos 6/ 4- cos 3/) 

b b 

7 (I — cos ai), y * — (a/ — sin <*/) 

“ J < 2/ ► sin '>• 3 3 y~V - sin /); / = n, ^ = 
“ 2(e 2 ‘ - <r f ), k « - 4r f 


V dy 4V 
y dt 3 


EXAMPLES VIII. Page 338 

J. (i)*g + -g-0 


2 z 

(ii) s 5i + 4 o7 + 2 = ° 

..... ^ 3z 

(...) = 0 

2 - ®S—£ 


(ii) * 


illfi dy 

c*s2/ ~ 2s 2/ 


2*u 


(iii)a*^-2 a ^. + |^ 
3** At 0/ ^/* 


0 
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3 - (,)2 ai + a7 + " 


(ii ' = ° 

3 2 2 a 2 z ? 2 z 
(iii) 2 tr—r — 3 , — _ 2 ^ = 0 
a a: c*y Oy* 


5. (i) z =/(7v- lOy) 

(ii) z =* J'Ox- - 10y 2 ) 

(iii) 2 = /X.ry) 


6. (i) z 

(»i) z 

(iii) « 

(iv) // 


-/(£) 

= fi(x) + /j< V) 

= flOe H* fl.v) 4- /*(a: - ay) 
= /.( 3a: 4-2y' + /-(*-y) 


7. (i) // -/,(5x - 2y) 4- a:/.(5a: - 2; ) 

(ii) z — /,(f I- /at) 4- f 2 (t — /at) 

(iii) z —/,(2 4- / * 4 y) 4- /*(2- 7 at 4- y) 

8 . (i) u « /.(a: 4- y) + /*(* - y) 4- A<2 at - y) 

(ii) 2 - /.(a: - >0 4- */,(* - y) 4- /i(2/Ar 4 y) 4- / 4 ( 2 /at - y) 

(iii) // ™f(y~ 2ix ) 4- Ar/*Cy- 2 /a:) 4* /j(y 4- 2 /a:) 4- x/ 4 <> 4- 2 /a:) 

9. z = /,(y 4- cat) 4- ft(y— cx) 

12 . z « ixy(x 2 4- y 2 ); z - /",(*> 4* / 3 (y> 4- i*v(x 2 4 v 2 ) 

13. K « (** - y«) 

14. (i) z -/(5x- 3y) 4- 6 (x 4 y) 4 ,»,.(* -r y ) 2 

(ii) z = A7x - 6y) 4- 2(x 4- y) 4* ,\y 2 4- ,\.a 4. See Note in Ex. 2 , 

Art. 78. 

(iii) y = sin / 4 a) (.4 sin nx + B cos nx - C sinh nx + D cosh nx) 

4 - 5 — ° sin sin pt where n, a. A, B. C t D, arc arbitrary 

V /* ^ constants 

15. y = /i(2x - y) 4 /,(3x 4- 2y) 4- x/ a (3x 4 : 2y) 4- **/ 4 (3* 4 2y> 

Of many possible particular integrals the following arc obvious— 

y = £at', y => ii / 2 and y = a 4 4 ?./* 

These are found bv inspection. As the two terms arc not of the same order the 
methods of Art. 78 cannot be used. 
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16 . z = z 0 e ~ a v 0 sin (pt — a \ (y5px) 

17. z = Ac-P't sin apx is a solution where p = nrrja/, n being any positive 


integer. 


4£o V 1 

7T Zl n e °' n sin nirxfl 


n - 1 


How of heat inside a plate of large area whose faces arc suddenly cooled to 
zero temperature and kept at that temperature. 

18. Angular frequency - 2 . 3. etc. 

19. Angular frequency = m- J*™, „,/ „ ,. 8 8. 5 ~, elc .. approximately. 

22. As in Art. 82. 

23. As in p. 321 with the necessary’ change of symbols 

cos ci r- ~ sin cos 9 c i 4- sin ^ cos 25 cl + .. J 



3 2/i f . 

24. y =» 

~v* l s,n 

where c « 

J'*T 



26. y “ 

"•[- 

where c *- 

y*. 


Pf'irV 


-2SP Srrx 

* sin . 4- 


-] 


27. V-20(l- X r ) . . 


29. 0-960 J&. 0-961 




3. 3 310 lb 


EXAMPLES IX. Page 387 

i ra 
3v 


2 W 

1. zj v/I 4IP lb, v ' 14 - lb 2. 245 radn/scc 5 . 22-8 ft/sec ? 


4. (a) ~ for ^ for Z?C. ^ for C/> 


14a 

{b) for 0 f<> r for CD 


7. § width from hinge. Opposite centre of percussion. 

ft u\ 5x . I3 h-o 4 

,6 ; <2) ,hc same 10. %wa, tJH-a, {»w: \920EI 
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H. AJ>va, in-a, [ ”wa, = »»a, .1 »»»•« 13. 1 485 lb. 2 076 Ib-ft 


14. 50 580 lb-ft, 3 380 lb 


19. iM(a 2 -4- b 2 ) 


a 


2 a 


16. - and -j depths of C.P. of triangle and 
square. 

8 - <a> 128 16a’ ib) 448 ' 56a 


25. h 


•4 in. 


27. Centre of mass on vertical through point of contact at a height < a cos a 
for stability. 


28. co = ^ \'2 gh radn./sec, ^ 59 2< lo horizontal. % Wh ft- 

3 Wa 2 


30. 


8/(2/ + 3a) 


8 

34. 122 


lb 


- 


43. 0-867 ft 

46. 1 045±; - 14-5 

51. 2§ 

53. 49-1°. 63-5°. 4-309 ft 
185 


40. 97-5 lb compression 

42. (a) 28-8 r.p.m., ( b) 3 770 ft-lb 
(c) 1 937 ft-lb 

44. Z -» 0-204r 2 , units in inches; 416 in. 3 
47. 2582; 1 ^ 1A 
52. 0 

54. 76 0 ft. 28 9 ft 


56. 545 ft. or nearly 4, 1-002 to I 


EXAMPLES X. Page 435 

1. (i) 10-49, 30° 55', 68° 12'; (ii) 9110. 39° 47'. - 120° 58'; 

(iii) 4-123, 104° 2', 0°; (iv) 11-58, 30° 17', - 30° 58' 

2. (i) 3, 5-196, 10-39; (ii) - 2-654, 1-532, 2-571; (iii) 1-314. 0-5851, - 1-389 

3. For OP, / = 0-8137, m = - 0-3487. n = 0 4650; for OQ , / = 0-3075. 
m — 0-8447, n = 0-4384 

4. If A t B, C are the vertices of the triangle in the order given, length 
AB = 3-742, BC = 15-30, CA = 11-83. Angles between the sides and the 
axes of *, y, z respectively arc: For AB. 74" 30'. 57*41', 36° 42'; for BC. 
62° 46'. 74° 51'. 31° 50'; for CA, 59" 31'. 80* 16', 32° 18' 


5. (i) 25-50; (ii) 6. 5. 3 
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6. x — 3 = 


y + 4 z — 15 


3 - 4 

7. 0-5657; 45°, 115° 6', 55° 33' 


8. 2x- 2y- 3z =* 14; 3-395; 0-4850, - 0-4850, - 0-7276 

9. 2x + ly - 9z - 6 = 0; Sx - y + z - 12 = 0 

10. 0-2721; = Z ~- - 3 259, |. 0 37. 4-926 


11. x + 8y— 6 z : 16 - 0; the acute angles between the given plane and 
the co-ordinate planes arc 53® 20'. 84° 17'. 37* 13' 

12. (i) 0-1720; (ii) 0-3884 

13. AD = 32-09 ft. DD = 29-32 ft. C/> = 27-49 ft. ADD = 34’ 9'. DDC 
- 41° 19', CDA - 41° 33' 

14. - 0-5774, 0-8083, 0-1155; 90 


15. 2tx -f Ay — 132 - 3; ~ 


I3r 4 3 
457 


16. 


7\ 30 
90 


II \ 42 
126 


17. 


0-4260; - 


11V 3 0 
90 


0-5658: 


8\ 42 
63 


\ 30 

- - 0-6694; —- 
v'42 

0 8229; - -r^r - 


- 0 6086 

0-0514 : 21° 47' 


18. (i) 86° 23'; (ii) 58® 

19. Let h ^ height of pyramid and a = side of base, and let the positive 


direction of the r-axis be taken from O towards the base. Then 2/r = a J cot* ^- 

the equations of the faces are V2 /i(x -f y) ± az =>_0, % 2 Ji(x — y) ± az = 0; 

\'2x y z x v^2 y 2 

the equations of the edges arc - = q “ /,• 5 ** ” £•' lhc an S ,c bc,wccn 


a 


• , . / 2h* — a* \ 

a pair of opposite edges = cos -1 ( ^ , fl - t ) 


20. 33 in. 


21. 60® 39'; 


x-- 3 
05299 


y + 3 z- 7 
0-4901 - 0-6947 


22 . 18 ° 10 ' 

24. 28° 53' 

26. 43° 3'; 5-746 
29. 1-946 


23. -±L = 1-364; * = 2 U.y = - 2J4, r - 8jjj 
' 65 

25. a- - 4 v 4* 2z + 4 — 0 
27. 2-873 

30. - 0-6052, 0-6774 0-4179 
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31. x = 2, y = — 1, z = 2; 0-2063 32. 153-8 fi 2 

33- 5-5 34 . 7 £ 

35. If P, Q, R S aj-e thc angular points of the tetrahedron in the order given, 
then length PQ = \ 2; PR = v'J; PS = \'T3; QR = I; QS = 3; PS = v' 6 . 

The direction-cosines of PQ arc - 0, of />/?. - 0, y_; of PS. 0 , 

Vn’ Til 1 ° f °* °’ 1; of QS i I’ f : of RS - ”/£• Thc cc l ua,ion 

of the face PQR is y = 0 ; of the face PPS, Ax- 3y 4- 2z = 4; of the face 
P£C?, 2x — 3y 4- 2z — 2; of the face QRS, 2x — y = 0. Thc volume of the 
tetrahedron = £. 

36. 24 

37. x 2 4- y 2 + z 2 4- \2x - 2y - 6z + 30 = 0; =41-89 

38. a: + 2 — 0; ^ — 1 , z — 3 

39. 19(* 2 4- >> 2 4- z 2 ) - 33 a: -9 y + 15z = 374 


40. Centre at point (2, 1.2): radius ■■ 77 — 2-646; area of projection on 

I4„ 

A^-planc — -y- =* 14-66 

41. 4a: 4- 3 y + Az — 98; =* 


42 (i) If (x, y z) is any point on thc cylindrical surface, then by (X.38) 
4 = {x- l) 2 4- y 2 4- (z- 3) 2 - i {2(x- \) + y-(z- 3)} 2 , which reduces to 
2x 2 + Sy 2 + 5z 2 - Axy 4- 2 yz 4 Azx - 16* - 2y - 3Az 4- 35 - 0. This is thc 
equation of thc surface, (ii) 2 , 4 75 


43. x - - 4, y - 2, z - - 14 

44. 16a: - 3 6y + 36z = 61 ; Ax - 9y 4- 9z ± 3\'6\ = 0 



Id + d 

c 2 t \a 2 * b* 



)-e 


7.v 

A 2 



46. 6a: + 15^- lOz -= 0 

47. 2a: 4- Ay 4- 4z = 3; 4a: 4* 2y— Az 4- 3 — 0; 2a: — 2y 4- * = 3 

48. 2a - y 4 z 4- 2734 = 0 

49. x =* 3, y = — 1, z =» 1; 275. 375, 75 

75 

50. 2x 4- 3y- Az = ± 7|7 51. 2 -y = 0-8944 



2>» 4- I 


2z f 13 


52. x4-y4-z = 7 


5 
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54. * 2 + y z 4- z 2 - 8x - 2 y - 13z_+ 47 = 0; 

I6x + 4 y + 26z = 237 ± 7\ 237 

55. (x - a) (.xr | — a) + (y — ft) (v, - //) -f (z - -/) (z, - y) = r 2 ; 

(-»: + y) 2 + Cy “ "/*)* + (z - J) 2 = yy 

“•5-1-!= «*»-§“ »-3l' 

57. 3(2 i \ 2)» + (2 T 3\ 2)y + 2(1 ± 3V2)z = 10; 

5.v + 3y = 10; — 17 - 1-716 

58. V(f-*)- • ( - ro- - (A - y)»- {/(/- a) + m(r- fi) + n(h-y)Y; 

x 2 + 7y 2 z- + 8vv — 16z.x J- 8 yz = 0 

59. a: 2 + y- I- (z — 3) 2 - 13 

60. Shortest distance from z-axis * c 


EXAMPLES XL Page 461 

3. a = 66° 36'. R 54’ 20'. C - 61° 3' 

4. a - 82° 55'. b - 80' 54'. c - 39° 0' 

5. A = 69* 17', </ =. 59° 49'. b « 40’ 35' 

6. b 36° 3', c = 11° 24', C - 19° 38' 

7. - 70* 38', C - 76° 5', c = 75° 14' 

8. A - 69° 26'. b - 42° 9'. c - 68* 47' 

10. a - 104* 29'. R * 26° 33'. C - 63° 25'; 0 5229 ; 4* = 0 0416 : 1 

12. r = 40* 0 0", A - 121° 36'26", R = 42° 15' 0" 

13. 4' I" 

14. 3 hr 45 min (nearly) after noon at the place. 

15. 50° nearly. 

16. a = 55° 12', 6 = 48° 19'. c = 43° 8' 

17. A = 61° 32', 6 = 9° 12'. c = 17° 36' 

18. a = 53° 9'. c = 120* 18'. C = 129° 6' 

19. A = 90° 36'. R - 54° 40'. C = 49° 5' 

20. A = 58° 39', R = 66° 11', c = 62° 44* 

21. - 66° 44'. R = 57* 51', C = 102° 8' 

22. o = 65° 32'. R = 72° 3'. C = 92° 36' 

23. a = 33° 11'. 6 = 54° 10'. c = 60° 4' 

24. R = 79* 27', /I - 40° 34'. a = 34 c 47' 

25. 442 miles nearly. 

26. 3-411 x 10* square miles. 
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Analytic function of complex variable, 
116 

Analytical solid geometry, 395 et sqq. 
Angle— 

between two lines, 404 
between two planes, 405 
Angular frequency, 212. 313 
Angular momentum, conservation of, 373 
Area, enclosed as double integral, 45 
Axial vibrations of shaft, 321 

Beam flexure, 355 
Bernouilli's theorem. 375 
Bilinear transformation, 132 
Binomial expansion, justification for use 
of with operators, 197 

Cauchy-Riemann differential equations, 
114 

Centre of mass, 157 

Centres of pressure by double integra¬ 
tion, 52 

Centroids by double integration, 49 
Circular frequency, 212 
Circular functions of complex variable, 
100 

Clapcyron’s theorem of three moments, 
355 

Complementary function, determination 
of, 191 

Complex variable— 

conjugate functions of. 117 
continuity of, 112 
derivative of function of, 113 
exponential andcircularfunctionsof. 100 
function of, 99 
general power h*\ Ill 
graphical construction in simple cases, 
120 

hyperbolic functions of. 105 
logarithmic functions of. 108 
Cone, equation of, 424 
Conformal mapping, practical applica¬ 
tions of, 139 

Conformal transformation, 121 
examples on, 126 
Mobius or bilinear, 132 
Conjugate functions of complex variable. 
117 


Connecting-rod. particles equivalent to, 
353 

Conservation of angular momentum, 373 
Conservation of energy. 361 
Continuity of function of complex 
variable, 112 

Cosine formulae for spherial triangle, 443 
Cotangent formulae for spherical tri¬ 
angle. 444 

Coupled electrical circuits. 274, 280 
Cylinder, equation of, 423 

Damped vibrations, 219 
Degrees of freedom, 269 
Delambrc's analogies, 454 
Derivative of function of complex vari¬ 
able. 113 
Determinants— 
elimination by, I 3 
expansion of. 3 
meaning of, 1 
product of. 16 
properties of. 5 
rule of Sarrus, 4 

solution of systems of linear equations 
by. 8 

Difference equations, 257 
Differential equations — 
Cauchy-Ricmann, 114 
homogeneous linear, 224 
numerical solution of. 240 
of first order but not of first degree, 227 
ordinary, 179 et sqq., 240 et sqq. 
partial. 289 et sqq. 
simultaneous, 263 el sqq. 
solution of in scries, 250 
use of operators in solving ordinary. 

179 et sqq. 

Differentiation of a vector, 169 
Direction cosines, 397 
Distance between two given points, 403 
Double integrals— 

centres of pressure by. 52 

centroids and moments of inertia by, 49 

changing the order of integration in. 59 

enclosed areas as, 45 

notation. 39 

probability integral, 58 

volumes of solids as, 41 
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Dynamic multiplier. 272 
Dynamical systems, equivalent. 351 

Electric current, flow of. 330 
Elimination by determinants, 13 
Ellipsoid, equation of. 429 
Energy method in vibrating systems. 210 
Equation of— 
plane, 400 

straight line. 403, 406 
Equations, differential, see Differential 
Equations 

Equilibrium, stability of. 365, 366 
Equivalent dynamical systems. 351 
Euler's method for numerical solution of 
differential equations, 241. 242 
Even harmonics, 88 
Expansion of determinants. 3 
Exponential function of complex variable. 
100 

Extrapolation by finite differences. 21 

Field of force, 361 
Finite differences— 
interpolation by. 18 
t/v 

value of by. 26 
tlx 

value of — by. 29 

Flow of electric current. 330 
Flow of heat, 322 
Fluid motion. 375 
Forced damped vibrations. 223 
Forced vibrations. 216 
Forced vortex, 380 
Fourier's series. 67 et sqq. 

Free vectors, 163 
Free vortex motion. 383 
Frequency— 
angular. 212 
circular. 212 
Functions— 
conjugate, 117 

exponential and circular of complex 
variable. 100 

hyperbolic, of complex variable. 105 
logarithmic, of complex variable. 108 
odd and even, 77 
of complex variable. 99 et sqq. 
periodic, 67 

Geometrical inversion. 124 
Graphical construction for simple func¬ 
tions of complex variable, 120 

Halp-angle and half-side formulae for 
spherical triangles, 452 


Harmonic analysis, 67. 81 
Heat, flow of. 322 

Holomorphic function of complex vari¬ 
able. 116 

Homogeneous linear equations, 224 
Hyperbolic functions of complex variable, 
105 

Hyperboloids, equations of. 432 

Impulsive blow, 349 
Impulsive force and couple, 345 
Infinity, point at. 130 
Integral, probability. 58 
Integrals— 

double and triple, 39 et sqq. 
line. 383 

surface and volume, 387 
Integration, changing the order of in 
double integrals. 59 
Interpolation by finite differences, 18 
Inversion, geometrical, 124 

Line integrals. 383 
Linear equations— 

homogeneous differential, 224 
solution by determinants, 8 
Localized vectors. 163 
Logarithmic decrement. 222 
Logarithmic functions of complex vari¬ 
able. 108 

Longitudinal vibration of shafts. 321 
Lunc. area of. 441 

Magnification factor. 272 
Mapping, conformal, practical applica¬ 
tions. of, 139 

Mobius transformation, 132 
Moment of inertia by double ntegra- 
tion, 49 

Motion along plane curve. 173 

Napier's analogies. 451 
Napier's rules for right-angled spherical 
triangles, 447 
Nomograms, 464 et sqq. 

for equation af ( x ) + 4> (x) + b — 0,484 
formula X = Y, 465 
three variable. 467 
X + F + Z = 0. 473 
xr'+ Y' + Z= 0.479 
XY + Z ~ 0. 486 

Z = X + Y- 494 
multi-variable, 495, 503 
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Normal modes— 
of motion. 271 
of vibration. 313 

Numerical solution of differential equa¬ 
tions. 240. 282 

Odd harmonics, 88 
Operator a + bpi, 184. 187 
Operators— 

cases of failure. 205 
determination of complementary func¬ 
tions by, 191 

determination of particular integrals 
and complete solutions by. 199 
extended use of, 179 

and e* (* />. + ///>,). 301 
inverse, 185 

solution of differential equations by. 
188 

use of binomial expansion with, 197 
use of partial fractions with. 197 

Paraboloids, equations of, 434 
Parallel chords, locus of mid-point of, 420 
Partial differential equations, 289 ct sqq. 
Partial fractions, justification for use of 
with operators. 197 
Particular integral, 199, 300 
Periodic functions— 
definition of, 67 

expansion of in sine and in cosine 
scries, 77 
of period 2c, 75 

Perpendicular distance of point from— 
plane, 409 
straight line, 409 

Picard’s method of numerical solution 
of differential equations, 246 
Plane— 

containing chords bisected at given 
point, 419 
equation of, 400 
Plane motion of rigid body, 343 
Polar co-ordinates, 396 
Polar spherical triangle, 445 
Pressure, centres of by double integra¬ 
tion, 52 

Probability integral, 58 
Projection of area on plane, 414 

Quadratures, method of, 200 

Rectangular co-ordinates, 395 
Recurrence formulae. 251, 254, 257 
Regular function of complex variable, I 16 
Reversed mass-acceleration, 311 
Revolution, surfaces of. 422 
Right-angled spherical triangles. 446 


Rotational motion, vector representa¬ 
tion, of. 167 
Rule of Sarrus. 4 

Runge's method for numerical solution 
of differential equations. 242 

Sarrus. rule of. 4 
Scalar product of vectors, 149 
Scalar triple product, 165 
Second moment of area, 354 
Series, solution of differential equations 
in. 250 

Shortest distance between two straight 
lines. 410 

Simple harmonic motion, 208, 213 
Simple pendulum. 260 
Simultaneous differential equations, 263 
Sine formula for spherical triangles. 444 
Solid geometry, analytical. 395 ct sqq. 
Sphere, equation of, 425 
Spherical excess. 442 
Spherical triangle, 441. ct sqq. 

Stability of equilibrium, 365, 366 
Stoppage, sudden, 348 
Straight line, equation of. 403 
Strut— 

of uniform section. 254 
with variable cross-section. 262 
Surface integrals. 387 
Surfaces of— 
revolution. 422 
second degree, 417 

Tangent planes. 418 
Three moments. Clupcyron’s theorem of. 
355 

Torsional vibrations, 213, 273 
of shaft, 317 

Transformation, conformal, 121 
Transient current, 275 
Transients. 278 
Transverse vibrations of— 
uniform rod, 310 
uniform string. 304 
Travelling wave, 295 
Triple integrals, 39. 48, 57 

Unit vectors, 153, 164 

Vectors, 147, et sqq. 
centre of mass. 157 
differentiation of, 169 
free and localized, 163 
motion along plane curve. 173 
representation of rotational motion by, 
167 

scalar product of. 149 
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Vectors— (con ul.) 
vector product. 160 
scalar and vector triple products. 165 
unit. 153, 164 
work and power, 151 
Vibrating systems. 208 ct sqq.. 268 ti sqq. 

energy method in. 210 
Vibrations— 
axial, of shaft, 321 
damped. 219 
forced. 216 
forced damped. 223 
torsional. 213. 273 
torsional, of shaft. 317 


Vibrations—( contd .) 

transverse, of uniform rod, 310 
transverse, of uniform string, 3W 
Virtual work. 369 
Volume integrals, 387 
Volumes of solids as multiple integrals, 
41. 48 
Vortex- 
forced, 380 
free, 383 

Wave, travelling, 295 
Work and power, 151 
Work, virtual. 369 




